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PREFACE 

1ms book is tlie* result of eight years’ experience in teaching 
physics at Cambridge, and is primarily intended for students preparing 
for the Natural Sciences and Mechanical Sciences Triposes at Cam¬ 
bridge, the B.Sc. General and Special Examinations at London, and 
similar examination's elsewhere. An attempt has also been made to 
cater for research workers who design their own apparatus and for 
those who have a fundamental interest in. any of the fields treated. A 
typical “precision” measurement (of the acceleration of gravity) is 
described in detail, and brief introductory treatments of a number of 

advanced topics, with references 1 specialised treatises or original 
papers, have also been included. 

The examples at the end of each chapter are intended to illustrate 
end amplify portions of the text, and hints on the more difficult ones 
arc included. The examination questions are a representative selection 
from recent. London and Cambridge papers, and thanks arc due to the 

U vlhv P U T“ ,ty ° f I “ > “ d0 ' , *“ I f ° Cambridge 

tm ersity I ress for permission to include then. To help the student 

^”£ 7 ™ " \ 7 <1U, '" ,,ionS U,U,cr ** exl, inination conditions", 

hints on these questions have been relegated to the “ Answers " section. 

The author wishes to thank Dr M. N. Hill, of King's College Cam- 
bridge, for help with the chapter on gravitation. 

The author however, is solely responsible for any expressions of 

=r—- «- 

H. N. V. T. 

King’s College, Cambridge. 
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PROPERTIES OF MATTER 

CHAPTER I 

HISTORICAL INTRODUCTION 


1. The continuum theory of matter 

Men have speculated about the structure of matter, and have been 
aware of such properties as weight, cohesion, and elasticity, ever since 
they have been capable of thought, so that our subject may fairly 
claim to be one of the oldest branches of science. The first attempts to 
interpret such properties as elasticity were based on the assumption that 
matter is continuous or capable of infinite division, but theory could 
not make very much progress until the invention of the calculus bv 
Newton and Leibnitz. Although the continuum theory has long been 
known to be incorrect, there being overwhelming evidence for the 
atomic structure of matter, the concept of continuous matter is still 
olten helpful on account of the extreme smallness of atoms. The 
concept is used freely in this book, e.g. in the study of elasticity and 
ydrodynumics, on the understanding that the predictions of such 

wMoH mUS . t , be re 6 arded as suspect whenever they involve lengths 
which are not large compared with interatomic distances. h 

2. The atomic theory of matter 

due to thirGreet 111 ** ° f atomic ^"thesis seems to be 

mad^nf if k ? ? Leucohippus, but little use seems to have been 

DAlter, f r T ng the ab3ence of * n y ex Perimental evidence until 

St ‘a C „ a dlultt, great V “J Ue “ * nter l lretin 8 th„ ohe,„icJTaw 8 o 
uetmite and midtiple proportions. AppUcations of the hypothesis to 

I 

explaining the properties of solids , pr ° grcss ^ as also been made in 
matter, but it must bo said that we am still aT ° f ^ ^ in0tic thoor ^ of 

“ A” 6 knOW "' N ° 
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save the purely mathematical ones involved in treating problems 
involving large numbers of variables. So far, only theories postulating 
interaction functions of fairly simple types can be carried through to the 
point ol making firm numerical predictions of properties of solids and 
gases, while application of such theories to liquids is still in an early 
stage. 

For this reason, the continuum hypothesis, though essentially 
incorrect, is still extremely useful for descriptive purposes. Some of 
the consequences of the discrete structure of matter can be allowed for 
even within the framework of a continuum theory; for example, one 
can introduce the concept of viscosity into hydrodynamics without- 
specifying the precise mechanism by which it arises. Any such 
descriptive theory may break down under extreme conditions, for 
example, the concept of viscosity is no longer of value if we are dealing 
with gases at very low pressures, when mean free paths are becoming 
comparable with the dimensions of the apparatus (p. 130). 

3. Mechanics 

No progress in either the atomic or the continuum theories of matter 
would have been possible unless tlie laws of mechanics had first been 
worked out. Concepts such as velocity, force, and inertia, have long 
existed, but the founder of mechanics was probably Galileo, and the 
explicit statement of the laws of mechanics is due to Newton. Newton 
was principally concerned with the laws of motion of a structureless 
particle, but such men as Gauss, Lagrange, Laplace, and Hamilton, 
developed dynamical theory to a point at which it could be directly 
applied to systems of many particles with interactions, without the 
mathematics becoming impossibly complicated. The advent of the 
theory of relativity and the quantum theory has shown that the laws 
of classical mechanics are not quite correct, and we now have a 
clear idea of the precise circumstances in which they may be expected 
to fail. Speaking roughly, such failures become noticeable for high 
velocities and for very small, or very large, masses and distances. We 
shall meet only a few instances of such failures in this book (pp. 68, 
202), and, for all other purposes, we shall use Newton’s laws, which are 
usually extremely close approximations to the truth. 

4. Gravitation 

The concept of weight must have been vaguely familiar to man for 
thousands of years, but no one before Newton seems to have even 
suspected the essential connection between the weight of a terrestrial 
body and the motion of the moon and planets, as embodied in the law 
of universal gravitation. Even if anyone did previously have such a 
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suspicion, he could not have anticipated Newton and verified it 
quantitatively, in the absence ot a systematic theory of dynamics, 
which, in turn, had had to wait on the invention of the calculus. 
Nothing has occurred since Newton’s time to shake in any way our 
belief in the essential soundness of his conception of a law of gravitation 
applying universally to all matter; the only modification required by 
the theory of relativity has been to show that the force between two 
masses does not always vary precisely as the inverse square of their 
distance, as Newton supposed (p. 45). 


5. Elasticity and plasticity 

• T j he ^ st< " nmt,c stud y of elastic phenomena dates from the enuncia¬ 
tion by Hooke of his famous law, but real progress did not come until 
Poisson s realisation that deformations in different directions could not 
m a real substance, be treated as independent of one another, soon after 
which Lam6 made the first crude attempt at a molecular theory of 
elasticity, while Fremel, Love, St Venaot, and others, showed that 
many idealised problems in elasticity could be solved exactly by 
buiMing up a theory quite analogous to electrostatics and electro- 
magnetics A further fundamental advance was made by Coker, who 

nar^utm t 1 a 1 ' 1 " 6 of P’^o-elasticUy, that is of stressing trans- 

solve n i l " 8 e “ m,mn e then > optically, which enable,, one to 
solve problems in elasticity too involved for direct computation All 

L menTon bur 010 '' h r 1,ee " “P *>? "orkcr/toTnuLrou" 

m. The beha^our ,7*7/“? attention haS beCn “><“*.>to»ted more 
For 1 * f 80hds When stressc<l beyond the elastic region 

reSonofT/ “ et ^ ls ’ P art,cu,arl y and steel, there is a well-defined 

^ese in tnrn to the ”" d 

6, Hydrodynamics 

Bernoulli, but^hThonow 1s°a^° & ^ USUa,ly ascr »bed to Daniel 
a long time the subject develoJcYas T b ^ I ^ ange and Eul er. For 
because so many of the problems that r- b i° f applied mathematics 
were teo idealised to **2? mat bematically 

securely linked up with ph^ un SUb j ect ™ »ot 

and Lamb. The reason 
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for a fluid without viscosity are never even approximately realised in 
actual fluids, while attempts to take viscosity into account made all 
but the very simplest problems mathematically insoluble. In practice 
it has been found that the hydrodynamic conditions near a solid-liquid 
boundary are very far from simple, and Prandtl founded the boundary- 
layer theory, which is an intensive study of conditions in this region, in 
an attempt to find out what determines the resistance experienced by a 
solid when it is moving through a liquid or gas. A second line of 
approach to this problem has been the direct study of the eddies or 
turbulence found behind a solid obstacle, work begun by Reynolds, and 
being carried on at the present day by G. I. Taylor and others. 

7. Surface tension 

Many of the facts of surface tension must have been known for 
thousands of years, but the introduction of precise experimental 
methods for the study of surface phenomena is probably due to Quincke 
and Lord Rayleigh. The first work on the interpretation of surface 
phenomena in terms of intermolecular forces was due to Laplace, 
whose ideas were subsequently developed by van der Waals. A further 
advance was the introduction by Sugden of the parachor, a quantity 
which depends on surface tension but is constant over fairly wide 
ranges of temperature (p. 264). This quantity is believed to be a rough 
measure of the effective volume of molecules, and can be used in helping 
to decide between various possible chemical structures, though this 
method is now almost superseded by the much more precise information 
that is available from X-ray data and infra-red spectroscopy. 

In recent years the subjects of surface chemistry and surface 
physics have assumed considerable importance. The role played by 
surface phenomena in the action of chemical catalysts had long been 
suspected, but this subject is only just beginning to be put on a precise 
basis. It has also been found that surface films can, in certain circum¬ 
stances, behave as two-dimensional counterparts of gases, liquids, or 
solids, according to the size of the area they occupy. Much of the early 
work on surface phenomena has proved to be of little value because the 
necessity of working under absolutely “clean” conditions was not 
realised. 

8. Theory of solutions 

It must be admitted that we are still far from understanding the 
reasons for the widely differing solubilities of substances that one might 
expect to be fairly alike chemically, for example, barium sulphate and 
zinc sulphate, or the various allotropic forms of sulphur. Indeed, it can 
lie said that comparatively little is known about concentrated solutions, 
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but very considerable advances have taken place in the theory of 

dilute solutions. These advances fall under two heads, there is first the 

working out of the relationships between osmotic pressure and the 

relative lowering of vapour pressure, which can, in turn, be related to 

the changes of boiling point and freezing point of the solution as the 

concentration is changed (see p. 211). This branch of the theory of 

solutions was founded by van’t Hoff. The other important advance is 

due to Arrhenius, who introduced the ionic theory, namely, the postulate 

that charged ions exist in solution even when electrolysis is not takiug 

place (p. 220). Very many of the properties of electrolytic solutions can 

be interpreted by means of this idea, and a further advauce was made 

by the Debye-Huckel theory, which attempts to take account of the 

electnc interaction of the ions. This latter theory, though fairly 

successful m accounting for the facts, has been shown to be subject to 

serious logical difficulties, and later work in this particular field has 

consisted largely of attempts to consolidate ground that was at one time 

thought to have been securely won. Very recently, similar theories 

have been applied to colloidal solutions, whose stability depends upon 

^e colloidal partides being electrically charged, but there are serious 

atheinatical difficulties m working out such theories in an absolutely 
consistent way. • 

9. Conclusion 

book be 8 i id I hat P ractica,, y a11 °f the subject-matter of this 

two el,l f r mam 0f “ c,assicaI ” physics and, with one or 

o7nn« f P H 8 ’ d0es n r 0t nCed the resu,fcs eithor of Nativity theory or 
f quantum theory. It may well be that the spectacular advances of 

E wd lh' “ nd l ' e ‘ ativity haV6 lurcd awa y ™rkers from this 
in the fa£n7?rfl 1"* n ° especmUy striking advance has taken place 
m the twentieth century, but there is no sign of any slowing-down of 

progress, quite the reverse, aud the subject is still u very long way from 

P It“a ,° De - PerhapS “ Wi " become po JbleT 

h toachol function Pr0,,Crt ' M « substance in to'rms of the molecular 

The r r r V V,ce VCrS0 ' but that st “go is not yet in sight 
The relationship between mathematics and this branch of nhvsic • 

theoretical physics is to ca,culate P 
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experiment, and it is quite unnecessary that any satisfying description 
of the phenomena should be given This defeatist attitude may be a 
bitter necessity in quantum theory, but the author would strongly 
deprecate any tendency to assume such an attitude in this branch of 
physics, where one is still entitled, and indeed compelled, to insist that 
no concepts be introduced that cannot be precisely defined both in a 
mathematical sense, and in the sense that clear “physical pictures” of 
them can be formed. 
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CHAPTER II 

PRINCIPLES OF MECHANICS 


1. Newton's laws of motion 

The whole of mechanics cau be derived from Newton’s laws of 

motion, and it has been thought advisable to include such derivations 

of some of the more important results from these laws, in order to 

illustrate the fundamental principles used, despite the fact that most 

of the users of this book will already be familiar with elementary 
statics and dynamics. J 

Newton's First Law.— A body persists in a state of rest or uniform 
motion in a straight line, unless it is subjected to an external force. 

Newton's Second Law .—For a given body, the rate of change of 
momentum is proportional to the external force acting upon it, and 

force 1UnSC UI m ° mentUm tokcs P lace a,on 8 the line of action of that 

theifbodv » ni * Law '~ l{ . a b ° dy A cxerts a ^rco on a body B, 
then body B exerts an equal and opposite force on body A. 7 

in V ' S e ? trem ? ly difficu,t > a s always in science, to avoid circularitv 
m elementary definitions, unless we are prepared to treat some of 

b ~ ptS “ ind f nab ^ or unless we define the qualitative idea 8 f 

after n ds specifying mewns ° f 

velocity but at the conce Pts of d^ccment and 

force acting on that'bodt LdTh of P ro P ortionalit y l»twoon the 

a prod,,ccs - 

Sbvrca, ° f the Godard metro kept at 

relative to the sun (the mean mI « day) im Si^e r ° to . tion of fcho earfch 
accurately permanent 1 r r ^ ’ Since it is not easy to make an 

third standard, the gram is thus ^ U3 ° maS3 aa our 

the standard kilogram. The unit off lU ° f th . e iuertial ma »s of 

gives one gram an acceleration of on f ^ the dyne ’ 13 thafc forco that 

acC0i0ratl0n of one centimetre per second per second. 
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Thus it the mass of a body is M, and g is the acceleration due to gravity, 
the force due to the weight of a body is Mg dynes. 

Newton's laws are difficult to verify by direct experiment because 
of the disturbing effects of friction. The most accurate method is 
indirect, the laws of dynamics are deduced from them and applied to 
astronomical problems and the predictions of dynamics are compared 
with what is actually observed, the agreement being close enough to 
enable predictions to be made years ahead. There are certain types of 
force occurring in nature for which Newton’s third law is untrue, for 
example, the forces between moving electric charges. However, a 
very large number of forces are central, that is the forces between any 
two particles act directly along the line joining them, and the third 
law always seems to hold for such forces. 


2. The parallelogram law 

It is not self-evident that any quantity that is a vector, having 

direction as well as magnitude, is subject 
to the parallelogram law of addition. 
Vector quantities that do obey this law 
are called polar vectors, those that do 
not are called axial vectors. A simple 
example of an axial vector is angular 
velocity, to which the parallelogram 
addition law applies only in special cases 
(see p. 36). 

It is therefore necessary to give a 
formal proof that forces can be added 
together by the parallelogram law, and this can be done quite 
easily by means of the second law of motion. Fig. 1 illustrates the 
self-evident fact that two successive displacements AB and BC result 
in the displacement AC. The problem is to determine the displacement, 
if a point is displaced simultaneously in the directions AB and BC. 
The ziz-zag line between A and C represents the effect of a displacement 

amounting to parallel to AB, followed by a displacement of — 



Fio. 1. 


n 


AB 


parallel to BC, then by another displacement of — parallel to AB. and 


so on. As n becomes very large, this process becomes equivalent to 
applying two simultaneous displacements in the directions AB and A D, 
the latter being parallel to BC, so that the parallelogram law applies 
to simultaneous displacements. If we now suppose that these dis¬ 
placements take place uniformly in time we infer that constant velocities 
obey the parallelogram law as well as displacements. If the two 
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velocities to be compounded are not constant in time, we can still prove 
the parallelogram law for velocities by taking very short time intervals, 
in which case the parallelogram A BCD would become very small, but 
the two velocities would be nearly constant over each time interval. 
If velocities obey the parallelogram law, it follows in the same way 
that any two changes of velocity that take place in the same short 
time interval can also be compounded by the parallelogram law, that 
is that accelerations obey the law. Since, for a given body, acceleration 
is proportional to force and lies in the same direction, it follows that 
forces obey the parallelogram law. 


3. The conservation laws 

Newton s laws of motion lead directly to four very important 
principles which will be derived below. 


(n) The conservation of jnomentum 

An assembly of bodies, subject to no external forces , has a total 

momentum, which is represented by a vector that does not change with 
time. 


By the first law, the momentum of any body can only be changed by 
the appl,cation of a force; whereas, by the third law, the forces exerted 
on one another by two bodies are always equal and opposite, whether 
they arise from collision, or from distant interactions of the bodies 
through, e.g gravitational attraction. Since, by the second law, rate 
° change of momentum is proportional to force, the momentum lost 
by one body m a time dt is equal to pdl, where p is the force acting on it 
“f.”?" balanced by a momentum pit gained by the body 

anth which it is interacting. One may conclude further that if an 
external force (due to the effect of bodies outside the assembly) acta on 

lronnrt 0nib f’* ° f Chang ° ° f momontum of ‘be whole assembly is 

proporUona! o this force, any forces acting between two of the bodies 

Lotion y * *° " ffCCt th ° ir Mal Ino, nontum in any 


(b) The conservation of energy 

toM n enZy mMy ° f b0dit ‘' IO "° a ‘ ernal /0rCeS ' *“ ° 

By futon's second law we have, if a force F, having components 
*’ * v> acts on one of the bodies of mass m,, 

dt = tn i if tn 1 is constant. 
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Multiplying by — 1 = v x(d> the velocity of the mass vi 1 in the 


2 -direction 


*xj t =>n l V xil 


dt ' 


If the force F x arises from the interaction of the mass m l with another 
body of mass »i 2 , the force acting on m 2 in the 2 -direction is — F x by 
the third law. 


Applying the second law and multiplying by -^ 2 , we get 



m 2 V x(2) 


^x(2) 

dt * 


We get four similar equations when we apply the same argument to 
F v and F z . Adding all these equations together and integrating with 
respect to t : 

jF r d(x 2 —x,) -f- JFJ(y s — y x ) + JFJ (h ~ z i) 


+ Y <**M + ®V.» + »**«») + "2 ( y2 *<2> + «*.»> + »*««») = constant 


(the constant of integration). 

The integral terms represent the work done by the force F in altering 
the distance apart of bodies m 1 and wi 2 , so that the change in the total 
kinetic energy iwqtVji -+- £wi 2 V(|» of wi, and wi 2 is equal to the work done 
by the forces. Further, the terms $Fjdx 2 , fFydg*, jF z dz 2 , represent 
the work done by F on m 2 , so that, if we chose to consider that was 
outside the assembly and reckoned the force F as an external one acting 
on wi 2 , we should conclude that the change in the kinetic energy of wi 2 
was equal to the external work done by the forces on »i 2 , and a similar 
result can be found for an assembly of many bodies subject to “external 
forces. 

The work done by forces, internal or external, acting on any system 
of bodies is usually called change of potential energy, and the principle 
is expressed by saying that the sum of kinetic and potential energies is 
constant. Since only changes of potential energy are defined, its zero 
is arbitrary. 


(c) The conservation of angular momentum 

The angular momentum of a set of massive particles about the 
2 -axis, is defined as the sum 

2 in i (yi v tu) z i v i »( m ) 
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where m, is the mass of the 1th particle, y, its ^-coordinate, v uU) its 
y-component of velocity, etc. Clearly this sum depends upon the 
position of the a;-axis as well as on its direction. Linear momentum 
only depends on the directions of the axes of coordinates, while energy 
is the same for any choice of axes. Consider now the effect of a force 
acting between the 1th and with particles, with components F x , F tJ , F, 
acting on the 1th particle. We have 


Then 



dv 


= m 


l/(f> 


dt 


F,= 


m 


dv z 


(n 


dt 




d / dzt du.\ 

= ---'fj. 


In the same way, consider the effect of the forces — F t . — F , 
which, by the third law, must act on the mth particle. We have 

-^,+^, = ..1 

So that the contribution to the rate of change of Sm t ( yi v tin - Zl v vW ) 
due to the forces F v , F„ is ' 

(Vi ~ ’dm) F t - (*, _ Zm ) F v , 

which vanishes if the force between particles 1 and m acts along the 
hno joining them, so that, if a system of particles is subject only to 

forces which obey Newton ' s third law ' total «*«*•*■ 
momentum remains constant. ^ 

thefth^ f 1 ’ a,8 “ h r't 8 if *'• and F - are forces acting on 

the ith particle, so that, by summing over all particles, we have 

_ d r / d z ( jy , 


dt 


,) 


at is, the rate of change of angular momentum referred to a fixed axis is 
equal to the total moment of the external forces about that axis. 

betweeT 7 What ha PP ens to these three laws if the forces 

Such f V do not obe y Newton’s third law, or are not central 

TT ^ m a « natia *"- £££ 




12 


PRINCIPLES OF MECHANICS 


condition that the mutual forces between two particles were equal and 
opposite, whereas to prove the conservation of angular momentum, we 
needed also the condition that the forces were central. Forces lacking 
one or both of these properties are called non-conservative, because the 
conservation laws need not hold for such forces. 

Wc may be able to prove one or more of the conservation laws for 
-particular types of non-conservative forces. As an example, the con¬ 
servation of energy still holds even if magnetic interactions are present, 
because magnetic forces on a charge are always perpendicular to the 
direction in which the charge is moving, and therefore can neither 
do work on the charge nor alter the magnitude of its velocity, but can 
only change its direction. Such forces therefore do not affect either the 
potential or kinetic energies. 

(d) The principle of virtual work 

A special case of the law of conservation of energy can be used to 
deduce conditions of static equilibrium and is applicable to very 
complicated mechanical systems. As a simple case illustrating the 
method, consider a particle in equilibrium under the influence of a 
number of co-planar strings. We already know how to determine the 
condition of equilibrium by means of the parallelogram of forces (Fig. 1), 
or, what amounts to the same thing, by equating the sum of the 
components of force in the x-direction to zero, and then doing the same 
thing for some other direction. Now we may imagine instead the 
particle to be displaced slightly from its equilibrium position, and 
we also suppose that the tcfision in the strings are kept constant. This 
could be arranged if, for example, the strings ran over pulleys and were 
connected to weights. Then we express our condition of equilibrium 
by saying that, for any small displacement of the particle, the total 
work done by the forces acting on it vanishes to the first order of small 
quantities. For, if we suppose the particle displaced a distance dx 
along the x-axis, the corresponding shortening of a string inclined to the 
x-axis at an angle 0 is dx cos 0 -f- terms of order (dx) 2 and the work 
associated with this change of length of the string is T cos Odx, where 
T is the tension in the string. The total work associated with this 
displacement is then 

dx L J\ cos 6, -f terms of order (dx) 2 

i 

where 7’, is the tension in the Zth string, and 0 { its inclination to the 
x-axis. The condition that the coefficient of dx is to vanish is the same 
as the condition that the total force along the x-axis is zero. 

Expressed in another way, the principle states that if a system is in 
static equilibrium, its potential energy is a maximum or minimum, 60 
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that the work associated with any small displacement dx compatible 
with the geometry of the system is, at most, of order (dx) 2 . We can 
deduce the conditions of equilibrium of the system by assuming different 
types of displacement. The principle is sometimes more convenient 
than the method of composition of forces when we are concerned with 
complicated systems or continuous media. 

We can give a formal proof that, for a continuous medium, the 
principle gives results equivalent to those of ordinary methods of 
statics. Evidently any deformation of a continuous medium could, in 
principle, be realised by moving the particles to their new positions one 
at a time, keeping the others fixed during each step. Suppose that 
a typical particle is moved through a distance dr, its changes of 
coordinates being dx, dy, dz. Then, if p t is one of the forces acting on this 
particle, the work done by this force during the supposed displacement is 

Pttxt dx + Pkt v J dy + p Li:) dz 
where p kU) is the x-component of p i( etc. 

Now the principle of virtual work states that this quantity, summed 
over all the forces acting on the typical particle, is zero for any displace¬ 
ment, that is 


dx £ p kU) + dy 1 7 p k{u) -f dz £P/t(.) = 0 
*' t 

for any values of dx, dy, dz, which is only possible if £ p ktxi , £p kllt) , 
f ?'*<*>» vanish for every particle. Hut these are just the ordinary 

conditions of static equilibrium, that the resultant of all the forces acting 
at any point is zero. We have made the implicit assumption that the 
work done is the same in whatever order we displace the particles, and 
this can be shown to be equivalent to assuming that the forces between 
two particles act onLy along the line joining them, i.e. that the forces 
arc central and therefore conservative (p. 12). 

The principle is of value for a complicated system because we can 
choose our virtual displacement in such a way that wo avoid having to 
calculate some of the force.,. Thus, consider the framework shown m 

hit \ C0 f aist ‘ n e of freely-jointed rods, each of weight mg, AF 
eing fixed and the others suspended in a vertical plane. Now it is 
q ite possible to calculate the tension in the string GH by the ordinary 
methods of resolving forces and taking moments, but \liis involves 

rods lt n the t* th ° r ° dS aUd th ° renctiona between the 

K 7 i h f? C ° f VlrtU “ l work * h y supposing the member 

120°-Ti* W?th uch PWa d d8, , th0 nnglCS FAB and BCD 

do no a a h t displacement tho reactions at tho hinges 

work and need not be considered explicitly, and a similar remark 
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applies to the thrusts or tensions in the rods themselves. (These 
forces do no work because, in our assumed displacement, the rods 
remain in contact at the joints, which means that the reactions do no 
work, and of invariable length, which means that the thrusts or tensions 
also do no work.) Regarding the tension in the string, we make use of 
the device already referred to, and suppose G replaced by a smooth 
pulley, carrying a mass of weight equal to T at the other end. Then 
if, in Fig. 2, BH' represents AB produced, H' will rise as much as U, 
and L' as much as L. Then, as a result of the rotation through d6 of 


AB, K is lifted by a distance 


— (I (a cos 6) = a sin ddd = , if the 


hexagon is regular initially. L' and //' are lifted respectively by 


F G A 



3 and 4 times this distance, and the same is true of L and 11. Therefore 
we have: 

V3 add 


Work clone in lifting centres of gravity of AB and EF = 2. 


mg 


y/3add 

BC and DE = 2.3.--— . mg 


centre of gravity of CD 


= 4. 


2 

V3 add 

2 


mg 


This is to be equal to the work done by the tension in the string, which, 

... . 1V3 add . 4V3 add 

since // has risen a distance --- is 1 . --— . thus we nave 


4 T = mg (2 + 6 + 4) or T = 3 mg. 

Types of force that can evidently be eliminated from explicit con¬ 
sideration by a skilful choice of virtual displacement are, as we have 
seen, thrusts or tensions in rods of invariable length, tensions in 
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inextensible strings (unless we wish to calculate the tensions explicitly, 
when the artifice used above can be applied), and reactions between a 
body and a smooth plane. The latter does no work if we restrict ourselves 
to displacements along the plane. (If it is a rough plane, the work 
done against friction must be added into the equation of virtual 
work.) 

As a second example of the great power of this method, we shall 
consider the common letter balance (Fig. 3). This is in equilibrium 
whenever the sum of the mass M lt placed in one pan, and the mass 
»i, of the pan itself and its upright member, is equal to the correspond¬ 
ing sum for the other pan, regardless of the positions in the pans. This 
would be a distinctly troublesome result to prove by straightforward 
resolution and taking moments, but follows at once from the principle 
of virtual work. We need only consider a small rotation of ABC 



Fio. 3. 


about B The centres of gravity of ABC and DBF remain stationary, 

Lr k K° n l? f D ? nd itS scale P an ia tf h9 dh > that on M i is 

Mtfdh, while that done by the weight of CF and its scale pan is 
tn^gdh and that done by the weight of M 2 is M^dh. Simple 
geometrical considerations show us that the upward and downward 

of etunTri™ ” f AD ’ CF ’ M " and are that -a** 

-f mi, = M 2 -f- nig, 

«!' presume "L? AB = Bc T D eJ'fT^ 

centres of gravity of AC and DF are at B and E. If these condition^ 

were not satisfied, we could still determine the laws of such a « false ” 

■* ~ 
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4. Laws of one-dimensional motion 

Since acceleration is proportional to force, it is possible to calculate 
the motion of a body of fixed mass if the force is known as a function 
of time. We have 

Integrating twice, we get 

x = i-J[J/( t)dt]dt + At+B 

where A and B are constants determined, e.g. if we know xand dx/dt at 
a given time. It usually happens that the force is not given explicitly 
as a function of the time t, for it may also depend on the position x, 
or the velocity dx/dt. In this case, we have to solve a differential 
equation in order to determine the motion, and we now consider some 

typical cases. 


(a) Motion in a resisting medium 

If the resistance is proportional to the velocity, the equation of 


motion is 


d°~x , dx 

dT* + k * 


Integrating once we obtain 


^= -;/(() >u+ A. 

dt m m 


Multiply through by e'-' m 


Mlm dX 4 - * e> 'l"'X = — J/(/) dt + AcFl*. 

dt m »« 


The left-hand side can now be integrated, and we obtain: 


eui" x = — J c kl m dt //(/) dt + ^ e w/M ' + 


k ~ • - ^ 2) 
m' ' L 

80 that the motion can be calculated for any form of the function/(0, 
A and B being determined by the initial conditions, e.g. if «e know 

the values of x and dx/dt at a given time. 

An important special case occurs when f(t) is a constant 
being due, e.g. to gravity. In the latter case, we may put /(O equal 
to - mg, where g is the acceleration of gravity (see Chapter III) and 
equation (2) now becomes, after performing the integrations, 

gt tng mA Be _ w/ . 

X ~ k A ' 2 A- 
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Without loss of generality, we may suppose the origin so chosen that 

* = 0 at t = 0, which gives us B + -f- ^ = 0. From equation (2) 

putting t = 0, we find that A must be equal to v 0 , the initial velocity, 
so that we obtain as the complete solution 


—f+ (?+?)**—'..> 


( 3 ) 


Differentiating with respect to time, 

dx q 
•U = ~k 


W--2+K+f) 




ktfm 


( 4 ) 


As / increases the exponential terms gradually become smaller, and 
equation (4) shows that for any initial velocity i» 0 (upwards or down¬ 
wards), the body finally attains a downward terminal velocity g/k. 

If a body moves under a constant force, such as gravity, but is 
subject to a resistance proportional to the square of the velocity, its 

motion r ° alculatcd in tho following way. The equation of 

d Z X /dx \2 

m dt* +k \Jt) =9 

which may also be written in terms of the velocity v 

dn g ~ kv 2 


dt 


in 


( 5 ) 


or 


/* = m [— 

)g — 


by separating the variables and integrating both sides of equation (5). 

c+ '“^ to " h -'(” V|) 


or 


v = \/ 9 - tanh f ^ 


k l S: {t + C) ] 


( 6 ) 


where C may be determined if v is known at some time. 

This may again be integrated to give: 

* = ™ log cosh [^(* + C)J + D 

tao™att a m :“E„^ gr trn wWch may be d “ ad * * - 

r. L “ q “ (6) sh ° ws that ' 88 ' ^oomen largo and 

2 
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tanh 


\_~^T (t + c ■>] approaches unity, v approaches a terminal value 

\/ g ; k, when the force of gravity becomes equal to the resistance. Again 
the terminal velocity is independent of the initial value of r. 


(b) Motion under elastic constraint. Simple harmonic motion 


It may happen that the force acting on a body is independent of 
its velocity, but is proportional to its distance from a certain fixed 
point. Such motion is extremely common, occurring when any 
system in stable equilibrium is slightly disturbed. If we take the fixed 
point as x = 0. the equation of motion is: 


m 




where A is the ratio of force to displacement. The negative sign means 
the elastic constraint tends to diminish x. If we multiply both sides of 
this equation by dx/dt it may be integrated to give 


* m (^) 2 = - - Aj45+ E . (?) 

where E is a constant. 

Let x 0 be the value of x for which the velocity dx/dt is zero. Then 
E = iAr 0 2 and equation (7) becomes 

. \/ 7 (V .(8) 

(if m 


which may be written 


i a / m 

dt = V -r r 


(lx 


A (To 2 -re¬ 


integrating both sides 

i+f = x's-ta 

ori=/ 0 sin jj\^- ( t + *’)J «»>d =r 0 \^— cos + ^)J 



using equation (8). 

Since sin 6 = sin (2 tt -f 0) 

and cos 0 = cos (2 t t + 0) _ 

it follows that x and dx/dt return to the same values whenever t\/\J m 
increases by 2»r, that is the motion is periodic with a periodic time 
T = 2ny/mfX. This result holds whatever may be the values of x 0 
and F, that is, the periodic time is independent of the amplitude of the 
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motion and of the initial values of x and dxjdt. This is the characteristic 
feature of simple harmonic motion. 

The more complicated, cases of the motion of a body under a force 
proportional to its displacement, when it is subject also to a resistance 
depending on its velocity and to an external periodic force, are treated 
in the Appendix (p. 285). 


5. Motion in two dimensions 

(a) Trajectories 

We consider now the motion of a body, subject to no force but 
gravity, which is given an initial velocity in some direction other 
t lan the vertical. We take the y-axis as vertical and suppose that 
gravity acts downwards, taken to be the negative direction. We may then 
suppose that the velocity of the body at each instant is resolved into 
components in the a: and y directions, according to the parallelogram 
aw If v 0 „ the initial velocity, inclined at an angle a to the horizontal 
the horizontal component of velocity is t< 0 cos a , which remains constant, 
since the acceleration of gravity is vertical. We then have 

x = V cos a if X = 0att = 0. (10) 

The equation of motion in the vertical direction is: 

dhj 

dt* 9 ‘ 

Integrating, (since eminent,=<>). 

Integrating again, y = _ yp + V «n a (if y -= 0 at < - 0). 
trajectory:" tin ^ ‘ fr ° m eqUa,i °" (,0) Wc S et «>» Ration of the 

y x tana | ««. (11) 

atthe ';ir rab ° ,a - ThiS P “ rabola CUte thc •* the origin and 

2u 0 2 . v 2 

X - - sina cos a =-°- sin 2a. 

™ .. 9 9 


proicctil ° °" “ 

”*£££*£££ ^tiTf"? “ a ‘hat exerts a 

as the velocity, we may resolve thnT ° C ' l*’ and in tlie ^^e direotion 

*” Si " ' Paia,ld ““ - “« V axes angleuft 
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which the velocity is inclined to the x-axis. The equation of motion in 
the horizontal direction is now: 


m - ( v cos 6) = — k ( v cos 0) 


Idle 


( v sin 0) = — k ( v sin 0) — mg 


. ( 12 ) 

. (13) 

is the equation of motion in the vertical direction. Now v cos 0, v sin 0 
are the horizontal and vertical components of the velocity, and may 
therefore be replaced by dx/dt, dyjdt respectively. These equations 
may be integrated exactly as in Art. 4 (a), with/(f) put equal to zero for 
the adequation (12) and equal to — mg for the y-equation (13). We 
thus obtain 


mA „ , 
r = — + Be~ k, l m 
k 


g! mq tnC 

y = ~'k + i*+~k + De ' m 


(14) 


( 15 ) 


where A, B, and I) are constants that have to be determined from 
the initial conditions (usually the two initial coordinates and two 
components of velocity of the body). If we suppose that the body 
starts from the origin at t = 0, 


then 


„ m A mC mg 

n = - T , 


The two remaining constants may be determined if we know the 
magnitude and direction of the initial velocity. Suppose it has 
magnitude v 0 , inclined at a to the horizon. Differentiating equations 
(14) and (15) with respect to t 


so that at / = 0, 


dx kB ., 

_ —— p—ktjm 

dt m 


dr 


v„ cos « = j- 


kB 

m 

du —q kD ... 

dt k m 

. du — q kD 

so that at t = 0, «> 0 sin a = -f = - -. 

dt k m 

In inserting the values thus obtained for A, B, C, and D , we obtain 
finally: 


m r. 


r = -^ # cosa (1 — e * r,/ "') 
k 


(16) 


y = sin a (1 _ e -“/-)-^+#(l (17) 


k 2 
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and the equation of the trajectory can be obtained by eliminating ( 
between these two equations. Since the resistance actually encountered 
by a projectile is much more nearly proportional to t> 2 , detailed calcula¬ 
tions from these equations (16), (17) are not of great practical use. If 
the resistance is supposed proportional to rr, the equations of motion 
in the two-dimensional case can be integrated only numerically. 


(6) Motion in a central field of force. Orbits 

If a body moves under the influence of a force which is always 
directed towards one point, it is said to describe a central orbit. 
Usually, such a force depends only on the distance of the body from the 
fixed point, and not on the direction of the line joining it to the fixed 
point. It is convenient to describe the position of the body by means 
of polar coordinates referred to the fixed point as origin. The direction 
of the initial velocity of the body, together with the fixed point, 
determine a plane, and since the 
force on the body lies along the 
line joining it to the fixed point, 
that is, in this plane, there 
can be no force perpendicular 
to the plane, and the motion is 
always in that plane, so that 

the problem is a two-dimensional 
one. 

At any instant wc can resolve 
the velocity of the body into a 



component - along r and a component perpendicular to r 

(F ig 4). We now need expressions for the accelerations in these two 
directmns. In a short time dt, the angle d will have increased by dd, 
but the acceleration along r is not simply d 2 rjdt 2 , because the directions 
of the velocities along and perpendicular to r have changed as well as 
S^ lr n “ 1 J gn, 1 fcud ^- cal <' u,atc the radial acceleration we must resolve 

fad :n V : l0C,tleS , aftCr thC , * a, ° n S the •*** direction of r, 
frnl H much fche veIocit y •» this direction has changed 

from the original value dr/dt. Thus the change in radial velocity is 

dd 


(d r i r 

\Tt + * dt 2 ) cos {dd) ~ sin WI 


r * +di jX't)Y% 


VOl ° City in th ° dire0ti °'* »lar 




dd , , d 
r di+ dl dt 
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For (16 very small, cos (d6) may be replaced by unity, and sin ( d6) by <20. 
Thus, by evaluating these expressions, dividing by dt, and proceeding to 
the limit when dd and dt become very small, we obtain: 


Radial acceleration 


d 2 r 

( 

dt 2 

~i 

- <l (r 

dd \ 

dtV 

dt) 

d s 6 


r dt 2 

+ ’2 


/dd \ 2 


(IB) 


dr dd 
dt ‘ dt 


(19) 


( J0 v 2 

The term — r[ — J is often called the centrifugal acceleration, while 


the term 


n dr dO 
2 dt • dt 


is called the Coriolis acceleration after its discoverer. 


Applying Newton’s second law, it is clear that, for a force /(r) always 
in the direction of r and depending only on its length, the radial 
acceleration may be expressed as f(r)fm, where m is the mass of the body 
if an inward or attractive force is reckoned positive, while the transverse 
acceleration is always zero, because the force acting on the body is 
along r and therefore always perpendicular to the transverse velocity. 
The equations determining r and 6 are therefore 


d 2 r 
dt 2 




d 2 0 , dr d6 

r dt 2 + 2 dt ’ dt 




Equation (21), after multiplication through by r, may be written 

-rfr^y') =0 or r 2 ^ = constant . (22) 

dt \ dt ) dt 

Thus, the quantity r- ^ is always equal to the value it had initially, 

and it is sometimes known as the impact parameter because it vanishes 
if the initial velocity of the body points directly towards the centre of 
force. The quantity mr-dd ’dt is the angular momentum of the moving 
body about an axis through the central point perpendicular to the 
plane of the orbit, and equation (22) is equivalent to saying that angular 
momentum is conserved during the motion. 

Another way of expressing equation (22) is by the statement that 
the body sweeps out the area of the orbit at a uniform rate , because an 
element of area of the orbit included between the lines corresponding 








ORBITS 


23 


to 6 and 9 -f- dd is \r 2 d9. This is the second of the laws of planetary 
motion, discovered empirically by Kepler. If k is the constant value 

of r'^f, then we have from equation (20) 
at 

(l 2 r _ k 2 _ _ f(r) 
dC- r 3 ~ m ' 


Multiplying through by dr/dl, this equation 


l/rfr\ 2 IF 

2\dt) + 2 7 2 



dr -f- A 


(23) 


which might have been deduced directly from the equation of conserva¬ 
tion of energy (p. 10) because dr/dl is the radial velocity of the body, 

while k r is or the transverse velocity and j ‘ f(r) is the work 

done by the attractive force /(r) as r changes from r, to r 2 . We may 
now use equation (22) to change the independent variable from t to 9, 
thus obtaining an equation for the shape of the orbit. We have 


dr dr dd __ k dr 
di ~ d9'Jt~ r 2 'j9 


so that equation (24) becomes 


1 (dr\ a 1 2 fV 2 A 

Am) +^ = ^j r / <r) * + -/j .(24) 

This equation is true whatever the form of /(r), provided only that 

the force is always directed towards the origin. To make any further 

progress we must know the form of/(r). Two special cases are of great 
importance. 


Case I.—f(r) = K/r 8 (the inverse-square law). 
Equation (25) may now be written 

1 Y . I_ 2A' 2 A 

^ \de> + F 

This equation simplifies somewhat if we put u=l/r. 
It may be written 



(25) 


or 
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or 


Integrating 


or 




where {3 is another constant of integration. 

Putting u = 1 Jr, we find that the orbit is a conic with a focus at the 
centre of attraction, with major axis lying along the line 0 = — /?, semi- 

latus rectum mk*/K, and eccentricity 



( i+2 4^) 

because the polar equation of a 
conic of eccentricity e and semi- 
latus rectum /, with a focus at the 
origin and a major axis lying along 
the initial line, is 

- = 1 + e cos 0. 

r 


Thus the shape of the orbit is completely determined provided that 
the constants k, A, and B are known. These can be determined 
provided that we know the initial position of the body, and the mag¬ 
nitude and direction of the initial velocity. Without loss of generality, 
we may suppose the initial line for the polar coordinates to pass through 
P, the initial position of the body. Let the direction of its velocity then 
be as in Fig. 5, where v 0 is the initial velocity, inclined at an angle <f> to 
the initial line. After a short time dt, the body has moved from P to 
P' and its 0 coordinate is then the angle POP' = dO. For <10 small 
we have 

PP'_ OP' Id0\ _ tv, sin 

sin (d0) s\iuf> \dt / r 0 

So that k = r o 2 (~r.') = Vo s ' n 4>- 

Now r 0 sin <f> is the perpendicular distance between 0 and the initial 
direction of v, so that k vanishes only if the velocity is directly towards 
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or away from O. 
becomes 


To determine A we return to equation (23) which 
_ 2 Vrff/ + 2 r 2 /n r 


for the particular case of the inverse-square law. As we have already 
pointed out 



is equal to 



that is to the square of the total velocity. We have at the initial 
instant 



so that mA is the difference between §mu 0 2 , the initial kinetic energy of 
the body, and K[r ( , which represents the work necessary to remove 
the body from its initial position to infinity against the attractive force. 
We should expect quite a different type of orbit according as the body 
has, or has not, enough kinetic energy to enable it to escape eventually 
from the influence of the attractive force, that is according as A is 
positive or negative. We may distinguish the following cases. 

If £ == 0, the orbit is a straight line, and the particle either oscillates 
about the centre of attraction (the so-called “pendulum orbit”) or 
travels away to infinity, when A is negative or positive respectively. 

> 0 ! )ut A < °> we have « < and the orbit is an ellipse. 

ir z > ° , A = °* We have e = l ' and the orbit is a parabola. 

If A- > 0 but A > 0, we have e > 1, and the orbit is a hyperbola. 

^ ^ ^ an ^ A 2w*jfc*’ e ~ a,1< ^ the orbit is a circle. 

Since A = — K/mr 0 and k = r 0 v 0 sin <f>, we have 


W - — + 


2 m 2 r 0 2 o 0 2 sin 2 0 


=“7 = 0 


if the orbit is to be a circle, which is compatible with a real value of t> 2 
only sin * is unity, w if the line PP> (tig. 5) is perpendicular^ OP 

axis 1 ll determine ft, the inclination of OP to the major 

axis. From Fig. 5, the initial value of dr/dO is J 

QP' — Qp pp> r 

/.POP' - ~dd' cos< f , = sin ^ C0S ^ = r ° cot ^ 

From equation (26) by differentiation we have 


1 / 2 A K* \ 4 
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Initially 0 = 0 and r = r 0 , so that fi may be determined if the other 
constants are known. 

If the orbit is elliptic it will repeat itself as 6 changes by 2n, and we 
need to determine the corresponding periodic time. Since the area of 
an ellipse is -nob, where a and b are the major and minor semi-axes and 
this area is described at the rate k/2 (p. 23), the periodic time T is 
2nabffc. Since the semi-latus rectum l is b 2 ja we have 

™ \7T 2 a 2 b 2 _ 47 r 2 a 3 l 47 r 2 a 3 m 

“ ~~ k 2 = ~K~ 

since / has been found to be equal to mk^/K (p. 24). 

Thus the square of the periodic time of an elliptic orbit (for a fixed in and K) 
is proportional to the cube of its semi-major axis (Kepler’s third law). 
Since the length of a hyperbolic or parabolic orbit is infinite, such orbits 
have no finite period. 


Case II.—Elastic constraint. f(r) = A r. 

This case can also be handled by the method used for Case I, but 
the results are cumbersome, and it is better to use Cartesian coordinates, 
for, if the force is proportional to the radial coordinate, it can be resolved 
into components Xx, Ay along the x and y axes, and the equations of 
motion are 

d 2 x 

+ ^ = ° 


dhf 

m di 2 + Xy = ° 


which equations have already been solved (p. 18), the solutions being 

x =x 0 cos £ \ ^ j" (t + /1)J 

V = !/o cos [ V ^ 4- #)] 

where the constants x 0 , y 0 , A, B can be determined from the initial 
values of x, y, dx/dt, and dy/dt, that is, the initial position and velocity 
of the body. If A and B are equal, the ratio of x and y is always x 0 ly 0 , 
so that the orbit is a straight line. If y/X/m (A — B) is an odd multiple 
of 7 t/ 2, then _ 

x=x 0 cos £ (/ + A) J, y = ± y 0 sin [ + ^)J 

and the orbit is an ellipse with major and minor semi-axes x 0 and y 0 
respectively. If A and B differ by some other value, it can be shown 
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(by rotating the coordinate axes) that the orbit is still an ellipse, but 
with its major axis inclined to the axes of coordinates. The period 
of the orbit is always 2n\'m!X, independent of the initial conditions 
and the amplitudes x 0 and y 0 . 

Only particular types of variation of the attractive force with 
distance lead to periodic orbits and, in general, the solution of the 
differential equation of the orbit, although it may correspond to an 
orbit that constantly encircles the origin, implies some progressive 
change in the orbit as well. The best known example of this is 
Einstein’s correction to Newton’s inverse-square law of gravitational 
attraction (p. 69), which leads to a steady change in the direction of the 
major axis of the orbit with time, usually referred to as the advance of 
perihelion. 


6. Motion of rigid bodies about a fixed axis . Pendul ums 

(a) The simple pendulum 

We consider a particle of mass m attached to a horizontal pivot by a 
light rigid rod of length l, displaced from the vertical 
by an angle a, and allowed to swing under gravity 
[Fig. 6(a)]. 

If its inclination to the vertical at any instant is 9, 

the particle is moving instantaneously at right angles 

to the rod, and the force in this direction is mg sin 9, 

due to its weight, while its velocity in this direction is 
dd 

ill • Its equation of motion is therefore 


,J*9 

ml (f t i + U HJ sin 9 = 0 


(27) 



mg 

Fhi. (!(</). 


If a is very small, sin 9 may be replaced by 9, and 
equation (27) then becomes of the same form as the 

isTverbf Simp]C harm0niC m ° ticm aWead y met - the period 7 

f[ 

9 


T = 2n \ 


e, b/S/* Muitipiyi,,B 

l ml (a ) ~ ’" a cos e = constant 

which might have been obtained directly from the principle of 
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conservation of energy. If a is the maximum value of 0, d0/dt is zero, 
so that the equation is 


A ml 


dd 


I \ 

\dl / = mg * COS 0 ~ COS a * ’ 



dO 

(cos 0 — COS a)^ 



A complete swing is obtained when 0 changes from — a to a and 
back to — a; that is 

r=v^r- ie ~ , 

9 : _a (cos 0 — cos a)* 


This integral can be evaluated in terms of elementary functions only 
if cosa:£b 1, which corresponds to the case of very small amplitude 
already treated, and the case cos a = — 1, which corresponds to the 
pendulum being released from the position vertically above its support. 
In this case we have 



\J 21 p” M 

( J J —* V2 cos 0 ,2 
// fw/2 

4 'V - | sec <fxl<f> = oo 
9 JO 


so that we may expect the period to lengthen as a increases. An 
approximate expression for T when a is small, but not zero, can be 
obtained as follows: 



Put sin 0 = sin ^ sin </>. Then d6 cos - = 2 d<f> sin ^ cos </» 
2 2 2 2 


T _ :2S /' =2 \/' f *” ;2 _^_ i 

•I j -a/2 cos 0/2 9 *' —w/2 (1 — sill 2 a/2 sin 2 <£)* 

// r w /2 

— 4 'y — I ddt (1 -{- A sin 2 <f> sin 2 a 2 -j- 2 s * n4 4* sin 4 a/2 -f- . . •) 
9 J o 

= 277 \/-(l +a 2 /10 -f- ...). 

9 
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This gives the form of the correction when a is small. For other values 
of a the integral has been tabulated (it is known as a complete elliptic 
integral). See, for example, Jahnke and Etnde, Functionentafeln. 

(6) The compound pendulum 

We consider now a rigid body pivoted about a horizontal axis 
(Fig. 6(6)]. 

Suppose that an element of the body of mass dm is at a distance 
r m from the axis, the line from dm perpendicular to the axis, making 
an angle <f> m with the vertical. We may apply the principle of con¬ 
servation of angular momentum to the whole body. There is no 
change in angular momentum only if the total moment of the weights 
of all the elementary masses dm is zero. The condition for this is 

Zdm r sin <f>, n — 0. (28) 

which means that, in equilibrium the body settles down in such a 
position that the average value of the 
coordinate r m sin <£ m , which represents the 
horizontal distance of dm from the pivot, 
is zero. This is another way of saying 
that the centre of gravity lies vertically 
below the pivot. 

Suppose that the body is rotated 
through a small angle 6 about the axis. 

The velocity of the mass dm is then 
r md0/dt at right angles to the direction 
of r m» and the angular momentum of the 
body is then 2dm r m *dd/dt. The rate of 
decrease of this has to be equated to the 

moment of the weights of all the masses dm, and this is obtained by 
increasing all the angles <f, m in expression (28) by 9. This gives 

Sln (<t>m + 0) 



Fio. 0(fe). 


- 2dm rj~ = gZdm r , 


— gZdm r m sin cos 9 -f- gZdm r m cos <f> m sin 9. 

The first term on the right-hand side vanishes by equation (28) so that 
the equation of motion may be written: 


/ < l *° 

1 ^2 + s * u 0 = 0 


(29) 


Where / Zr,fdm, M — 2dm (the total mass of the body), and 

of 9 Thn 03 t mdm :. a 1 thrGe ° f Which <l uanfcitiea independent 

about the pUrp ,° Se of calcula ting the total moment 

about the axis of the weights of the elementary masses, we may 
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consider the whole mass of the body to be concentrated at a point G, 
known as the centre of gravity, which in equilibrium lies vertically 
below the axis of rotation at a distance h, while for the purpose of 
calculating angular momentum about the axis we can consider the whole 
mass of the body to be concentrated at a distance k from the axis, 
where Mkr = I, and k is known as the radius of gyration of the body 
about the axis. 


Position of the centre of gravity. —We now examine the effect on / 
and h of displacing the axis of rotation. We first prove that the 
position of G is independent of the position of this axis. For the definition 
of h shows that 

cos <t><n (hn 
Zdm 

and <f> in is the angle between the directions of r„, and h — that is 

r„, cos <f> m is the projection of r m on h. 
If /< is taken along the x coordinate axis, 
we have 

- = Zx m d m 
Zdm ’ 

where x is the x-coordinate of G. Similar 
relations may be found for y and z, that 
is, the coordinates of G are the mean 
coordinates of all the elementary masses 
making tip the fxtdy. 

The effect on the moment of inertia of 
displacing the axis of rotation to a parallel 
position. —Let Fig. 7 represent a section of a body, and suppose that 
its moment of inertia through an axis through the centre of gravity 
G, perpendicular to the paper, is /, and we desire to know the moment 
of inertia 7 p about a parallel axis through P. 

Let Q be a typical element of mass dm. 

Then, by definition, I p = Zdm (PQ) 2 

= Zdm ( GQ 2 + PG* ~ 2 PG.GQ cos 6) 

= I -f PG 2 Zdm — 2 PGZGQ cos 6dm, 

using the definition of / and the fact that PG is the same for all 
positions of dm. Since G is the centre of gravity, the mean value over 
the whole body of the projection of GQ on the fixed direction PG is 
zero, so that the third term vanishes, and we have 

/„ = /-}- M.PG* 
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a result which is knowu as the principle of parallel axes. Thus, the 
moments of inertia of a body about any axis can be calculated if they are 
known for all axes about the centre of gravity. Incidentally, we have 
shown that, for any particular direction of axis, I is a minimum when the 
axis passes through G. 

The calculation of the position of G and the value of I for a given 
body is a problem in integral calculus. Values for many regular 
shapes of body can be obtained by Routine rule for calculating moments 
of inertia about axc3 through the centre of gravity. This rule states 
that the moment of inertia / is given by M times the sum of the squares 
of the two semi-axes perpendicular to the axis of rotation, divided by 
3, 4, or 5 for cuboidal, elliptical, and ellipsoidal bodies respectively. 
(Bodies of more complicated shape can usually be broken up into 
pieces of these shapes, each piece making its own contribution to /, 
the principle of parallel axes being used as necessary.) 

Thus, for a cuboid of mass M and sides a, b, and c, the moment of 
inertia about an axis through the centre of gravity parallel to the side 
of length a is JAf (a 2 -f- b 2 )/ 4, while for a circular cylinder of mass M 
and radius r the value is \M (2r 2 ) about the central line, while for a 
sphere of mass M and radius r about an axis through the centre the 
value is \M (2r 2 ). It is to be noticed in the application of this rule 
that the dimension of the solid parallel to the axis of rotation docs not 
appear explicitly. It is easily seen, for example with the cuboid, that 
if we double the dimension c we double both the mass and the moment 
of inertia. 

A curious “hybrid” case, not really covered by Routh’s rule ns it 
stands, is that of a cylinder rotating about an axis through the centre of 
gravity perpendicular to the central line. If its radius is r and its length 
6, the moment of inertia can be shown to be 


M (b\ 2 
3 UJ 


+ 



We return to equation (29) for the motion of the compound pendulum 
If Mk~ is the moment of inertia of the pendulum about its centre of 
gravity, then its moment of inertia about P is M (A* 2 -f l*) t by the 
principle of parallel axes. The equation of motion is of the same form 
as that for a simple pendulum and the period for small oscillations is 




a '\ 
16/’ 


the theory of the correction for a finite amplitude a applying here in 
exactly the same way os it does for the simple pendulum (p. 28). For a 
given body k is fixed and l varies as one alters the position of the axis 
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I J2 

of suspension relative to g. The quantity —4— is a minimum 

9' 

when l = so that the minimum possible period is 


2. \A* 

9 

Any period greater than this is possible, and, solving the quadratic for 
/, we get two values of l corresponding to each value of T, so that there 
are, in general, four points on any line through G, about which the 
body can be pivoted to give a period equal to 7’ (though not all of these 
points will necessarily lie inside the body). Suppose now that we 
have found two such axes at different distances (£,, l 2 ) from G, which 
make the periods equal to T. Then we have 


/ g+ h 2 
oh 

Squaring and subtracting 


T = 2tt \ 



or* (h - h) = ^ 2 (V - V). 

so that T = 2-tt \ f (h-lhJl\ 

9 

in other words, the distance -f- L is the length of the simple pendulum 
of period T. This result is the basis of many modern methods of 
measuring // (p. 55). 


Kinetic energy of a body rotating about a fixed axis. —Suppose that a 
body of mass M has a radius of gyration k about a fixed axis and that 
it is rotating about this axis with an angular velocity w. By the 
principle of conservation of angular momentum we have 


dt 



where C is the total moment about the fixed axis of the forces acting 
on the body. Multiplying both sides by d0/dt or a> and integrating 
we get 

\ Mlc*u) 2 = C0 + constant 

that is, the work done by the forces in rotating the body about the axis is 
equal to the change in the quantity \Mk 2 oj 2 . It is easily verified that this 
quantity is in fact the total kinetic energy of the body due to its 
rotation, for the translational velocity of a mass dm at a distance r m 
from the axis is r m w, and its kinetic energy is therefore $dmr m 2 aj 2 . 
Summing this over the whole body (a> being constant for all the 
elementary masses if the body is rigid), the total kinetic energy is 

$io 2 £r n 2 dm = \Mk?io 2 . 
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7. Simultaneous rotation and translation. The “instantaneous avic 
of rotation ” 

Any angular velocity can be replaced by an angular velocity about 
a parallel axis together with a translation in a direction perpendicular 
to the plane containing the two axes. In Fig. 8, let a body be rotating 
about an axis through A, perpendicular to the paper, with an angular 
velocity u>. This implies that the point P is moving perpendicular to 
AP, with a velocity w.AP. Let this velocity be represented by the 
hne PQ. Let PQR be a triangle whose sides PQ, QR, RP are perpen- 
dicu ar to AP, BA, PB respectively (Fig. 8). The two triangles are 
similar and, by the parallelogram law of velocities, a velocity propor¬ 
tional to PQ and in that direction is equivalent to the sum of two 
velocities represented by PR and RQ, that is, to two velocities in these 
directions whose values are respectively a>.BP and w A B The 
velocity u> AB is independent of the position of P and thus corresponds 

£ A T ° f i thC Wh ° Ie b ° d7 in the direction R Q> perpendicular 

Iw ™ ve,( ! clt / tu ; f P for ev «ry Point P represents a rotation 

about an axis through B, with the same 

angular velocity w. 

Conversely, any translation in a 

direction perpendicular to the axis of 

rotation can be compounded with the 

angular velocity by displacing the axis 

of the latter parallel to itself. The 

new position of this axis is sometimes 

known as the instantaneous axis of 

tTt'Tn ThC 7 >rdi ' lst “taneous » to remind one of the fnct 

moving 1 paralieT to & “ “ "* ^ ^ h "‘ “ 

of angr ^n“ tt derive°d '“ITCl “ d “1°“ 

“olthnt the t, ^^ ** 

geometrically in a complicated fa Y* a ! lga ar m p fc ions are related 

make use of the slightly artificial S ^ tben ^ * S offcen helpful to 
of rotation. As anexampfe J° f instantaneous axis 

a circular cylinder rolling down an * ,aco “ ce P tlou is helpful, consider 
cylinder, t Fig * 9 <«)0 As the 

a distance add down the plane 8 Th “5°^. s,maltaneousl y travels 

tne piano. The force acting down the plane is 



Fia. 8. 


r* o. ii., t. 


in* 7 sin a — F 


3 
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where F is the frictional force that is preventing sliding at F and a is 
the inclination of the Diane to the horizontal. Thus we have 

A 

,, >1-0 

mq sin a — r = ma — - . 

9 dt 2 

Taking moments about the axis through the centre of gravity 

Fa = mk 2 ^ 
dt~ 

Eliminating F and dividing through by m 


(a 2 + k- 2 ) d 2 9 

q sin a = m -i - 

■' a dt 2 


(30) 


Equation (30) could, however, have been obtained immediately by 
equating the moment about F of the weight of the cylinder to the rate 




Fio. 9(a). 


mg 

Fio. 9(b). 


of increase of angular momentum about an axis through P , for, il the 
cylinder rolls through an angle 9, the line PG swings through an angle 
9, so that the angular velocity about the instantaneous axis is d9/dt, 
while the moment of inertia about this axis is m (a 2 -f k 2 ) by the 
principle of parallel axes. The method can be used also, even if the 
cylinder is not circular, while if we handled this case by the direct 
method we should have to consider the linear motion both along the 
plane and perpendicular to it, as well as the angular rotation, thus 
obtaining three equations of motion from which the tangential and 
normal reactions of the plane would have to be eliminated, whereas 
the use of the instantaneous axis gives us at once 

gp sin a =f t [V* + k *) ( y/] . (31 J 

where k is the radius of gyration about an axis through the centre of 
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gravity, r is the polar radius of the cross-section referred to the centre 
of gravity as an initial point, and p is the perpendicular from the cent re of 
gravity on to the plane [Fig. 9(6)], which can be calculated if r is known as 
a function of 6. Note that in equation (31) we have to equate the total 
moment to the rate of change of angular momentum, and r changes 
with time as well as 6 if the section is non-circular. 

For a uniform circular cylinder, we have by Routh’s rule 

a 2 + a 2 a 2 

4 “2* 


k 2 = 


while for a hollow cylindrical shell 

k = a. 

Thus by rolling two cylinders of equal mass down an inclined plane we 
can discriminate, e.g. between a solid cylinder and a hollow one made of 
denser material, even if their masses are the same. 

We could have discussed the problem of the compound pendulum 
by considering first the motion of the centre of gravity and then the 

h°Z 10n r^ Ut , an a , xis r throu 8 h the centre of gravity, these two motions 
being related by the fact that the axis of suspension has to remain 

xed, but again the method is more cumbersome than that of taking 
moments about the axis of suspension. n 

8 ‘ ^motion 0 " 6 an&Ular V6l0CitieS simultane °nsly present. Gyroscopic 

th * n aUg * U,ar V * ]ocit y represents rotation about a certain axis and 

VCl0C,ty “ a —■ - often -rf. thediecUon 
numerical T® tb ,' 3 ° xis ’ while thc ">»g"itude of the vector is 

"S^onvZion J “ U!?Ular , W ! OCity “ b ° Ut the axis ’ witK *>">“ 

along the positive d! f clockw,se direction of rotation looking 

ong tne positive direction of the axis usually being reckoned as nnsitive 

=Ts, 

only be addcd Zether ,',‘7 “ rC alial ««*>». which enn 

For example if we^rv tl ^ para,lelo « ram in special cases, 
similar to that used in provin^t!, "T’ ® , |8 ular velocities by a process 

(Art. 1) we rimujTat onaif against the d.^T IT f ° r ,inear 
non-parallel axes do nnf 8 0 difficulty that two rotations about 

rotation thro“h « of theTTnd , T —.pic. „ 

coordinates folfowed by a rota&n thT"^ “t “ b ° Ut th ° *'“ xis of 

«...»r 
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reversed. Thus, a body that simultaneously possesses angular velocities 
about each of two non-parallel axes is essentially different from a 
body with a single angular velocity, and we must now investigate the 
nature of these differences. 

One of the best known of these differences is illustrated by the 
gyrostat, which consists essentially of a rotating wheel mounted in 
gimbals so that it is capable of motion about more than one axis. 
Thus, in Fig. 10, suppose that the wheel has an angular velocity w about 
a horizontal axis, and is then given an angular velocity Q about a 
vertical axis. If the gimbals are nearly frictionless, the wheel will 
accjuire an angular velocity about an axis PQ at right angles to the other 
two axes, conditions do not become steady until the vectors representing 
o> and Q are parallel, and if Q is suddenly reversed, the wheel will 
describe a half-turn about the axis PQ. If the direction of i» is forcibly 
kept horizontal, it is found that a couple IQco has to be exerted about 


P 



the axis PQ, where 1 is the moment of inertia of the wheel about the 
axis of co. This experiment is enough to Show that the analogies 
between linear and angular velocities cannot be pushed too far, for the 
force on a body in a certain direction is quite independent of the 
velocities and accelerations in directions at right angles to it. A 
similar remark about couples and angular velocities would be false. 

The formula for the gvrostatie couple that we have just quoted is 
usually proved by making the tacit assumption that angular momenta 
can be compounded vectorial!v. Thus, in Fig. 10, after a time <lt , the 
direction of the angular momentum Ito has changed by an angle i?dt 
about the vertical axis, which, according to the vector law is 
equivalent to a change in the angular momentum IQcodt about the axis 
I{S, and therefore to a couple IQco about this axis. Since the vector 
law of addition is, in general, untrue, it is clear that we must find some 
better proof of this formula. 

This can be done if we replace the angular velocity co by tho 
equivalent distribution of linear velocities. Suppose that the vector co 
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is directed along the x-axis at a time t , and that at a slightly later time 
it is still in the xy plane, but now makes an angle 0 with the x-axis. 
Now consider a point Q with coordinates X, Y, Z (Fig. 11). The 
linear velocity of$, due to the angular velocity co, is of magnitude to. QR, 
where QR is perpendicular to OP, and is directed along the line QS, 
where QS is perpendicular to both QR and OP. Let T be the point in 
the xy plane such that QT is perpendicular to this plane. Then the 
plane QRT is perpendicular to OP and therefore contains the line QS. 


Then RT is perpendicular to OP, and we may suppose it produced to 
meet QS in S. The velocity to. QR in the direction QS may be resolved 
QR QT 

into oj .—— in the direction QT, which is parallel to the z-axis 


QR TS 

but in the negative direction, and ~— in the direction TS, 

QS 



which may be resolved into components—"^- a|ong thp 

. ut.QR.TS 

x-axis, and- - -cos 0 along the y- axis, since TS is perpendicular 

"\ akeS , an a “8‘ c 6 ' vith tllc I™*- The angle., 
,7 \ TR ara bot , h n 8 ht a “8 le s. so the triangles SQR, STR, QTS are 

^ ** velocity, due to " 


cos 0 along the y-axis, since TS is perpendicular 



w.QR.TS . n 

QS sin0 -— aj.Zsmd 

io.QR. TS 

QS cos 6 — <v.QT cox 6= to.ZcosO 
QR.QT 

° J ' QS m.TS = (X sin 6 — Y cos 0). 
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Now suppose that 0 is increasing uniformly with an angular velocity 
Q, i.e. that the vector OP, representing the angular velocity to, rotates 
round the 2 -axis with this angular velocity dOJdt or Q. Wo have 



— io Z cos 0 


— oj Z sin 0 


dO 

dt 

d0 


dt 


— ojQ Z cos 0 
— ojQ Z sin 0 


^ (X cos 0 -r 1 sin 0) — = -f- u>Q (X cos 0 -f- Y sin 0). 

For 0 — 0, this corresponds to a change in v x in the time dt of ojQZ dt 
and a change of v z of — ojQXdt, which together correspond to an 
angular velocity represented by a vector u>Qdt in the y-direction 
(Fig. 10) that is, just to the infinitesimal change in the vector w due to its 

rotation, so that the assumption 
of the vector law of addition has 
given correct results in this 
particular case. It is, however, 
untrue that for a finite value o£ 
0 the effect of a rotation of the 
angular velocity to, can be des¬ 
cribed by such a law, for we ob¬ 
tain incorrect linear velocities for 
points with a finite 2 -coordinate, 
as the reader can easily verify. 

The rolling disc. —A simple 
problem of gyroscopic motion is 
that of a thin disc rolling along a 
plane surface. If its forward velocity is great enough, the disc is vertical, 
the vertical position is stable, and the path is a straight line, but as the 
disc slows down it leans progressively over to one side, the curvature 
of the path constantly increasing until the disc falls flat. 

In Fig. 12, let the disc be of radius r, and let a be the “angle of lean ”, 
and let v be the velocity of its centre, and it is easily seen that O is the 
centre of curvature of its path on the plane. Then, the three torques 
acting on the disc are: 

The gravitational couple mgr sin a. 

The “centrifugal” couple (due to the rotation about O) 

- ™ v2 PC 
~ OP 

mv 2 l sin a .. 

= —--= inir tan a. 

I cos a 



Fio. 12. 
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The gyrostatic couple due to the fact that the body is rotating 
simultaneously with angular velocities v/r about its point of contact 
and vjl about O = m&tP/rl = mkhP/r 2 tana. 

k2 V 2 

For equilibrium —— tan a -f ir tan a = gr sin a 

which can be satisfied either by sin a =0 (the upright position) or 



gr cos a 
1 + k 2 /r 2 


(the leaning position). 


For tr greater than 


9 r 


the upright position is the only possible one 


1 + Mr 

for equilibrium. For v 2 less than this it is clear that the upright position 
is unstable, as a slight displacement from it will mean that gravity 
will tilt it over until a attains the value corresponding to the leaning 
position. For a hoop 

k = r 


so the critical velocity is \^grj 2, while for a uniform disc 



so the critical velocity is V%gr/3. 

To discuss a problem such as the behaviour of the axially-symmetrical 
top requires the use of coordinate axes tnoving with the body (for the 
various moments of inertia referred to fixed axes would vary with 
time), and an application of the principle of conservation of angular 
momentum when the various angular velocities are referred to these 
moving axes. 

For details, the reader is referred to advanced treatises on dynamics, 
but the main results of physical importance will be enumerated. 


(a) Precession .—As we have already seen, a body such as a gyrostat, 
rotating with an angular velocity co, can remain in dynamic equilibrium 
with its axis of rotation horizontal and one end supported, if it has, 
in addition, an angular velocity Q about a vertical axis through the 
supported end, such that IioQ is equal to the gravitational couplo. For 
other values of Q equilibrium is possible with the axis inclined to the 
horizontal, but the problem becomes more complicated, as we havo to 
consider as well the effect of the centrifugal force that we havo just met 
when considering the rolling disc. In gcnoral, there are two possible 
angular velocities of precession for a given inclination of the axis and 
angular velocity of rotation, but one of these regimes is unstable. 

(b) Nutation .—This is the name given to the oscillations of the axis 
o t e top about its inclination of dynamio equilibrium, that occur, 
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e.g. it the inclination of the axis is suddenly changed, so that oscillations 
about a mean value of the inclination occur. However, these oscillations 
are not simple harmonic, except for a small disturbance. 

9. Applications of the gyroscope 

^ e have already mentioned the rolling disc, and have seen that, 
provided it is rolling fast enough, a restoring moment is called into 
play when it leans away from the vertical. It is this effect that helps 
a cyclist to remain upright. It was at one time proposed to make 
"monorail trains'’, the carriages being stabilised by gyroscopes working 
on a similar principle. This project is technically quite feasible, and 
an experimental car capable of carrying a number of people was 
constructed, but the project was never carried any further. It is also 
quite feasible to diminish the rolling of a ship by gyroscopically con¬ 
trolled vanes. Among applications that have survived the tests of 
practicability and economic value may be mentioned the gyro-compass, 
the steering of torpedoes, and the automatic piloting of aircraft. The 
earth is a gyroscope, and gyroscopic effects manifest themselves in (he 
precession of (he equinoxes. 

The gyro-compass may be regarded as typical of the applications 
which have the object of fixing a direclion within a moving body. 
As we have seen, if a gyroscope is given an angular velocity about 
an axis perpendicular to its axis of spin, a couple, and consequent 
motion, about the third axis result. This motion can, as in the torpedo, 
be made to open valves controlling the vertical rudders so as to bring 
the torpedo back to its course. In the gyro-compass it is desired that 
the gyroscope axis itself should point parallel to the earth’s axis, and 
that a restoring torque should come into play in the event of any actual 
deviation. This does not happen in the ordinary way; after a deviation 
the axis precesses round its proper direction. By making the gimbals 
of the gyroscope bottom-heavy it is possible to make the instrument 
self-righting. If the gyroscope is at the equator and spinning parallel 
to the earth's axis, the imposition on it of an cast to west angular 
velocity will result in a torque tending to impart a north to south 
angular velocity. If the gimbals are made bottom-heavy, the con¬ 
sequent displacement will bring into action a couple tending to correct 
the original east to west deviation. Thus, this ingenious idea deals 
with the difficulty that, with a simple gyroscope, the torque called into 
play by an angular velocity is not directly a restoring torque, but acts 
about an axis at right angles to the axis of that angular velocity. 
However, the gyro-compass is subject to a number of errors, as it is not 
able to distinguish between the effects of accelerations due to the 
angular velocity of the earth and those of the acceleration, pitching, 
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and rolling of the ship. Thus, a practical gyro-compass needs several 
corrections, some of which can be applied automatically by smaller 
gyros incorporated in the compass, while others have to be computed 
from tables according to the course and speed of the ship. 

The ■precession of the equinoxes is due to the fact that the earth is 
not an exact sphere but bulges slightly at the equator, in addition to 
which the sun and moon are not usually in the equatorial plane of the 
earth, but are approximately in the plane of the ecliptic, which is inclined 
to the equatorial plane at an angle of about 23J°. The gravitational 
attraction of the sun and moon on the equatorial bulge produces a 
torque leading to a precession of the earth’s axis, which describes a 
cone relative to the fixed stars, quite similar to the cone described by 
the axis of a precessing top as a result of the couple due to its weight. 
As the couple due to the sun and moon is comparatively small, it takes 
several thousand years for the earth’s axis to describe the complete 
cone, but the slow drift of the polar axis relative to the fixed stars is 
quite easily measurable astronomically. 


10. Bifilar suspension 

We consider a beam suspended as in Fig. 13. This method of 
suspension is used in scientific instruments: 

(а) When it is desired to magnify a small displacement. As an 

example of this we may mention the Kelvin doubly-suspended mirror 

(p. 52). 

(б) As a simple means of determining momenta of inertia without 
using a torsion wire. 


(c) When one desires to obtain a controlling torque that can be 
continuously varied. This cannot be done at all conveniently with an 
ordinary torsion suspension. 

In Fig. 13 leti be the length of each thread, 26 the distance between 
the tops of the suspensions, 2a the distance between the bottoms of 
the suspensions M the mass of the beam, and k its radius of gyration 

tolh 2 T‘ S t ^f OUgh th0 CCntro ' Su PP° se th0 beam twisted 

string at T 8 ‘ e t h ° r ! 20ntal I’'“ ne . so that the bottom end of one 

anTfn h ‘ 1 ° f f Let A ' bc the PO“t vertically above A t 

verticil! V?" 10 i 0nz T ontal P ,ane 08 “"d 1st B l bo the point on OA 

w b !, W B ' Let * be the an « le BA i A t whioh each string is 
mebned to the vertical. Then, resolving vertically, 8 

2 T cos <f> = Mg . 

where T is the tension in each string. 

and^ dSTSl C r p0 jT °i the ten3ioU of eaoh sfcrin 8 i» 2T sin <f> 
lies along the line A X B X . The component of this along the beam 
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has no effect, because it is balanced by a similar force due to the other 
string. The component perpendicular to the beam is T sin <f> sin a, 
where a is the angle OA 1 B 1 , so that the total restoring moment due to 
the two strings is 2Ta sin <f> sin a, and the problem is solved if we can 
determine <f> and a in terms of 0 , which can be done from the geometry 
of the triangles OA 1 B l . A l BB 1 . From triangle OA 1 B l we have 

A l B l = (a 2 + b 2 - 2 ah cos 0)h . (33) 


and 


A t B t 

sin 0 sin a 


(34) 


From triangle A 1 BB 1 , 


cos </> = 


l 2 + BB 2 - A 1 B l 2 
2 l.BB l 


(35) 




But BB l is the depth of the beam below the supports in the position 

of equilibrium, so that BB x 2 = l 2 (a — b)-. 

These formulae are all exact, but the equation of motion is extremely 
cumbersome. It takes a much simpler form if we assume that 0 is 
small, so that we may replace sin 0 by 0, and cos 0 by 1, as in the theory 
of the simple pendulum. We then have 

from (33) A X B X ^ |« - b\ = x, say. (36) 

a sin a b b 

f\l\ - —-: = -r-=-:... 


sin a 


from (34) „ — — 


from (35) sin <f> — — 


sin 0 A x B x |a — 
_ \a — 6 | 


(38) 
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So that the equation of motion is 

d z e 

— Mk 2 — — 2 Ta sin <h sin a 
at* 


= Mga tan cf> sin a from (32) 


— 


x b 


(r- - x 2 )*' x 

so that the motion is simple harmonic with period 

2tt \/*SLr*j* 

gab 

and the length of the simple equivalent pendulum is 


. 6 from (37) and (38) 


and it can be seen how k can be determined from a measurement of the 
period of the oscillation, in terms of g and easily measurable lengths. 
If the strings arc vertical x = 0 and a = 6, so that the length of the 
simple equivalent pendulum is Blja 2 . If either a or 6 is made small, 
the period can be made very long and the controlling couple very small. 
In practice, it is easier to make b small than it is a. 


11. Conclusion 

Although the fundamental laws of mechanics are quite simple, they 
are not directly applicable to actual problems, and, by considering a 
number of typical problems that occur in physics, we have attempted 
to bring out the intermediate steps. The reader is referred to textbooks 
ol mechanics for further details of the various methods. Many of the 
problems we have considered could have been handled by one general 
method the Lagrangian method of generalised coordinates. However, 
this method, although of very great beauty and mathematical simplicity 
when the forces are conservative, becomes very difficult to apply when 
forces such as friction are involved. Although the method is of 
undamental significance in quantum mechanics and electromagnetic 
theory, its use lias been avoided in this book. 
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E xam ples on Chapter II 

1. Summarise as concisely as possible the non-astronomical evidence that 
leads us to believe in Newton's laws of motion. 

2. In Fig. 2 derive the tension in the string OH without using the principle of 
virtual work. (Hint.—Consider the equilibrium of the systems .4 BCDEF, BCDE , 
CD in succession, c.g. the external forces acting on CD are its weight, the reactions 
at C and /), and the tension T.) 

3. In Fig. 3 use the principle of virtual work to determine the condition of 
equilibrium if the distance from .4 to B or D to E is 101 times that from B to C 
or E to F, and AC, DE are supposed to be uniform rods each of mass m 3 . 

4. Determine the equation of the curve which touches all possible trajectories 
of a particle projected from the origin under gravity, with an initial velocity r # . 
Show also that it encloses all such trajectories. 

5. Determine the moment of inertia of a right circular cone of mass M, height h % 
and semi-vertical angle 0 about its axis, if it be supposed made of material of 
uniform density p. 

0. Determine the critical velocity at which a coin of radius 1 cm. can roll along 
a level surface while remaining upright. 

7. A pile of mass M is subject to a resisting force p which is taken as constant. 
The pile-head of mass tn strikes it with velocity v and does not rebound. Determine 
the subsequent motion until the pile is brought to rest: 

(*i) On the assumption that the force between pile and head is a largo constant 
force acting for a very short time, afterwards dropping to zero when the 
velocities become equal. 

(ft) By making use of the principle of conservation of momentum. 

Explain clearly why these two approaches give the same final result, in tho 
limiting case when the time interval is very short. Determine tho fraction 
of the kinetic energy of the pile-head that is used in doing work against the force 
p . What becomes of the remaining energy? 

8. A hollow circular cylinder, made of uniform material with an outer radius 
of twice the inner radius, is rolled down an inclined plane. What is the greatest 
angle at which the plane may be inclined to the horizon without slipping taking 
place? Take coefficient of friction as A. 

9. Compare the velocities at aphelion and perihelion of a comet, tho major 
and minor axes of the orbit being a and 6. (Hint.—Use rule of equal areas.) 

10. Neglecting atmospheric resistance, determine tho minimum velocity at 
which a body must be projected in order that 

(a) It may become a satellite of tho earth. 

(ft) It may leave the neighbourhood of the earth altogether. 

In each case, determine the angle of projection. (Take the acceleration of 
gravity at the surface of the earth as 980 cm./sec.* and assume an inverse-square 
law’ of force.) 
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X. Newton’s Law of Gravitation 

The law of gravitation formulated by Newton states that the 
attraction exerted by any small portion of matter on another depends 
only on their masses and their distance apart. If one is dealing with 
bodies of finite size, the total force between them is the resultant of 
the individual actions of the small particles of which we may suppose 
the bodies to be composed. The law assumed by Newton is that the 
attraction is proportional to the inverse square of the distance between 
any two particles, and that it is also proportional to the product of 
their masses. This may be expressed as follows: 


where G is a universal constant. This law is now known to be not 
quite correct, but it is an extremely close approximation and there are 
only a few phenomena that need for their description the more 
exact law formulated by Einstein. We shall first develop some con¬ 
sequences of Newton’s law and then briefly describe these exceptional 
phenomena. 

Newton’s law is of inverse-square type, as are the laws of electrostatics 
and magnetostatics, so that much of the mathematical theory of 
gravitation is identical with that of electrostatics. There are, however, 
some very important physical differences. 


(a) Absence of any screening effects.— As far as is known experi¬ 
mentally, there is nothing corresponding to the dielectric constant of a 
medium, the gravitational force between two bodies being quite 
unaffected by, e.g. evacuating the region between them or altering the 
medium. As we shall see later, the period of oscillation of a pendulum 
can be determined with very high accuracy, and a change in that 
period of the order of 1 in 10* could bo detected with certainty, so that 
gravitational permeabilities” differing from unity by as little as 
thia could have been detected. 


d ^eclional effects. Since so many of the physical 
properties of crystals, in particular their dielectric constants, vary with 
heir orientation, it is natural to ask whether the mutual orientations 
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ot, e.g., two quartz crystals has any effect on their gravitational attrac¬ 
tion. Such an effect was looked for by Poynting and Gray by revolving 
a quartz sphere close to another suspended sphere. If directional 
effects were present, a periodic couple on the suspended sphere would 
result, and a large oscillation of the latter would occur if the torsional 
period of the suspended sphere were nearly equal to the period of this 
couple. No such effect could be found. 

( c ) Absence of temperature effects. —No positive evidence of any 
change in gravitational attraction as the attracting bodies are heated 
has been obtained in terrestrial experiments, and astronomical evidence, 
which seems to show that the constant in Newton’s law is the same 
for bodies at all kinds of temperatures, makes such an effect 
unlikely. 

The theory of relativity makes it likely that “gravitational waves” 
can be propagated from a moving body just as electromagnetic waves 
are propagated from a moving charge, and that the velocity of 
propagation is the velocity of light in vacuo, but this prediction has 
never been verified or disproved experimentally on account of the 
high velocity of propagation and the numerical smallness of the 
expected amplitudes. 

2. Gravitational field and gravitational potential 

The existence of a law of force proportional to mass enables one to 
define a gravitational field quite analogous to the electric field. The 
gravitational field at a given point is the force that would act on unit 
mass placed at that point. This is a vector quantity, and it is often more 
convenient to calculate the gravitational potential, the gravitational 
potential of a body, or set of bodies, at a point being the work done 
by gravitational attraction when a unit mass is brought up to this point 
from a great distance. From the principle of conservation of energy 
it follows that the work thus done must be independent of the path 
followed by the test-mass, because it would otherwise be possible to 
gain energy by continually bringing up the test-mass along one path 
and withdrawing it along another. 

We now prove that the gravitational potential at a point due to 
any number of small masses is equal to the sum of the potentials that 
each would produce if present separately. In Fig. 14, let m Xt m 2 be 
two small masses with coordinates (r,, y x , 2 ,), (t 2 , ij 2 , z*). The force 
on unit mass at point ( X, Y. Z). due to »i,, is by Newton’s law, 

Gm t 

(X (Z-2,) 2 
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directed along the line Pm lt and the x-component of this force is 
therefore 

Gvij x, — A 

(A-*,)* + (Y- Ul Y + (2 -- J 2 ' [{X -x,)* + {Y - yi ) 2 +(Z- z^j* 

since Xj — A' is the resolved part of the line Pm 1 along the x-axis. 
This force is equal to 

d_ _ Gniy 

ax [(X -*,)* + ( y - ,,)«+ < z - 2l ) 2 ]* 

and similar expressions apply for the y and z components of the force. 



Fio. 14. 


Thus we can calculate the forces due to »», and m, together if we know 
the quantity 

Gm, 


[(A - x,) 2 +(Y - y,)* + ( Z - z,) 2 ]! 


Gm 2 


[(A - x 2 )2 + ( Y ~ y 2 y- + ( z- z a )*]i 

and this result can be extended to any number of small masses, or to 

a large body regarded as an aggregate of very small masses. Further 

the x-component of the force on a body is the rate of change of energy 

with distance as that body is displaced in the x-direction, so that we 
nave identified the quantity 

- GX 
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sign convention relating to potential energy—the doing of work by 
the gravitational force implies a decrease in the associated potential 
energy. We now consider a few special cases. 

(a) The potential of a thin spherical shell .—In Fig. 15 P is a point at 
a distance r from the centre of a thin spherical shell of mass M, of 
radius It and wall thickness t. Consider thin circular rings with centres 
on OP, of which the typical one subtends an angle 0 at O and has width 
PS6. Each element of this ring is at the same distance, PQ = x, 
from P. The contribution of the ring to the potential at P is 

— G,'2jtR sin 0. R80.t.m 
x 

where in is the density of the shell and the total potential is obtained 



by integrating over all values of 0 between 0 and tt, using the relation 

x 2 = R 2 -f- r 2 — 2 Itr cos 0 


Thus 


I* = — 2—R 2 Gnif 


r tt 


sin 0d0 


J o ( R 2 d- r- — 2 Rr cos 0)^ 
Changing the variable to y = cos 0, we have 

(ly = — sin 0d0 

and the limits of integration become -f- 1 and — 1, so that 

+ 1 dy 

(It 2 +r* - 2 Rry)i 


V = - 2t tIPG 


f + i 
hnt 

} - l 


— ’2ttR 2 GhU 


+ 1 r(/? 2 -F r 2 -2 Rry)l 


- 1L 


Rr 


]■ 


A difficulty arises here because it is not obvious which signs to use 
when taking the square roots, but, since the quantity (/? 2 -f- r 2 — 2 Rry)\ 
represents the distance from P to a typical point on the sphere, it 
follows that the positive square roots are to be taken, in all cases. 
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Thus for r > It 


2jr/m«/ r 

1 = -itr- l(r 


Ii) - (R + r) ] 


for r < R V = 


277 R 2 Gm( 
—Rr 


[(/?-r)- ( « + r)] 


_ 4 ?rRrGmt 

t t e ,. SC ,? nd formula aIso ho,d *ng for r = R. Since the mass of the 
shell M is equal to i-nRhnt, the potential outside the shell is — MG/r, 
while inside the shell it remains constant. Thus, outside the shell, 
the gravitational potential (and therefore the gravitational field also) 
is the same as one would get from a mass M at the centre of the sphere 
whde inside the shell the potential is constant, so that the field vanishes! 
I he latter result is equivalent to the celebrated result in electrostatics 
that a hollow charged sphere exerts no force on a charge inside it, and 
such results hold only for an inverse-square law of force. 

snhere Tn P f e,Ui(ll .°^ a ^sphere.— The potential and field of a solid 
the dp^f at 0nce be “^rred ^m those of a spherical shell, even if 

Xre a 7 t JT„ W,th t the distaucc from tUc «“"• Inside the 
DoinHn .f a 8 reater distance from the centre than the 

r ur to tr but r Wng to th ° s ° tuat the nation 

nontwL , T ?' ,n8 : dc “ conce ntric sphere passing through the 

Lme as If t’heir m SP “• the attracti °n of all the shells is the 

is of „ f i u, T“ "' era couc entrated at the centre. This result 

h is law“f'StoJ b,St °" c I m P° rtance . “3 it enabled Newton to apply 
w ot gravitation to the moon s motion. The radiiiQ nf 

reader is referred to treatises on r “ diUS ' th ° 

3. Inertial mass and gravitational mass 

*. j-. aiM t ■= s xstss rsru;: 
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inertial mass. It is, however, equally possible to define the mass of a 
body as proportional to the force produced by its gravitational attraction 
on a standard test body at unit distance, and the mass defined in this 
way is called the gravitational mass. Galileo found that the acceleration 
of falling bodies uas independent of their mass, and a similar result 
has been found to hold with great accuracy for pendulums used in 
measuring the acceleration of gravity (p. 54), showing that the gravita¬ 
tional force between a mass and the earth is proportional to the inertia 
of that mass. There seems to be no a priori reason for expecting such 
a result [if, for example, one considers a body rolling down an inclined 
plane, the acceleration depends not only on the mass but also on the 
distribution of that mass in space (p. 35), so that it must be regarded 
as an experimental lawj. It is sometimes claimed that the equality of 
inertial and gravitational mass is predicted by the general theory of 
relativity, but opinions differ on this point. 

The equality of inertial and gravitational mass (we have shown 
that they are proportional, so that they can obviously be made equal 
by a proper choice of units) has very important consequences in 
astronomy. For example, the orbit of a satellite round a planet is 
independent of the mass of the satellite because of the proportionality 
of gravitational force and inertial mass, so that observations of the 
orbit of the satellite enable one to “weigh” the planet—similarly, the 
masses of each component of a double star can be calculated from 
the orbit of the other component round the common centre of gravity, 
since the constant G can be found from terrestrial experiments. 


4. Measurements of the gravitational constant G 

Since the acceleration of gravity at the earth’s surface can be 
measured very accurately (p. 54), a measurement of G enables us 
at once to infer a value of M, the mass of the earth, so that such experi¬ 
ments are sometimes described as “weighing the earth ’. The experi¬ 
ments are all based on either the direct laboratory measurement of the 
force between two masses, or on the comparison of the force exerted 
by a known mass on another mass with the attraction of the earth on 
the second mass, and one may distinguish them roughly as measure¬ 
ments of G and measurements of M respectively. 

(a) Measurements of M. —The first attempt was due to Bouguer, 
who attempted to measure the effect of the attraction of a mountain 
(Chimborazo) on the direction of a plumb-line. By taking astronomical 
observations at a station near the mountain and at a second station 
some miles away, the shift in the direction of a plumb-line due to the 
attraction of the mountain on the pendulum bob could be measured. 
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Various other attempts to use a mountain in this way have been made 
and the method enables the order of magnitude of A/’to be determined. 
An experiment on a similar principle is due to Airy, namely, a measure¬ 
ment by a pendulum method (p. 54) of the variation in the acceleration 
of gravity between the surface of the earth aud the bottom of a mine. 
The earth is so nearly spherical that we can apply the theory outlined 
above (p. 49) which shows that the spherical shell of the earth which 
is further away from the earth’s centre than the observer contributes 
nothing to the force of gravity. We thus have, if 9l is the acceleration 
of-gravity at the earth’s surface and the acceleration at the bottom 
of a mine of depth h, M the mass of the earth, R its radius, and „ the 
mean density of the surface crust, the results 


Oi = 


UM 

~I(* 


„ _ tr \M — 4 irR 2 ph) 
91 (R-h)‘ 


sh that i fgjg 2 is measured, M is known if p is known. 

One difficulty in all experiments of this type is that of getting 

7 eSt ‘, matC ° f the mass of the b0(, y with which M is beTn.r 

oHhe ith C of H ^ ° f ; thC T m ° U,ltain ’ ° F thG nmS9 ° f a sur ^e layor 
suffer fZ f'T *• In addition ’ the ‘fountain experiments 

On? Jne o? C fUnd ! m ? Dtal difficu,f y to »>e discussed later (p. G7). 

Z r of thc a T of “ bai “ 

out such an cx,,crimc, ‘ t ' “- d 

anS ohtaild 1 

a Jr : h ;: v 'itfr mmitios,, f in Fig - 

and compared with that em a ° n ® tlie beam was first determined, 
apparent; shift in the v * rtica , g 0 ° nd t " hTft big 
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as M x , was placed with it on a turntable at about twice the distance 
of M x from the pivot T as shown in the figure, so that the turntable 
could be rotated to bring M x successively under A and B without 
tilting the floor. The effect of M x on the more distant of the two masses 
had to be corrected for. likewise, the effect of M 2 on both masses. The 
effect of M x and M s on the beam of the balance was difficult to calculate, 
but it was eliminated by repeating the experiment with the two masses 
A and B suspended about a foot higher. The movements of the 
pointer were small and were magnified by the Kelvin double-suspension 
mirror arrangement shown in Fig. 16(5). The motion of the mirror 
was observed by the usual beam of light and scale and an additional 
magnifying effect could be obtained when required if the distance 
CD was made small. Since what is actuallv wanted is the ratio of the 

m 



Fig. 1G. 


deflection produced by a rider of known mass to that produced by the 
attractive force, all calibration of the double-suspension arrangement 
can be avoided provided that both parts of the experiment are carried 
out with the same setting of CD. A dash-pot filled with oil was used 
to help damp out the oscillations of the mirror. 

(b) Direct measurements of G. The Cavendish-Boys cspernnenl. 
The first determination of M or G using masses of laboratory size was 
due to Cavendish. His apparatus consisted simply of a torsion balance, 
a long rod carrying massive spheres at each end and suspended in the 
middle by a torsion wire, and the experiment involved measuring 
the displacement of the position of equilibrium when two large spheres 
were brought near the ends of the beam on opposite sides. As the 
apparatus used was rather large, the beam being <> ft long, it was 
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TORSION HEAD 
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housed in a special room, and manipulated from outside, hut 
air-currents caused a great deal of trouble, and the positions of 
equilibrium had to be determined by observing the swings of the beam 
by means of a telescope, each end of the beam carrying a vernier moving 
over a fixed scale. Despite the experimental difficulties, Cavendish 
obtamed a value differing by less than one-half per cent, from the 
present accepted value. 

An improvement in the apparatus was made by Boys, who was 
able to diminish the size of the apparatus considerably without loss of 
sensitivity by using as suspensions the extremely fine quartz fibres, the 
process of making which he discovered. These combine great tensile 
strength with small resistance to torsion, so that the apparatus could 
be made small and yet reasonably sized attracted masses could be 
used. The apparatus is illustrated dia- 
granimatically in Fig. 17. The apparatus 
was totally enclosed to avoid air-currents. 

The beam AB also acted as a mirror, 
enabling the deflection to be measured 
optically. The two small masses m, were 
gold spheres, about | in. in diameter, 
and were mounted at different heights in 
order to diminish the opposing gravitational 
couple due to the attraction of the more 
distant lead sphere on each gold sphere, 
which would become a big fraction of the 
couple to be observed if a short torsion arm 
were used with the masses at the same level. 

Ihe attracting masses were lead spheres 
about in. in diameter. 

Areview of all the measurements of O 

relinbi« up 19 ?* was ma(le b y Burgess, who considered that the most 
reliable value of G was given by 

a = (6-6607 ± 0-0016) x 10~ 8 C.G.S. units. 

“T by 1683 thaU ° n0 part iu 200 from Cavendish’s value, and 

ZlnTof Z ° ne Pa , rt "• 2,000 fr ° m Bo - V8> va,ue - Thc corresponding 
value of the mean density of the earth is b 

D = 6-5247 ± 0-0013 g. per c.c. 

With tSThavof later ?P° ri r ats giving vnlues practically identical 
SatffiJ ZJT i , Zahradnicek " SC(l a ^onance method, an 
the ends of / k ^ 1<>U ^ an , co with Ia f8 e left d spheres mounted on 
indenendpnfl M ® e “ s ^ a P^ beam, inducing oscillations iu an 
y-suspended torsion balance having a light beam with 
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spherical masses at the ends. Heyl carried out an experimcut on what 
may be thought of almost as a modernised version of Cavendish’s 
original apparatus. He investigated the change in period of a torsion 
balance, consisting of two masses at the ends of a beam suspended from 
a tungsten filament, that occurred when two large attracting masses were 
swung into position near each end of the beam and in line with it. A 
change in the period can be measured much more easily and accurately 
than the change in the zero of the torsion balance, due to the presence 
of attracting masses, which is what Cavendish measured. 




K. 


5. Measurements of ?/, the acceleration due to gravity and its variations 

Accurate values of the acceleration of gravity are 
needed by physicists for two quite distinct reasons. 
First, it is needed whenever a physical quantity in¬ 
volving a force, such as the barometric pressure or 
Young’s modulus of a wire, is measured. If we do 
not know g we can only measure such quantities in 
grams-weight per square centimetre, whereas, to get a 
valid comparison with work in other laboratories such 
quantities must be expressed in dynes per square 
centimetre. Secondly, measurements of the variation 
of g from place to place gives information on the shape 
of the earth and its structure. The absolute measure¬ 
ments of g depend on pendulum experiments, which 
are diflicult on account of the many corrections 
involved, and various simpler instruments have been 

f rA a devised for measuring the difference of g between two 
2d stations. It is also possible to measure the gradient 

of g directly. 
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(a) Absolute measurements of g .—Various simple 
methods of measuring g to an accuracy of about 1 
per cent, are available, such as timing the rolling of a 
ball down an inclined plane or the oscillations of a ball in a concave 
mirror whose radius of curvature is determined optically, for which 
the reader is referred to books on practical physics, e.g. Searle, Experi¬ 
mental Physics. 

The ordinary laboratory method of approximating to a simple 
pendulum by a heavy bob attached to a thin wire or thread (Borda’s 
pendulum) is capable of an accuracy of 0-1 per cent. (1 unit in g 
measured in C.G.S. units) but various uncertain factors, such as the 
stiffness of the wire and the fact that the tension, and therefore the 
length of the wire does not remain quite constant during the swing, 
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make it difficult to improve the accuracy very much further. All 
work of the highest accuracy uses Kater’s reversible pendulum or 
various improved version of it. In its original form (Fig. 18) it consisted 
of a rod carrying the bob W, two adjustable weights A and B, and 
two knife-edges K l and K 2 , either of which can be used as a pivot. 
To make a determination of g, A is adjusted until the times of swing 
about the two knife-edges arc nearly equal and then the position of B 
is gradually altered by means of a screw to make the periods as nearly 
equal as possible. If they were exactly equal then (see p. 32) the 
distance between K x and K 2 would be the length of the simple equivalent 
pendulum. 

It is, however, unnecessary to make an adjustment to exact equality 
of period. Suppose that the two periods f, and t 2 are very nearly 
equal, and that the distances of K lt K 2 from the centre of gravity are 
*i> l 2 > respectively, then we have (p. 32) 



(where A* is the radius 



and 


_ ** + h 2 

4t r 2 


of gyration about the centre of gravity) 


so that 


A('r'. - W = V - 1 / 


or 


jf 8 _ - 1 2 % i n* 

9 Ii 2 -h 2 2 L L 


+ < 2 * , < 1 2 ~U 




+ 


k-k J 


( 1 ) 


Now /, + l 2 is the distance between the two knife-edges K lt K 2 , 
which can be measured extremely accurately, e.g. by a travelling micro¬ 
scope or, in extremely accurate work, by an interferometric method, 
amce ^ can be made very nearly equal to t 2 , the term involving /. — L 
is on y a correcting term and l x — l 2 can be determined with sufficient 
accuracy by balancing the pendulum about a knife-edge to determine 

the , Centre ° f 8 ravit y- The design of the pendulum 

correeti 8U * Ch thafc \ ?“ d arc nofc near, y e( I ua >. for, if they were, the 
correcting term would not be small. 

1 -l*; ° r ^ er take proper advantage of an accurate measurement- of 

of tb* “ I 6 * 7 aC f U , rate method of timing is required. The accuracy 

much hen U fi7 method of timing by stop-watch is not 

havo t thSn ? . half - second » so that several thousand swings would 

durinc ^ ° rder gCt a re3ult reliabl ° to 1 part in 10,000, 

wth f h tin ?° , the temperature of the laboratory may change, 

better mo^ eq i Ue ?t alteratl ° n “ the lo “g th of the pendulum A much 

thaUhe t d 1 T g 13 thG in€thod ° f "*"***"»• Let us suppose 
at a l T f " 8tandard C, ° ck ia mad0 to actuate a neon lamp 

certain point of its swing. This lamp is made to illuminate a slit 
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which is closed by a pointer on the Kater pendulum when at the centre 
of its swing but is open at all other times. Let the Kater pendulum 
be adjusted to have a period of slightly greater than 1 sec.— 
suppose, for example, that its period is known to be in the neighbour¬ 
hood of 1-03 sec. Then, suppose the pendulum is started and 
observations are begun when a coincidence occurs, i.e. when the slit is 
just blocked by the pointer at the moment of flash. After 33 more 
swings very nearly 34 sec. will have elapsed and an approximate 
coincidence occurs. After 33 more swings another approximate 
coincidence occurs, but each time the pendulum gains slightly on the 
clock. If N such sets of 33 swings are observed, until the pendulum 
has gained one whole second on the clock, so that the next coincidence 
occurs in the middle of the 3"2nd swing, we have 

33A7 = 34.V — 1 


so that 


34 _ 1 
33 33.V - 


The method can be further refined if a scale is attached to the pointer 
of the pendulum and arranged to be illuminated by each flash of the 
lamp, thus enabling the angular distance of the pendulum from the 
centre of the swing to be noted at each approximate coincidence. 
Allowing for this we may say that 

33A7 = 34iV -1+x 

where x is the fraction of a swing by which the position of the last 
coincidence differs from that of the first. This gives 

_ 34 _ 1 -Hr 
1 ~ 33 33.V ' 

If N is 20 and x can be estimated correct to one-hundredth of a whole 
swing, this measurement gives us t with an accuracy of better than 1 in 
600,000, which is far above the accuracy that can be obtained from tho 
ordinary method of timing. Moreover, it is possible to carry on a 
continuous series of observations and any systematic change in t, e.g. 
due to drift of temperature, will be revealed at once by corresponding 

variations in N as time goes on. . 

Measurements of this order of accuracy entail corrections being 
made for a large number of disturbing factors, to enable full advantage 
to be taken of the very accurate measurements of the length t, -f 4 
and of the periods. The chief corrections are as follows: 

(I) Finite arc of swing— It is shown in Chapter II, Art. 6 (p. 28) 
that a pendulum oscillation of finite but small amplitude a has a period 
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proportional to 1 -f- — + • • •» s ° that this 

correction can easily be made if a is 
measured. 

(2) Curvature of knife-edges .—If the 
knife-edges are not perfectly sharp, the 
pendulum swings by rolling contact of 
the knife-edge on its support (Fig. 19). 

Since two successive normals to a surface 
intersect at the radius of curvature, the 
restoring moment, if the pendulum is dis- Fio. 19. 

placed through an angle 6, is Mg (l -f- r) 

sin 0, where r is the radius of curvature, but the instantaneous axis of 
rotation (p. 33) still passes through the bottom of the knife-edge K, so 
that the moment of inertia is still to be taken about this axis. We 
have therefore 

d 2 0 

M (k 2 -f l 2 )-- -f Mg {l -f r) sin 0 = 0 . (2) 

as the equation of motion, in place of equation (29), Chapter II, and 
the periods /„ t 2 are therefore given by 



so that 



(3) 

(4) 


b - /,*/,) = V - V - 

n <2 

Now if and are nearly equal, so are (k 2 + l 2 )/^ and (k* + L*)//, and 

we may replace them both by their mean l in the terms involving 
r i and r 2 . Thus we have ** 

_i r w- w i i 

4*».L h-h J - '» + + riTT “ r i) . (5) 


h h 


If it is possible to interchange the knife-edges without upsetting the 
g ometry, we shall have, if the two periods are now If, tf, 

-g-p a-vy i , , i , 

4tt 2 L lj~I 2 J - 'l + '2 + - r a).(6) 

so that, by addition, the correcting terms involving r and r 

are difficult to _ direoUy. Appear. ‘S 
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correction can be avoided by having plane bearings on the pendulum 
and a knife-edge on the support, when r, and r 2 are equal, so that the 
correcting term disappears. 

(3) Yielding of the support .—It might be thought a simple matter 
to devise a support that will not yield appreciably when so light a body 
as a pendulum, weighing perhaps 1 kg., is swung upon it, but 
we must remember that we have methods available for measuring 
lengths and periods to an accuracy of one part in many thousands. 
Now a mass of, say, 100 kg. hung on any ordinary support would 
cause quite an appreciable deflection, so that it is clear that the effect 
of the pendulum in deflecting the support cannot be neglected in 
work of high accuracy. The chief disturbing factor is the forced 
oscillation of the support in a horizontal direction. The corresponding 
vertical oscillation is very much less important. In Fig. 20, let 0 be 

the point of support and G the centre of gravity, so 
that OG = Suppose the horizontal yield of the 
support, if unit force is applied, is a. The 

d‘Q 

acceleration along GG' is l t and thus the force 

(120 

along GG' is >»/, , which is equal to the force on the 



support. 

But 


d 2 0 
dt 2 


dhO 


k 2 + /.* 

so that the force on the support is 

mgl x -9 mglf) 

pV /, 2 “ /, + Q 

since k 2 = l x l 2 if the periods for both knife-edges are equal (p. 53). The 
yield 00' is thus related to the angular deflection 6 by 

1.0 

00' = amg . -, y 
*1 - t “ *2 

so that the centre of oscillation is effectively raised from O to C, where 


00 ' 


= OC = 8, = 


°mgl I 


0 h + ^2 

The period is therefore given by 

g f , = ((, + s,) , + e„^ 8 e 

4tt* ' (/, + s,) 1 M- 8 . 

For oscillation about the other knife-edge 


K IS = h+ h + 


k n - 




h + 8 : 
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whence 
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4t 7* 

L J 

~l 1 -L 

L 1 1 11 1 Z 1 + 8 1 2 2 2 / 2 +8 2 J 


— ^1 + h + j - 7 (Vi“S 2 / 2 ) 

/j— f 2 


— + 4 + ’"go- .(7) 

using the above expression for 8j, and the corresponding one for 8 2 . 

Thus the effective length of the equivalent simple pendulum is 
increased by nig a, which is the deflection of the support produced 
by a horizontal force equal to the weight of the pendulum, a can be 
determined by applying static loads to the support and observing its 
deflection by means of a microscope. This correction can be reduced 
considerably by having two pendulums swinging in antiphase on the 
same support, this method being due to Meinesz, but this involves 
adjusting the pendulums until their periods are only very slightly 
different from one another. A method of eliminating this correction 
is described below (p. 60). 


(4) hffects of the air .—There are three distinct ways in which the 
presence of air may affect the period. First, the buoyancy of the air 
has to be allowed for. This is quite simple. If m is the mass of the 
pendulum and m that of the air it displaces, then the restoring couple 
is diminished from mgl sin d to (ml — m'S) g sin 6 , where 8 is the 
distance of the centre of gravity of the displaced air from the axis of 
rotation, which can be calculated with sufficient accuracy from the 
dimensions of the pendulum. (Note that 8 is not necessarily equal to l 
unless the density of the pendulum is uniform.) Secondly, we have to 
allow for the damping due to the viscosity of the air. On the assump¬ 
tion that the damping couple can be represented by a term proportional 
to the angular velocity of the pendulum, one can easily compute a 
relation between the ratio of amplitudes of successive swings and the 
increase of the period. The same thing can be done, though less 

■“27' lf , tL ® dam P m * cou .P ,e is Proportional to the square of the 
igulur velocity, and there is reason to believe that the true law lies 

n^n Y tW °‘ i n , Clther CaSC ’ the effect on the P eriod completely 
negligible for a pendulum moving in air (see Appendix, p. 287). 7 

through Ihfjr 0 " 6011011 anSGS f ? m the fact that a Pendulum moving 
through the air carries air with it”. For a body being accelerated 

through a medium in a straight line work has to be done in imparting 

SimavT ^ the ? 6 ? Um ^ addition to that supplied to the body! 

propo^onai e L UP t P h 1 V ° V'T' 7 * P ° rticm ° ftho medium is 
proportional to the velocity of the body. If so, the total kinetic 
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energy of the medium is proportional to the square of the velocity of 
the body, and the effect of the medium can be represented by intro¬ 
ducing the idea of “ virtual mass ’’ (see p. 164), the additional mass that 
has to be added to the body to represent the effect of the medium. 
A similar conception of “virtual moment of inertia” applies to a body 
rotating in a medium. Only for a few simple shapes of body, e.g. 
ellipsoids, can the effect of the medium be evaluated accurately (see 
Lamb’s Hydrodynamics), and here it is found that the virtual moment 
of inertia is proportional to the density of the medium, as one would 
expect. 1 he true equation of motion, neglecting the damping which 
has already been considered, but taking account both of the buoyancy 
and the virtual mass, is therefore 


m 


( k 2 -f- l 2 -f — A') -{- g (ml — in'8) sin 6 =■- 0 

v m ' at 4 


where K is a constant that depends on the size and shape of the 
pendulum, the order of magnitude of which can be found by considering 
an ellipsoid of dimensions similar to those of the pendulum. K can also 
be evaluated by working with two pendulums of different masses, but 
of the same size and shape. However, Repsold constructed a pendulum 
of Kater’s type, but symmetrical in geometrical form about its mid¬ 
point, for which the corrections due to the medium, apart from the 
damping effect, can be avoided. For we have 

*• + h*+*i 


JL/2- 




_ k* + /,* ** + l , 2 m' *, K, 

~ ly + ly m ly + + 

neglecting powers and products of small quantities. 

2 _V + h 2 

47T 2 ' 2 “ 
from which we have 


Also 


*• + /,! *»+ m' 8 2 , K 2 

U- = -;-1-;-TT T. 


1. 


1. 


Ill 


i 


l 


9 ~ tt% i , » 1 ' 1 8 . ~ 8 * , *1 ~ 

4^ ly-l 2 “ 1 2 + m ly - U ^ Iy-I 2 


where / has been written in the small term for 


k 2 + ly~ -k 2 + l 




or 


2 


l 


which are approximately equal. If now the geometry of the pendulum 
is the same from whichever knife-edge it is suspended, we have K x = K 2 
and 8, = 8 2 . For the validity of all the corrections it is obvious that 
and / 2 must not be nearly equal otherwise the correcting terms would 



USE OF TWO DIFFERENT PENDULUMS 


61 


not be small. In Kater's original pendulum this was secured by making 
one bob much larger than the other, and the same thing can be done 
with Repsold’s pendulum by making one bob solid and the other 
hollow. 

It is possible to develop this method of correction one step further, 
as was done by Deffrages, to eliminate the troublesome correction due 
to the yield of support. He used two pendulums of Repsold type, of 
equal weights but of different lengths, designed so that the ratio IJl 2 
was the same for both. We have already shown how the use of a Repsold 
type of pendulum eliminates the necessity of correcting for the buoyancy 
and virtual mass of the air. We also suppose the same pair of knife- 
edges used for both pendulums, and we have shown above (p. 58) that 
the effect of a yielding support on the length of the equivalent simple 
pendulum is the same for both pendulums, since it depends only on the 
weight of the pendulum. Then, if T, and T,, represent the periods of 
the two pendulums I and II of different lengths, supposing for simplicity 
that each has been adjusted to exact equality of period about either 
knife-edge, we have, from equation (5) 


4^2 T i 2 — Vi + *t)/ + S 4- ( r-^4 2 ) (>••» — 'i), 

X, I ~ *2 ' I 

6 T,,i = (/ * + li) " + 5 + (j~x) n {r *— 

the correction 8 being that for yield of support considered above which 
will disappear on subtracting these two equations, as will the correction 
for the curvatures of the knife-edges, if we use the same pair for both 
pendulums, and make the ratio ljl 2 the same for both. 

We have gone into the question of applying these corrections in 
some detail, because it is a typical illustration of the new problems that 
arise in physics at each stage of improving the accuracy of an absolute 
measurement. Very typical also is the use of a differential method, 
like the use of the reversible pendulum, in simplifying, reducing, or 
ebnunctuig, the correct,ons that have to be made. For many purposes, 
an absolute value of g ,s not needed, one wants instead the ™r ,alion 

hive bT„ P r , P r° mt ““ a 110 e “ rtL ’ S 3urface ’ and vorious Instruments 
have been devised for rap.d measurements of this variation. If what 

be disn d h in‘"‘“a 0 at ‘ W ° places ' man y of tl,e corrections c«u 
be dispensed with, and the times of swing of robustly made compound 

pendulums compared at the two places. To reduce errors duo To 
Ta r ,Tc a Zr“ l0n f y Qre made ° f th0 all °>’ i,lvar ' wWoh 1ms a very 
aTcirlTbix 0XPaaS ‘° n ' “ nd Bir ° UrreU,a “ rc ^ -sing 
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(b) Measurements of the differences in g between two stations. —A 
simple instrument of this type is the quartz gravity balance. It 
consists essentially of a fine quartz fibre supporting a wire, the wire 
carrying a small weight so that its centre of gravity is on one side of 
the fibre (Fig. 21). The fibre itself is kept in tension by means of a 
spring, and can be twisted by means of a torsion head until the wire 
is horizontal. Any further twist would cause the wire to rotate 
completely. The approach of this 
instability can be detected easily, for 
it will occur when the torsional couple 
due to the fibre just balances that due 
to the pull of the earth when the wire 
is horizontal and, when this state of 
affairs is approaching, the net couple 
acting on the wire only varies slowly 
as its inclination changes, so that the 
torsional oscillations of the wire about its equilibrium position become of 
longer and longer period as instability approaches. Thus, if temperature 
corrections are made for the expansion of the wire and the change in 
rigidity of the fibre, the difference in g between two stations is propor¬ 
tional to the difference in torsional couples required to produce 
instability. The instrument can be calibrated by observations at two 
stations where g is accurately known. Instruments on a similar 


TORSION HEAD 


h 

/ 

SPRING 


i 


Fig. 21 


\ 



principle, but using a sensitive spring balance in place ot the torsion 
fibre, are also much used in gravity surveys. 

(c) Direct measurements of the gradient of g. The Eolvds balance. 
The torsion balance due to Eotvos consists basically of two masses at 
different levels, connected by a bar and suspension wire, the whole 
being suspended on a torsion wire furnished with a mirror (Fig. 22). 
First, consider a simpler system, in which both masses are suspended 
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at the same level, and suppose first that the mass of the connecting rod 
is negligible (Fig. 23). Then, if U is the gravitational potential, and 
the beam is inclined at an angle 6 to the coordinate axes, the force on 

3 U 

mass A in the x-direction is —in—, taken at the position of A 

ox 

which is 

x — l cos 9 y — l sin 9. 

The moment of this force about the origin is 

dU 


~ - (f) 


l sin 9. 


tdu 

m \dx 


— ml sin 9 


The moment of the corresponding force on mass B is 

\ l sin 9. 

The total moment due to the variation of dU/dx as we go from A to B 
is therefore— 

[(£).-(£)J- 

*t to be especially noticed that dU/dx, which one might call the 
“x component of g ”, produces no observable effect, but merely produces 
an additional force on the system and draws it aside slightly, as in the 
mountain experiments, but does not produce any torsion in the wire, 
n no circumstances, therefore, can this instrument measure the first 
derivatives of U, or g itself, directly. The torsion arises from the 
variation of these first derivatives with distance. The moment due 
to the variation of dU/dy as we go from A to B is similarly 

•[(*).-(S)J- 

Z °" "l\7‘ re duc to theso variations is, if wo suppose 
the second derivatives of U constant 


+ ml cos 


rd2 jfj 

C= — ml sin 9 21 cos 9 + 


d 2 U 


dx.dy 


21 sin 9 


+ ml cos 0 I™ 2i sin B + J™L 


21 cos 9 


] 

1 


L% 2 ' dx.dy 

by expanding 8tf/& and BU/By by Taylor’s theorem, sinee 

- x i> = 2 1 cos 9 and y A - y n = 21 sin 9 

°—' ( S)-» 


or 
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If we replace the concentrated masses by a bar, each element of 
mass on the bar will contribute to the torque in proportion to the square 
of its distance from the suspension, so that in expression (8) we may 
replace 2ml 2 by I, the moment of inertia of the suspended system. If. 
further, we suppose that mass B is suspended at a distance h below A, 
then 




d 2 U 

Z'f 


2/sin 8 + 


c 2 U 

dx.dy 


2/cos 8 -f- 


d*U 

dy.cz 


while contains a similar extra term 

\dx ) a \ dy ) 


d 2 u 


cx.cz 



the 


couple contains the terms 

/ „ &V . . Q d-U 

mh cos 8 -— - ni/i sin 8 — - 

dy.dz dx.cz 

in addition to the two given in expression (8). 

These four contributions to the couple involving 

/d 2 U c 2 U \ c 2 U d 2 U 
\~frF dy 2 )' 


dx.dy dx.cz 


and 


£ 2/7 

dy.dz 


can be distinguished from one another because they vary in different 
ways with 8. To determine them all, it is necessary to observe the 
orientation of the bar with the torsion head set at five different azimuths, 
thus giving us four equations between the four unknown quantities. 
Five azimuths are needed, not four, because the inclination that the 
bar would make with the pointer on the torsion head if there were no 
local variation of gravity (the “zero reading” of the instrument) is 
not known, so that the setting of the torsion head, and therefore the 
applied torsional couple, has to be measured from an arbitrary zero, 
and a fifth equation is needed to determine the true zero. 

We require to know I, the moment of inertia of the suspended 
system, and the torsional constant of the suspension. This latter 
quantity can be determined by placing an accurately-turned lead 
sphere to the right and left of the beam at a measured distance from it, 
thus producing a known change in the local gravitational field. It will 
be observed that there are two pieces of information missing when we 
have made a survey with the Eotvos instrument, namely, d 2 U/dz 2 and 
either d 2 Ujdx 2 or d 2 U/dy 2 separately. There is, however, the equation 


c 2 U d 2 U d 2 U 
di? + ~dif + dz 2 



which applies to any region in which matter is not present, because the 
gravitational field is of inverse-square type. For a proof that equation 
(9) is equivalent to the statement that the potential U refers to an 
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inverse-square field see Jeans, Electricity and Magnetism. There is 
thus only one of the six second derivatives of U left undetermined by a 
survey with this instrument, though as stated already, it can give no 
information at all about the value of g itself. 

(d) Measurement of g at sea.—The earliest attempts were based on 
the comparison of the readings of a mercury barometer, whose reading 
varies with g, with those of either an aneroid barometer or a hypsometer 
(that is an instrument that measures the atmospheric pressure by the 
boiling point of water). To get a result accurate to a tenth of a unit 
in^, the reading of the mercury barometer has to be accurate to within a 
tenth of a millimetre. This is easy enough under laboratory conditions 
but becomes difficult even under conditions which sailors would describe 
as ‘‘glassy calm”. Modern gravity surveys rely on a pendulum 
method m which the accelerations caused by the rolling and pitching 
of the ship can be allowed for to a first approximation by subtracting 
lrom the motion of the pendulum used in the measurement that of one 
that is initially at. rest. Since the correction so made is only valid to 
the first order of small quantities, the second order corrections are kept 
as small as possible by inclination of the box containing the pendulums 
according to the motion of the ship. It is possible to do this manually 
but it is usually done by means of a servo-mechanism. If this is 
properly designed, the disturbances to the pendulums can be greatly 


Another very recent method consists of measuring the change in 
frequency of the transverse vibrations of a wire stretched by a weight 

°t A f ec \\ hc **** o f the wire, which depends on 

thZ’ b d °, affecfc the P uI1 of the earth on the weight, and therefore 
nlri A 0 " m thc w,re - Variations of frequency are detected by com¬ 
paring the vibrations of thc wire, by a beat-frequency method with 

of f 0 A a clmnfe Z oscil,at ^. whose frequencies are independent 

1 A U ? f fre( l uenc y of a small fraction of a vibration nor 
ZT* bC detected b 7 8Ut * means even for a frequency of several 
canalT f ’ 80 that su <* ™ instrument is, in principle 

awkward places such as the bottoms of boreholes’ " 8ed ln 


6. Applications of the gravity survey 
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that no observations of gravity outside a spherical mass could distinguish 
between a sphere of uniform density and a hollow sphere of the same 
mass, or a sphere with a heavy core (p. 49). 

By means of the Eotvos balance, or an instrument of torsion or 
spring-balance type, one can map one’s district, e.g. in “contours” of 
constant g, or by drawing “gravitational lines of force” analogous to 
electric lines of force. We must obviously eliminate all variations of g 
due to known causes before being in a position even to speculate on 
what distribution of matter below the surface could produce the 
observed efFects. The various corrections that are necessary are as 
follows:— 


(a) Topographical correction .—It is customary to reduce data to 
what would be expected if the land immediately surrounding the 
station were a horizontal plane. This correction is always positive. 
For let Fig. 24 represent a section through the terrain surrounding 
station S. We require to reduce our observations of g to what we would 


P 



mass of the region BST is below A B 
have a downward component, and at 


expect if the actual terrain were 
replaced by the horizontal plane 
ASB. The centre of mass of the 
region ASRQP is above A B, and 
therefore attraction at S has 
an upward component which 
diminishes < 7 , so that g would be 
increased if this region were 
removed, while the centre of 
so that its attraction at S would 
ling this region would increase g. 


( 6 ) Corrections for altitude and latitude .—The correction for altitude 
simply involves taking account of the fact that the observer is further 
from the centre of the earth, which, applying the inverse-square law, 
suggests the simple correction g n = g 0 (1 — 2 h/R). To correct for 
latitude we have to allow for the centrifugal effect of the earth’s 
rotation which gives a centrifugal acceleration w~R cos A, where R is 
the radius of the earth and A the latitude. Resolving this acceleration 
vertically, we get a correction to g proportional to cos 2 A. The ellipticity 
of the earth necessitates a further correction, which is shown in text¬ 
books on potential theory to be proportional to cos 2 A also. The 
latitude correction is not necessary unless a survey is being made on a 
large scale, e.g. to examine conditions near a mountain range or the 
edge of a continent. 

(c) Correction for derated masses .—The altitude correction 1 2h/R 

is only strictly valid for an observer in a balloon, as it assumes that the 
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observer is at a height h above a spherical earth. If he gains this 
height by climbing a mountain, the local effect of the mountain ought 
to be allowed for. At first one might think that this could be done in a 
manner similar to the topographical correction. Bouguer, indeed, 
suggested the modified correction 

_ / _ 2/i 3 h d \ 

0h V 1 R + 2RD) 

where d is the density of the mountain and D the mean density of the 
earth. This correction is based on the same idea that inspired the 
original plumb-line experiments for measuring G or D, namely, that 
the attraction of the mountain of density d could simplv be added to 
that of a spherical earth of mean density D. It is, however, now known 
that the net effect of a mountain is often much less than Bouguer 
thought, and it is this fact that prevented the plumb-line experiments 
from giving more than “order of magnitude” determinations of G. 
The correction for the presence of a mountain being rather uncertain, 
it is difficult to use gravity surveys in a mountainous district for the 
purpose of locating mineral deposits. Bouguer’s correction is an upper 
limit to the possible effect of a mountain, and one can get a lower limit 
by neglecting its attraction altogether. Such an assumption is by no 
means so foolish as it sounds, as we shall see in the next article. 


7. Joly's theory of the rise and fall of the continents ' 

„„/:L P / OP T dKl , , workable theory to account for the 
undoubted geological fact that sedimentary rocka snch as chalk and 

“■£?'„“?• T. 1 ?* only under the sea, often exists at 

erlint “ t *‘’i des - , He opposed that the rocks beneath the surface 
crust of the earth are heated, by the breakdown of radioactive elements 
untd they melt, whereupon they expand and their density dccr^S 

tater The S “ 08M3 sink “*> them like icebergs into 

water. The rock has expanded on liquefying, and the sinkin* of thi» 

* ^^73X^2575 Z 

ss:.z,t'£ ztsss “ rr' 

“herrorn 
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underlying bed ol solid roc k. If we assume the former state of affairs, 
we could “smooth oft the earth’s surface by replacing the mountain 
by an equal mass of the slightly denser rock in which the mountain 
floats, and since the centre of gravity of the mountain, including the 
portion of it submerged beneath the rock in which it floats, must be fairly 
near that of the mass of rock it displaces, one would expect the effect 
of the mountain on the local variation of gravity to be small. If we 
assume that the mountain is resting on an absolutely rigid layer of 
rock, then Bouguer’s assumption would be correct. 

Gravitational data near mountains are sometimes described as 
indicating “compensation” at a certain depth, that is to say, are 
consistent with what would be expected if there were hydrostatic 
equilibrium at and below that depth, but not right up to the surface 
of the earth as the “iceberg” assumption would require, nor at very 
great depths only, as Bouguer’s assumption implies. The conception 
of a “depth of compensation” is a convenient way of describing a 
state of affairs between these two extremes, zero depth of compensation 
implying the “iceberg” assumption, infinite depth of compensation, 
Bouguer’s assumption. From the evidence of earthquake propaga¬ 
tion it is improbable that the whole substratum is liquid, but 
there is no reason why some of it should not be. There is a strong 
defect of gravity over the “earthquake zone” at the eastern and 
southern edges of Asia, which may indicate that the continental mass 
in this region is in the process of sinking, perhaps due to Joly’s 
mechanism, and the adjustment in the geological strata that accom¬ 
panies the sinking leads to frequent earthquakes in this region, 
particularly in Japan. 

8. Einstein’s theory of gravitation 

Although we have assumed Newton’s law of gravitation throughout 
this chapter, all the numerical consequences of it so far deduced remain 
true if Einstein’s law is substituted. It is only for very rapidly moving 
bodies that any observable difference arises. The chief difference 
between Einstein’s and Newton’s theories is one of how the phenomena 
of gravitation is to be most consistently described. Newton, following 
Galileo, regarded gravitation as a force occurring in the neighbourhood 
of matter, while Einstein considers that the presence of an attractive 
mass fundamentally affects the geometrical properties of the space in its 
neighbourhood. The following are the three phenomena which are 
usually held to give decisive evidence for Einstein’s theory. 

(a) The advance of the perihelion of Mercury. —It has long been known 
t hat the orbit of Mercury does not simply repeat itself year after year, 
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as it should on the basis of an inverse-square law of attraction (p. 2b), 
but is continually changing its position, so that the actual path of the 
planet is of “rosette” shape. Part of this effect can be accounted for 
by the attraction of other planets but the expected effect due to this 
can be calculated precisely and is definitely too small. At one time the 
residuary effect was ascribed to an intra-Mercurial planet, “Vulcan”, 
but all attempts to find such a planet have failed. The Einstein theory 
does predict an effect of the correct size, which arises from the high 
orbital velocity of Mercury, which results in a noticeable departure from 
Newton’s inverse-square law. The increase in the apparent mass of a 
particle at high velocities, predicted by Einstein, is familiar to all 
nuclear physicists. 

(A) The deflection of a light-ray passing near the sun— This effect 
has been detected by photographing certain stars near the sun during 
an eclipse, and the same stars again when the sun lias moved to another 
part of the heavens. On Einstein’s theory, a distortion of the geometry 
of space near the sun implies that the path of a light-ray will be 
curved in its neighbourhood, but it must be emphasised that almost 
any corpuscular theory of light would also imply a deflection of a light- 
ray by a heavy body. For we pointed out above (p. 50) that the orbit 
of a small body about a heavy one is independent of the mass of the small 
body so that the deflection of a light-corpuscle would be the same, on 
Newton s theory of light, whatever its mass. It follows that the 
cornpanson between Newton’s and Einstein’s theories is here only a 
lumenca one, the comparison being possible because Einstein predicts 

5 larg ?„ an , effect as does Newton’s corpuscular theory of light , 
while Maxwell s electromagnetic theory of light combined with New- 

oman gravitatmn predicts no effect at all. Not all of the measurements 

figure but ml- n dunng ,' ecli l Jses decisively to Einstein’s 

figure, but, making allowance for the fact that the conditions for some 

S — ; vere decidcd *y more favourable than for others, the balance 

lre"t e,i°bTes P n , J"’ 3 E-stein’s theory 

l"eht wh^b ,°, rCtam MaxweH ’ s electromagnetic theory of 

light, which is supported by much evidence. 

shifil T \w inar ?? e . ** of the light from a star. (The Ei,„lei„ 

this effecMeads to a shL „ Ac f cording to Planck’s law/ 

Planck’s law 8 dr ° P “ the fref P>ency. We have, by 

E, = hv. 
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where the suffix s refers to the surface of the star, and the suffix o to 
a point at a great distance. By Einstein’s relation between the mass 
of a body and its total energy, for which the reader is referred to text¬ 
books on relativity 

E = me 2 . 


The work done on a body of mass m, in removing it from the surface 
of a star of radius R and mass M to a great distance is (p. 47 ). 

Applying tliis to a light-quantum, we have 


GMm GM E s 

R ~ Rc~ hf ~ h °- 

We have therefore 

E s — E 0 v f — v 0 GM 

E, v s Rr~ 

the percentage shift in frequency being thus independent both of h and 
the frequency. This result is not very easy to check, both because 
of the numerical smallness of the effect, and also because it requires 
knowledge of both M and R for the same star. M can only be 
measured directly for double stars, and R only for stars that are not 
too faraway. Numerical verification of this formula has been possible 
for the sun and for the companion of Sirius. The latter star is a “ white 
dwarf” of high density, so that M/R is comparatively large, M can 
be inferred from the motion of Sirius itself (p. 50), while, since Sirius 
is one of the nearest stars, it is possible to measure R optically by 
interference methods. 

Thus the position can be summed up by saying that Newton’s 
theory is an extremely close approximation, valid for all ordinary 
purposes, but that the balance of experimental evidence for the three 
phenomena mentioned is decidedly in favour of Einstein’s theory. 
Attempts have been made to develop Einstein’s theory to obtain a 
picture of the large-scale geometry of the universe and to explain 
the motion of the galaxies, but so many possibilities are open that this 
field of enquiry, known as “cosmology”, must be regarded as very 
speculative indeed. There is not nearly enough evidence to decide 
between current theories, and the collection of more evidence is likely 
to prove slow and difficult. 
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Examples on Chapter HI 

1. Assuming that the value of g at the surface of the earth at the equator is 
9S0 cm./scc.*, calculate the value in an aeroplane flying at 600 km./hr at a height 
of 8 km. above the equator: (a) from east to west; ( b ) from west to east. 

Radius of earth = 6,600 km. (Hint .—g at the equator depends on both centri¬ 
fugal effect and gravitational attraction. Separate theso two before taking nceount 
of the effect of height.) 

2. Show how to determine tho mass of the sun, assuming that tho earth’s orbit 
is a circle of radius 1-6 x 10* km. and that tho gravitational constant is 6-7 x 10 -t 
C.G.S. units. Determine also tho moss of the earth given that tho mean distanco 
of tho moon is 4 x 10* km. Explain clearly why knowledge of tho moss of tho 
moon is not nooded for tho calculation. 

3. Dotermino tho height to which an observer must riso in a balloon 60 that tho 
seconds pendulum is shortenod by 1 cm. Take g at tho surface of tho earth as 
980 cm./seo.* and radius of earth as 6,600 km. (A “seconds pondulum” has a 
complete to-and-fro period of 2 sec.) 

4. Explain the method of timing a pendulum by coincidences, pointing out 

its superiority to the ordinary method of timing. What factors limit tho accuracy 
obtainable T J 


6. Explain clearly the various factors that determine tho deflection of o plumb- 
line in tho neighbourhood of a mountain. 

• . f L^ Umi " 8 , that “ mothod of timin 8 a pendulum to an accuracy of ono part 
»n 100 thousand were available, describe in outline tho design of pendulum you 

would use for a measurement of g to this accuracy and the corrections you would 

apP ^: Whcr0 a PP Ucabl °, indicate briefly your reasons for tho choioo of special 
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THE DEFORMATION OF SOLIDS. ELASTICITY AND 

PLASTICITY 

1. Possible modes of deformation of a solid 

The usual definition of a solid body is one that “preserves its size 
and shape”, in contrast with liquids and gases, which have to be 
contained in some kind of vessel. More precisely, this means that 
forces have to be applied to a solid in order to change its size and shape, 
and that, if these forces are small enough, the solid returns to its 
original geometrical shape when the forces are removed. We are thus 
led to a study of the relationships between the deformation of a solid 
and the forces applied to it. We shall be mainly concerned with 
isotropic solids, that is to say solids whose properties are the same in 
all directions. This is not generally true of bodies with a crystalline 
structure. However, many of the solids that one meets with in practice 
either have no definite crystalline structure, e.g. glass, or else are com¬ 
posed of a multitude of very small 
crystals orientated in all sorts of 
directions, as occurs in metals in the 
state in which the engineer uses 
them. For the present we shall dis¬ 
cuss the behaviour of isotropic solids, 
but we must always bear in mind 
that caution may be necessary in 
applying the resulting theory to 
metals. For a detailed discussion of 
the deformation of crystalline bodies the reader is referred to Elasticity 
by A. E. H. Love. 

We consider first the deformation which is the same at all points 
of a body—that is to say, all small cubical elements of the body are 
deformed in the same way, so that the unstrained solid may be supposed 
to be built up of small equal cubes, while, in the strained state, these 
may have moved relative to one another, or may all have altered in 
size and shape in the same way. This state of affairs is called one of 
uniform strain. Now it is evident from Fig. 25 that strain can only 
be uniform if points that were in a straight line in the undefonned body 
remain in a straight line in the deformed one. For, let A, B, and C be 
three elements that were originally in the same straight line, such 
that A B = BC, and let A\ B'. and C' be their new positions. For the 



Fio. 25. 
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strain to be uniform A'B' must obviously be equal to B'C, and also 
A'B'C' must be a straight line, otherwise the displacement of C relative 
to B could not be equal to that of B relative to A. From coordinate 
geometry we know that there are only two types of transformation of 
coordinates in which straight lines become straight lines. Since straight 
lines are represented by equations of the first degree, they can only 
remain straight lines if the equations governing the transformation of 
coordinates are of the first degree also, so that the most general type of 
transformation is of the following type:— 

x' = ax 4- by -f- cz, etc. 

Geometrically, any such transformation can be arrived at by a super¬ 
position of operations of two distinct types: 

(a) A change in the scale of the coordinates. The corresponding 
type of strain is called a dilatation, which results in an originally cubical 
element becoming cuboidal. (Of course a dilatation can be uniform 
from point to point in a body without being the same in all three directions.) 

(b) A change in the inclinations of the coordinate axes. The corre¬ 
sponding type of strain is called a shear. One may regard this either 
as a relative sliding of the cubical elements over one another, in the 
manner of a pack of cards pushed sideways, or as the deformation of 
originally cubical elements into rhomboids without change of size. 

It therefore follows that, any uniform strain can be decomposed into 
three dilatations, one for each of the three coordinate axes, and three 
shears, one corresponding to each of the three pairs of coordinate axes. 
The three dilatations are usually represented by the symbols, e xx . 

e ff v> e ‘r where » for example, e xx represents the fractional elongation in 
the direction of the x-axis. Similarly, e IV or e vr , is defined as the 
change tn inclination (measured in radians) of the x and y axes of 

coordinates produced by the strain. It is to be noticed particularly 
that the e s are all pure numbers. 


The three principal strains. It can be seen that a given uniform 
deformation can be described in a large number of different ways 
according to our particular choice of axes of coordinates. One usually 
works with ordinary cartesian coordinates, the three axes being at 
nght angles but we are still free to choose the directions of these axes 
m space and the specification of a particular strain will vary according 

^ilw« h ° 1Ce ' F ? r exam P le > a 8hear e *v> which (Fig. 26) results in an 
gi y square element A BCD deforming into the rhombus A'B'CD' 

!nd T aUy WCl1 a8 a len 8^hening of the diagonal AC 

a stall sW P ° n g ?J 0rt€Iua S of the ^“gonal BD, that is to say that 
small shear e* v could equally well be described as the end result of a 
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dilatation e x J\/ 2 along the direction OX' and a dilatation — e xv lV 2 
along the direction OY'. One can show that any uniform deformation 
can, by a proper choice of coordinate axes, be reduced to three dilatations 
which are called the principal strains, the three shears all being 
eliminated, just as in the simple example mentioned. An ellipsoid 
with its three axes parallel to and proportional to the three principal 
strains is called the strain ellipsoid. 

Non-uniform strain. We see that a uniform strain can be described 
in any given set of coordinates by at most six quantities, which are 
constant over the whole body. If the deformation is not uniform, we 
can divide the body into very small elements, each of which may be 
regarded as being uniformly strained, and then we can assign a set of 
values of the e’s to each small element, which comes to the same thing 
as saying that the general deformation of a solid can be completely 
specified by a set of six strains which may vary from point to point. 

DC D' C‘ 

/-> 

□ L J 

A BAB' 

Fio. 26. 

(In general, the choice of coordinate axes only enables us to remove 
the shears at one point.) Another reason for retaining the idea of a 
shear, even in a uniformly deformed body, is that it is very often more 
convenient to think of a single shear than of two separate dilatations. 
For example, the torsion of a wire can easily be pictured in terms of 
shears, but far less easily in terms of dilatations. 

2. Stresses in a solid, and their effects 

We now need some means of specifying the distribution of forces 
within a deformed solid at rest. We consider, the forces exerted on a 
small element of the solid by other elements of the solid nearest to it. 
The forces between two small neighbouring cubes can be of two types— 
a mutual force along the line of centres tending to pull the cubes apart 
or press them together and a mutual force perpendicular to their line 
of centres tending to slide the cubes over one another. These two types 
of stress are known respectively as tensions or compressions and shearing 
stresses. In Fig. 27 some of the forces that can act on a small cubical 
element of the body are illustrated. If the body is at rest, the element 
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must be in equilibrium, which means that any external forces, such as 
gravity, must be balanced by appropriate variations of the stresses 
from point to point. As a simple example of this, one may think of a 
heavy wire suspended vertically in which the tension increases as one 
goes up the wire. A second consequence of each element being at rest 
is that there must be no resultant couple on it, which means that forces 
such as X v and Y x , in Fig. 27 must be equal to one another, so that 
there are three tensions and three (not six) independent shearing stresses 
in the most general case. If a body is uniformly stressed the three 
shearing stresses can be eliminated by a suitable choice of the co¬ 
ordinate axes, and we can define a stress ellipsoid, just as we defined a 
strain ellipsoid on p. 74. Stresses are always specified as forces per unit 


area, so that the force exerted in a given direction on a small cube 
(Fig. 27) by its neighbouring 

elements is equal to the corres- Xy 

ponding stress multiplied by the 
area of one of the cube faces. 

Only now that we have a 
means of describing numerically 

both the distribution of forces y J_ 

within a solid and the deforma- X ._ X 

tions that these forces produce 

are we in a position to compare / 

the mechanical properties of s' 

different solids numerically. The y 

methods of describing stresses * 1 

and strains that we have just Xy 

explained are of quite general Fio. 27. 

application to any solid, whether 

it is crystalline or not. Since wo have six possible strains, each of 
which may depend on any or all of the six possible stresses, it is clear 
that the number of possible types of behaviour of a solid must be very 
urge indeed. Fortunately, there are a number of simplifying factors 
which enable us to classify solids into a number of broad types. 


Hooke's Law. —If we imagine a small element of a solid displaced 
ahghtly from its equilibrium position, the surrounding elements being 
eld fixed, the work done is clearly some function of the displacement 
°t this element. We may suppose it displaced a distance x from its 
equilibrium position. For a small displacement, we may express tho 
work done as a series of ascending powers of the displacement z, thus: 

W = A 1 x + A&* + A 3 j*+ ... 

there being no term independent of x, since x = 0 represents zero work 
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done. I lie lact that x — 0 represents equilibrium also implies that A\ 
must vanish and that A 2 must be positive, otherwise the potential 
energy would not be a minimum and the configuration represented by 
x = 0 would not be one of stable equilibrium. Thus we are led to 
expect, independently ot the mechanism ofinteration between the atoms 
which causes the cohesive forces, that, for small displacements, the 
energy is proportional to the square of the displacement, that is, that 
the restoring force is proportional to the displacement. This law was 
enunciated by Hooke in the concise phrase Ut tensio, sic vis. Naturally, 
the general argument gives us no indication of the expected range of 
validity of this law, which depends on the sign and numerical magnitude 
ot the ratio A 3 /A 2 . In Fig. 28 we show the relation between stress and 
strain in a simple case, that of a wire or bar subjected to an increasing 
tension. In some substances, such as steel, a number of clearly defined 
regions of the stress-strain curve can be discerned, in others, such as 

rubber, lead, or annealed copper, 
the division into regions is 
blurred or absent, while in still 
others, such as glass, fracture 
occurs at a very early stage. 
The curve OABCD represents 
the relation between extension 
and tension for a steel specimen. 
We shall first describe this 
curve, and then point out in what 
ways the corresponding curves 
Fio. 28. for other substances behave. 

The region OA is straight, and, 
within it, Hooke’s law is valid. A characteristic property of this 
region is that, if the stress is removed, the extension drops again to 
zero. Beyond A, the specimen is permanently deformed by the tension, 
and the point A is therefore called the elastic limit. As the tension is 
increased the extension increases more and more rapidly, until, at the 
point B, known as the upper yield-point , a finite extension rapidly 
occurs without any further increase of tension, and indeed, the tension 
needed to extend the specimen further may drop to a somewhat smaller 
value known as the lower yield-point, point C on the curve. The 
difference between B and C can be obtained only if the specimen is 
machined very accurately to shape, surface defects eliminated, and 
precautions taken both to apply the tension strictly along the axis of 
the specimen and to make sure that throughout the test the applied 
stress is only just sufficient to cause further elongation at any stage. 
If, for example, we merely hang a weight on a wire, any local “ thinning 
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down” of the wire results in an increase in the applied stress, which 
usually results in the scale-pan running down very rapidly in the 
interesting region. (Engineers often describe testing machines which, 
e.g., are designed to extend the specimen at a constant rate, the force 
applied being varied accordingly, as “soft”, while cruder methods in 
which the applied force, is constant are described as “hard”.) Under 
ordinary laboratory conditions the hump between A and C is absent 
and the point at which the curve becomes flat is described simply as 
the yield-point. Beyond C, the tension per unit area required to produce 
further extension is practically constant, the maximum tension per 
unit area in this region often being known as the “ ultimate ” or breaking 
stress, and extension continues until fracture, which is usually preceded 
by local thinning or “necking” of the specimen. The region CD is 
usually known as the plastic region, because the extension produced 
is nearly proportional to the length of time for which the tension is 


applied, in contrast to the behaviour below the yield-point, where the 
final extension is attained almost immediately. The region CD usually 
slopes upward a little, this effect being known as uork-hardening. 

Broadly speaking, the history of any solid subjected to tension is 
similar to that described above. Many metals have definite elastic 
limits and yield-points, like steel, while for others, such ns copper and 
lead, these quantities are very ill-defined and it is hard to distinguish 
between the elastic and plastic regions. Brittle substances, such as 
glass, are characterised by the fact that there is almost no plastic 
region, fracture occurring very soon after the elastic limit is passed. 
Rubber can be stretched to two or three times its unstretched length 
without permanent deformation and to eight or ten times its unstretched 
length without fracture, while the elastic limit for metals corresponds 
to an extension of less than 1 per cent, of the uustretchcd length, 
hough an extension of the order of 10 per cent, of the unstretched length 
without fracture is often possible. 

For metals the region within which Hookes law is valid appears to 
be very small (Fig. 28) but it is of extreme technical importance, because 
lor many engineering purposes, it would obviously not be safe to subject 
A metal member to stresses within the plastic range, as this would lead 
to permanent deformation, becoming worse each time the maximum 

Z ^ &PP a / ndlre f t, y» however, the engineer takes advantage of 
he plastic flow of metals in many ways. For example, rivets 8 are 

; nSer £ d . hofc ’ and their contraction on cooling is used to tighten 
the joints This process would bo unworkable in practice but for the 

ZTnTlh regl0n ;1 Pla8tiC fl ° W Which P erniits civets to stretch. 

stre^I h 18 * Me Ul a member sub i ecfc ^ tensile or bending 
Stresses, there are often regions of very high stress in the neighbourhood 
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of the hole. This can often be ignored by the designer, for, when the 
load is applied, plastic flow occurs in these regions of high stress, which 
usually results in the stress becoming more equally distributed. 

Apart from these special cases, engineers usually design structures 
so that the maximum stress in a member is less than the elastic limit by 
a certain factor, usually of the order of two or three, known as the 
factor of safety. For a member exerting thrust, the elastic limit has to 
be replaced by the “buckling load’’ see p. 103. For economic reasons, 
one tries to arrange that the factor of safety is nearly the same through¬ 
out a structure, so that the calculation of stresses in a structure is of 
great importance. We shall consider a few simple cases below (Art. 5). 

Bodies in compressive stress. —The behaviour of various bodies under 
pure hydrostatic pressure has been investigated by P. W. Bridgman. 

(See his book, The Physics of High Pressures.) 
By special methods he was able to reach pressures 
of the order of 100,000 atmospheres. One of his 
most important techniques is the use of a 
special method of packing which is leak-proof 
(Fig. 29). The piston A is worked by a press, 
the pressure being transmitted by the ring B 
to the piston C, through soft rubber packing 
retained in place by a copper ring. Since the 
total force exerted by the liquid in the pressure- 
vessel on C must be the same as that exerted by 
the packing, the pressure in the packing is auto¬ 
matically greater than in the liquid which thus 
Fio. 2t>. cannot leak, so that attainable pressures are 

limited only by the strength of the containing 
vessel itself. Bridgman found that solids in compression first of all 
obey Hooke’s law and usually, but not always, become less compressible 
as the pressure increases. The change of volume under purely hydro¬ 
static pressure seems always to be completely reversible, there being 
nothing corresponding to the yield-point. In engineering practice, solids 
arc never subjected to pure hydrostatic pressure, and a member sub¬ 
jected to a compressive force along its length, fails not by anything 
corresponding to plastic flow, but by buckling, the straight position 
becoming unstable (p. 103). 

3. Two general theorems on elasticity 

These two theorems apply not only to an elastic medium under 
stresses, but to any kind of framework or structure, subject only to the 
two conditions, first that all the members obey Hooke s law, secondly 
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that nothing is ever stressed beyond its elastic limit (so that any work 
done in deforming the structure could be recovered again when it 
regains its unstressed configuration). We let P v P 2 , P 3 , etc. (Fig. 30), 
represent forces acting at various specified points in the structure, and 
8„ Sj, S 3 , etc., the displacements of these points along the directions of 
these forces, displacements in directions perpendicular to the forces 
being ignored. We may, if we wish, specify separately more than one 
force acting at a single point, but we must then arrange matters so 
that the specified forces acting at a given point are at right angles to 
one another, as can always be done by suitable composition or resolution 
of the forces. Thus, in Fig. 30, S 4 would be the displacement of point 
C along the line of P 4 , while 8 S would be the displacement of point C 
along the line of P 5 , while 8 a would be the displacement of point D 
along the line of P 6 . 

If Hooke’s law holds, this means that any of the displacements 



can depend only linearly on the applied forces. We may fix our atten¬ 
tion on one of the points (A, say), and imagine the forces applied to the 
structure one by one. The final value of S 4 is then, by Hooke’s law, a 
linear function of each of the forces, that is 

8j = a^Pi a x 3 P 2 + Q13P3 + ... 

and similarly S 2 = a a P l + a 22 P 2 + o^P, + ... 

the quantities o, lt o^, etc., all being constants. The first result that 
we shall prove is that o„ = a„. To prove, for example, that a 12 is 
equal to a^, we imagine the framework unstressed, and then apply 
first force P lf then force P 2 . By what we have assumed, the final 
configuration of the framework would be the same, and the same amount 
of energy would be expended, if we applied first force P 2 , then force P,. 
If we apply P, first the displacement along P, is a n P x> and the work 
done is ia^P^, the factor \ arising because the displacement is, at each 
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instant, proportional to the applied force. If we now apply P 2 , keeping 
1\ constant, the work done as a result of a displacement along I\ is 
However, the application of P 2 may cause a further displace¬ 
ment along P v which will have the value a 12 P 2 , and the work done by 
P v as a res ub °f the application of P 2 , is then, since P x retains a constant 
value during this process, a V2 P x P 2 . The total work done is then 

Ki^i 2 + k a 22 p 2 2 + a i 2 p i P 2 - If we applied P 2 first, then P lt the 
work done would be A a n Pfl + \a 22 P.f -f a 2l P t P 2 , from which it follows 
that « 12 = a 2l . A similar argument can be applied to every other pair 
of coeilicients. The work done as a result of applying all the forces 
may be written 

^Xa r P r P,. 

r $ 

The second theorem we shall prove is very similar to Green’s 
reciprocation theorem in electrostatics. Suppose that we have stressed 
the framework in two distinct ways, and that the application of the set 
of forces P lt P 2 , etc., has produced the displacements 8,, 8 2 , etc., while 
the application of another set Pf, /V... acting at the same points and 
in the same directions produces the displacements 8,', 8 2 \ etc. We 
then have 

8, = Za ra P„ 8/=Xa rs P /. (1) 

n s 

Consider now the mixed product 27 P r 8 r '. By equation (1) this may be 

1 0 

written 2727 d ra P r Pf, or since a rs = a tr , as 2727 a sr P r P s ', which, by 

r x r x 

equation (1) may be written as 27/ > /S„ which is the same as 27 P r '8 r . 

x r 

A particular case of this result that is often useful is obtained if we 
suppose that all the forces vanish, except P k and P which are equal, 
and we shall then have 8 k = 8,'. This result is often very valuable 
in stress experiments, e.q. on models of bridges, etc., where the deflections 
to be measured are often small, because it enables us to reduce the 
number of points at which we need actually take measurements, the 
downward deflection of point li by a certain weight applied at A being 
equal to the downward deflection of A due to applying the,same weight at Ii. 

We may apply the first of our theorems to the problem of finding 
the most general possible elastic behaviour of a medium obeying 
Hooke’s law, and not stressed beyond its elastic limit. For the forces 
P v P 2 , etc., we substitute the six forces proportional to the stresses 
X x , X v , or Y x , Y v , etc., acting on a small cube of elastic material, the 
force acting on the cube being the corresponding stress multiplied by 
the area of a cube-face. The corresponding displacements will be the 
strains e TX , e xv , etc., each multiplied by the side of the small cube. 
(We recall that a strain is a dimensionless quantity measured either as 
an angular displacement or as a fractional extension or contraction.) 
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Since there are six strains, each of which may vary linearly with the 
six stresses, there might be as many as thirty-six coefficients of the type 
a„ specifying the variations of stresses with strain. Our theorem 
that a, x = a sr shows that this number can be reduced to at most 
twenty-one independent coefficients. (Six diagonal elements plus fifteen 
non-diagonal elements.) The actual number of independent coefficients 
varies according to the crystalline symmetry. For a purely isotropic 
substance, there are only two independent coefficients of elasticity. 


4. The deformation of isotropic solids 

It is well known that, if a wire or bar is extended, the cross-section 
does not remain the same, but decreases. Hooke’s law leads us to 
expect that the fractional increase of length under tension and the 
fractional contraction in any direction perpendicular to the length 
should both be proportional to the applied tension. We can thus define 
two independent coefficients of elasticity of an isotropic material. 

Young’s modulus represents the ratio of applied tension per unit 
area to the fractional increase of length, supposing that the sides of the 
specimen are free to contract. It is usually represented by E. Poisson’s 
ratio represents the ratio of the fractional lateral contraction to the 
fractional linear extension under tension. It is represented by a. 

There are thus at least two elastic constants needed to describe the 
behaviour of an isotropic body. For convenience, we often define also: 

The rigidity (or torsion) modulus, usually written n, which is defined 
as the ratio of the applied shearing stress to the shear it produces. 

The compression (or bulk) modulus which is defined as the ratio of 
a uniform hydrostatic pressure applied to the solid to the fractional 
decrease in volume that it produces. 


These four quantities are not all independent, and we shall now 
derive two relations between them. Naturally, these four elastic 
constants are not the only ones that one could define; we can for 
example define a quantity analogous to Young’s modulus, but with the 
cross-section notpermitted to change its area, the sides of the specimen 

any \ wf^th*^^ b ® ex P ressed ^ms of 

a ™ consider a siLl 2«5T Tmeni of 

IfinitJ h L Sh nn aUg e hy a Agential stress, equal, by the 

definition of the shear modulus, to stresses „* per unit area acting in 

iris* 

of Lspsrs s«r 
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these forces by themselves constitute a net couple on the small cube, 
so that such a shear stress cannot exist by itself, otherwise the small cube 
would not be in equilibrium. 

'Ibis is a particular example of what we proved above (p. 75), 
namely, that there are only three independent shearing stresses (not 
six as we at first expect) and that X v = Y x , etc., so that the stress 
n6 in the X direction must be accompanied by equal stresses nd in 
the Y direction. Geometrically, too, it is evident that the final 
shape of the cube is just the same whether, in Fig. 31, we consider 
the square CDEF to have slid relative to ABGII or whether we 
think of the shear as a relative sliding of the squares BCFG and 
AD EH. (// is the vertex of the cube not visible in Fig. 31.) We now 
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show that the same shear can be produced by applying a tension T 
per unit area along the diagonal AC and a compressive stress T per unit 
area along the diagonal BD. If we applied the tension along AC by 
itself the result would be a fractional elongation TIE along AC, and a 
fractional contraction oTfE in the two perpendicular directions, that 
is, both along BD and in the direction perpendicular to the paper. If 
we now apply an equal compressive stress along BD, the result is a 
further contraction TIE in this direction, together with an expansion 
oT/E along AC and an equal expansion perpendicular to the paper. 
Thus, the effect of applying both stresses is to leave the dimension 
perpendicular to the paper unaltered, and to lengthen the diagonal 

T 

AC and shorten the diagonal BD by a fraction ^ (1 -f- <*) °f their 
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original lengths, so that we have indeed produced a simple shear in the 
plane of the paper without altering the dimension perpendicular to it. 
Fig. 31 shows that, for 0 small, as is always the case for deformation in 
the_ elastic range, the length of the diagoual AC has changed from 
IV 2 to 21 sin cf>, where 0 is equal to tt/ 4 + 0/2 and l is the side of the 
unit cube. The fractional increase in the length of AC is therefore 


[ 


21 sin 




IV 2 

that is 0/2, since for 0 small we may replace sin 0/2 by 0/2 and cos 0/2 
by unity. Thus we have obtained the 
relation 


I (1 + a) = I 


( 2 ) 


by comparing the shears produced by 
these two types of stress, and we can 
obtain a relation between the elastic 
constants if we can obtain also a 
relation between the shearing stress 
nd and the tensile and compressive 
stresses T in Fig. 31. This can be done 
by considering that, since these two 



Fio. :i2. 


sets of stresses produce precisely the same deformation, they must by 
•Hooke s law, be m all respects equivalent. 

of ; her ‘ !f0rc r mvert ‘ hese 8trcsscs into forc “ °n ll»e smell cube 

or. f d l ' rememberm S that the stresses are not themselves forces, but 

3 Te PCr /T' f 7 definiti ° n ° f skeuring stress, a stress nd 

mid no L ”f ? P ° n u r .1 forC ? tb “ cube . which will act at the 

InnJr f ™ S ' d ? ° f h ° Cube CF ' Perpendicular to the paper and an 
equal force nSP acting at the mid-point of the side of the^uhe AH 

paraUd to tho 6 t ““d-point of OF is then MW*, acting 

tenston T Jr g °n 1°' , The totaI f °«=e, corresponding to the 
S i, g °“ tbo cube “locg^C, is T X area of reotangle BDEO, 

see this Me * ° f se ®5l?“ of tbe cub<! perpendicular to T. To 

“ a y miagine (Fig. 32) the triangles ABC, ADC divided 

s= 

associated with the portion its of CB is T.QN.l. Th^se forces can al° 
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be compounded into a single force T.BD.l= TlW'2 acting parallel 
to AC through the mid-point of the side of the cube through C perpen¬ 
dicular to the paper. Similarly, we can show that a force TIW STacts 
through the mid-point of the side through A perpendicular to the 
paper, and the compressive stresses parallel to the diagonal BD are 
equivalent to equal forces acting through the mid-points of the sides 
through B and D perpendicular to the paper. Comparing the two 
sets of forces required to produce the same shear, we have, finally, 
T = n$. Substituting this result in equation (2) we have finally 

E = 2n (1 + a) . (3) 

1 his result has taken some time to establish because we did not know 
the law for resolution of stresses corresponding to that for the resolution 
of forces. Stresses, although they have magnitude and direction, are not 
vectors, but are second-order tensor quantities, and transform according 
to a different law. For fuller discussions of this point, and for a proof 
of the statement on p. 75, that any uniform stress can be regarded as 
consisting of not more than three tensions or compressions at right 
angles to one another, the reader is referred to advanced treatises on 
elasticity such as those by Love or Southwell. 

We now establish a relation between Young’s modulus and the bulk 
modulus. This can lie done quite simply as follows. We imagine an 
isotropic body subjected to three equal compressive stresses P per 
unit area, parallel to the three coordinate axes. If we again think of 
a small cube of the material of side I, the forces PI 2 on each cube face 
are just those that would arise if a uniform pressure P were applied 
to the body. Suppose that, as a result, the lengths of the sides change 
by dl, the volume changes by (l dl ) 3 — l 3 or 3 Pdl, if dl is small. 
Thus, by the definition of the bulk modulus K, we have 

P = 3 KPdl . (4) 

We now imagine these three stresses applied one at a time. The 
effect of applying a compressive stress P along the A' axis is to shorten 
the cube by IP/E along this axis, and to lengthen it by o\P/E along the 
Y and Z directions. Similarly, when we apply equal stresses along 
the Y and Z axes, the cube is, in each case shortened along the direction 
of the applied stress, and lengthened in the other two directions, the 


final change in length along any axis being IP/E — 2 olP/E which we 
may now put equal to dl in equation (4). We thus have 

E = 3K (1 - 2<r). (5) 


Equations (3) and (5) represent two equations between the four elastic 
constants E, K, ti, and o that we have defined for an isotropic body, 
so that, theoretically, only two of them are actually independent, and 
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a measurement of two of them should be sufficient to determine the 
other two. Equations (3) and (5) also show us that Poisson’s ratio tr 
must lie between — 1 and + $, otherwise either the rigidity modulus 
or the bulk modulus would become infinite. In practice, no substance 
with a negative Poisson’s ratio is known, and, indeed, one would hardly 
expect a body to expand laterally if it is being extended, which is what 
a negative Poisson’s ratio would mean. 

Thus, in practice, the possible values of a range between 0 and h. 

A value of £ would imply that the material was incompressible. For 

most substances <r is in the region of $. Students are often puzzled 

by the fact that, with wire specimens in the laboratory, independent 

measurements of E, <t, and n ofteu give values quite inconsistent with 

equations (3) and (5), although the measurements themselves seem to 

be quite satisfactory and reproducible. This happens because the 

process of wire-drawing usually leads to some alignment of the minute 

crystals in the metal, so that they are no longer oriented completely 

at random This may result in the metal becoming non-isotropic, in 

which case equations (3) and (5) need not apply, and the wire really 

needs more than two independent elastic constants to describe its 
behaviour properly. 


5. Simple examples of stress-calculations 

Having established the laws of deformation of elastic isotropic 
solids, one is then led to try to take a further step, namely, to calculate 

IVQCAC . A . . _ L ___ • ■ , , I , . , ^ one is given, not the 

Sr V rl\ * Ut Simp ‘ y itS Cla9tic co, ‘ st «nts and the details 
of the applied load-that is, we have to find a distribution of stress and 

hS ^° dy th r at i 1S , CO f lstcnt both with the laws of elasticity and 
the shape and size of the body, that is, we have to solve the equations 

of elasticity subject to certain boundary conditions. 

This type of problem is a familiar one in electrostatics where the 
problem is to find a distribution of potential V that is constant on 
certain conductors and satisfies the equation of Laplace 

&V d 2 V &V 
dz* + dt/ + = °- 

Elec ! rici, y and Magnetism.) Most problems in elastic 
deformation can be reduced to the solution of an equation 


(il-I.JL, Z 

Vex 2 n ^ dz* 


) 2 v = o. 


callS”S°“ th ? t this °q uati ° n . but not Laplace’s, are usually 

called brharmomc, while solutions of Laplace’s elation are called 
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harmonic functions, so that the solution of an elastic problem involves 
some combination of harmonic and biharmonic functions. Exact 
solutions of many problems can be obtained in this way, just as in 
electrostatics and hydrodynamics, provided that the geometry is fairly 
simple, and such solutions are very valuable in some problems, for ex¬ 
ample in determining the increase of stress resulting from cutting a hole 
in a girder or deck. However in determining the stresses to be expected 
in an actual structure under given loading one cannot hope for an 
exact solution for the whole structure and each member has to be con¬ 
sidered separately, the stresses and strains in members that are 
joined together being adjusted (by a process of successive approxima¬ 
tion) to be as consistent with one another as possible, this process 
being known colloquially as “stressing” the structure. We shall 
discuss in this book the deformations of a few simple types of member, 



the results for which are needed in the experimental determination of 
elastic constants. 

(a) Torsion of a cylindrical rod .—We may imagine a circular rod of 
length / and radius a, twisted through a total angle <f>. We suppose the 
rod divided up into cylindrical shells and consider a slice of one of these 
shells of inner and outer radii r and r -f- dr lying between the polar 
angles 0 and 0 -f- dd (Figs. 33(a) and (6)]. Fig. 33(a) represents the base 
of such a slice of area rdrdO, while Fig. 33(b) represents its side elevation. 
For a uniform twist, the originally straight sides remain straight, and 
the slice in question has been deformed by a simple shear. Since the 
two ends of the rod have rotated through a relative angle <f>, the top 
and base of the slice have been displaced by a distance r<f >, that is, the 
slice has been sheared through an angle a = r<f>H. By the definition of 
shear modulus, a tangential force na x area of base of slice is required 
to produce the deformation a, that is a force n ,r<f>/l.rdOdr. The moment 
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of this force about the axis of the cylinder is obtained simply by multi¬ 
plying this by r. Integrating over the whole cross-section of the rod. 
we obtain for the couple that must be applied at each end to maintain 
the twist the value:— 

' - IXt* . «. 

For a hollow cylinder of internal radius a, it is evident that a 4 in equa¬ 
tion (6) must be replaced by a 4 — a*. 

The treatment of torsion of a body that has any section other than 

circular is very much more difficult, because plane sections do not in 

general remain plane. Only comparatively simple shapes of cross- 

section can be treated at all, and the reader is referred to Love, Theory 

of Elasticity, for details. One result is worth quoting. For an 

elliptic cross-section of semi-axes a and 6, St Venant showed that 

o 4 /2 in equation (6) must be replaced by a 3 lP/(a 2 -{- b 2 ), and, if b is very 

small compared with a, so that the body is a strip with rounded corners, 

this becomes effectively equal to ah 3 . Now, if we imagine a circular 

wire of radius a flattened iuto such a strip without change of cross- 

section, the semi-axes being and 6,, we should have afby = a 2 . The 

couple produced by torsion through a given angle is changed in the 

ratio a 1 6, 3 /a 4 = b^ja 2 . This fact is often made use of in designing 

galvanometer and similar suspensions where one wants the minimum 

restoring couple consistent with the suspension having enough tensile 

strength (the latter quantity being proportional to the cross-sectional 
area). 

( 6 ) Bending of a beam. —We imagine a beam, not necessarily of 
uniform cross-section, subjected to some form of transverse loading 
including possibly the effect of the weight of the beam itself. We 
usually distinguish between two different kinds of support, first “simple 
support”, in which the beam merely rests on the support, which thus 
exerts a force on it, secondly, “clamping” or “building-in”, in which 
the beam is held securely for a finite part of its length, e.g. by a clamp, 
or by passing through a hole in a wall. A “simple” support can exert 
nothing but a force on the beam whereas a “ built-in ” support can exert 
a couple on the beam a 3 well, 

+», a c . erfcain distribution of external load, we have to determine 

tne deformation, and the first step is to determine the forces and couples 
acting at the supports, which can be done in the usual way by considering 
the equilibrium of the whole beam. We now considor (Fig. 34), a beam 
on two 8U pporte P and Q, loaded in any manner, and consider the 
equilibrium of the portion of the beam to the right of the plane AB. 
the total transverse force acting between the two portions of the beam, 
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the so-called shearing force (not to be confused with the shearing stress, 
which is the force per unit area of cross-section) is simply the resultant of 
the forces due to any loading on the right-hand portion and the force 
at the support Q. There may also be a couple between these two 

portions of the beam, the bending moment, 
which, again considering the equilibrium 
of the right-hand portion, must have a 
moment equal to the algebraic sum of 
that of the force at the support at Q and 
of the moments of any loading on the 
right-hand portion, the moments being 
taken about an axis through the mid¬ 
section of the beam and the plane Ali. 
Consider a uniform beam of length 2a, 
supported at points P and Q distant b 
from each end, and with a load to per unit length. If the position of A B 
is x, measured from the left-hand end, the forces at P and Q are both 
equal to wa, while the load on the portion to the right of AB is to 

(2a x), acting at its mid-point, that is, at a distance a — x/2 from 

AB. The shearing force at AB is thus equal to 

2 wa — w (2 a — x) x < b (A B to the left of P) 
uhi — w (2a—x) b<x< 2a — b (A B between P and (?) 

— w (2a — x) x > 2a — b (A B to the right, of Q) . (7) 

Similarly, we get the following values for the bending moment 

wa (b — x) -f- wa (2a — b — x) — w (2a — x) (a — x/2) x < 6 
wa (2a — b — x) — w (2a — x) (a — x/2) b < x < 2a — b 

— tv (2a — x) (a — x/2) x > 2a — b . (8) 



M \L' 


S *ds 


Udx 


dM\ 


The calculations are easily extended to cover cases where concen¬ 
trated loads are present, simply by adding 
the appropriate terms to the bending 
moment and shearing force, or where the 
loading w per unit length of beam is not 
a constant. In the latter case the length 
of the beam to the right of A B is divided 
up into small elements, and the total 
contribution to the bending moment 
and shearing force can be found by 
integrating along the length of the beam 

to the right of AB. In this way we can establish general relations 
between the load per unit length w, the shearing force S, and the bending 
moment M. In Fig. 35, let the shearing force and bending moment 
exerted on a small element of length dx by the portion of the beam to 


S M 

Fia. 33. 




S +ds 
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the left of it be S and M respectively, while S -f- dS and M -f- dM are 
the shearing force and bending moment exerted on the element by the 
portion of the beam to the right of the element. We make the sign 
convention that a positive shearing force acts upwards on the portion 
of the beam to the left of it, and that a positive bending moment tends 
to turn this portion of beam in a counter-clockwise sense. The net 
external force acting on the clement dx is icdx, which must be balanced 
by the change of shearing force along the length of the element so that 

dS 

dS ■— uxlx or w = =- . (9) 

dx 

The two shears S, acting at opposite ends of the element in opposite 
senses, are equivalent to a positive couple Sdx, which must be balanced 
by the difference dM between the momenta exerted on the element 
by the portions of the beam to the right and left of it, that is:— 

dM + Sdx = 0 or S= - d -¥- .(10) 

dx 
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We now have to calculate the deformation due to these stresses. 
In nearly all practical cases, the deformation due to the shear S is 
small compared with that due to the bending moment M, and we shall 
therefore calculate the latter first. If a bar is bent there will always 
be a surface, the neutral surface, in the neighbourhood of which the 
fibres are neither stretched nor compressed. The part of the bar 
outside the neutral surface has to extend, while that inside has to be 
compressed in order that the bar may bend. Fig. 36(a) represents a side 
view of a portion of the bar. Suppose the local radius of curvature is 
P, and consider a filament parallel to the neutral surface and distant y 
from it, subtending an angle dd at tho centre of curvature. ' The longth 
° ^ portion is (p y ) dd , while the length of the corresponding portion 
° the neutral surface is pdd, so that the fractional extension at a height y 
above the neutral surface is y/p, and the force due to tho extension of 
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the filament is Ey/p times the cross-section of the filament, which 

Fig. 3G(6) shows to be given by -—zdy. The contribution of this 

P 

filament to the bending moment about a line in the neutral surface is 

therefore — yzdy, so that the bending moment is given by the 

expression EJzy 2 dy p, the integration being taken over the whole area of 
cross-section, the fact that the filaments below the neutral surface are 
in compression and those above it in tension being automatically taken 
care of by taking the origin of y in the neutral surface. The integral 
\zy 2 dy is often called the geometrical moment of inertia of the cross-section 
because it is proportional to the mechanical moment of inertia of a lamina 
of the same shape as the cross-section. It is often written J, and the 
product EJ is called the flexural rigidity. Now if p ( x ) specifies displace¬ 
ment of the neutral surface from its equilibrium position at the point x 
on the beam, that is, the curve into which the beam is bent, we have 


}=%/('+ay?- 


but this is nearly equal to d 2 pjdx 2 as long as the radius of curvature p is 
large. We then have 

,/2n 

. (ID 


M = ej 2 


which gives us a relation between the bending moment and curvature 
of the beam. Equations (9), (10), and (11) are theoretically sufficient 
to enable us to calculate to if p and J are known as functions ofx, while 
if w is known, p can be calculated if J is a sufficiently simple function of 
x to enable these equations to be solved. If the cross-section is uniform, 
J is constant, and we then have 

u> = - EJ ^ . (12) 

(/J* 

which can be solved by repeated integration for any given type of 
loading. 

We have, however, neglected the deflection due to the shear. If 
we consider the small element dx of the beam (Fig. 35), and suppose 
the cross-section of the beam is A, the shearing stress is S/A and the 
element is deformed through an angle S/nA, so that the inclination of 
the beam dp/dx is increased by Sdx/nA as one travels from the point 
x to the point x + dx, that is to say 

d 2 p _ S 

dx 2 nA 


(13) 
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We now compare the deflections due to bending moment aloue and 
shear alone for a representative example, namely, a beam loaded 
uniformly along its length, so that we may put w = io 0 , and simply 
supported at its two ends, which we may take at x = 0 and x = 2 a. 
To calculate the deflection due to the bending moment alone, we have 
from equations (9) and (10) 

M = — JJWxdx — — l ~ (z — 2a) 

since the constants of integration must be chosen to make M vanish at the 
supported ends. (We cannot, as one might think at first, make S 
vanish at the supported ends, because of the forces exerted on the 
ends by the supports.) Integrating equation (11) twice, and using the 
fact that the deflection p itself must vanish at both supports, we 
.obtain for the final profile the result 


p = ~ mj (r4 _ ^ + 8fl * jp) 


(14) 


which corresponds to a deflection of the middle of the beam (x = a) 
. 5u> 0 a 4 

°f ^ ue 40 ^e bending moment alone. 


We now calculate the deflection that would be produced by the 
shearing force S alone if the bending moment were not present. 
From equation (9), for uniform loading w 0 , we have 


S = — w 0 a, 

the constant of integration having been chosen so that S is numerically 
equal to the force w 0 a on the supports at each end. (The difference in 
sign at x = 0 and x = 2 a is due to the fact that, according to the 
convention we have made, illustrated in Fig. 35, a shearing force is 
reckoned as positive at a given point when the force acts upwards on 
the portion of the beam to the left, and it is therefore of opposite sign 
at the two ends of the beam.) Inserting this value in equation (13), 
integrating twice, and using the fact that p must vanish at x = 0 and 

x ~ 2a* we obtain for the deflection due to shear only 

% 


v = (x3 ““ 30x2 + 2a8x ). ( 15 ) 

This vanishes at the middle of the beam, and is anti-symmetrical about 
t e middle, just as is the shear itself. It is in any case unimportant 
compared with the deflection due to M. Its maximum value occurs in 

the neighbourhood of x = a/2, and is approximately equal to . 

16n/l 
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The ratio of this to the deflection due to M is therefore of the order of 
magnitude 

a3 / ba*_ 0-3 E J 

Min A / 21EJ n Aa 

Since Poisson s ratio a is always less than i, Ejn can never be greater 
than 3 for an isotropic material. J , the moment of inertia of the cross- 
section, is not larger than A, the area of the cross-section multiplied 
by 6, the maximum dimension of the cross-section. The ratio of the 
two types of deflection is therefore never as large as 6/a, and is therefore 
small, because one cannot describe a body as a “beam” unless its 
length is large compared with its other dimensions. A similar result 
holds however the beam is supported or clamped, and we may therefore 
neglect the deflection due to shear. 

It is possible to carry out similar calculations when the beam is 
non-uniform or is held in other ways than by simple support of its ends, 
equations (9) and (11) being quite general, any non-uniformity of the 
beam being taken care of by a variation of J with x, while the effect of 
different kinds of support at the ends can be taken account of by means 
of the constants of integration arising when these equations are 
integrated. These constants have to be chosen to satisfy the boundary 
conditions at the two ends. For convenience, we may list these as 
follows:— 

(i) At a s imply- supjtorted end p = 0 and M or d z p/dx 2 = 0, but 
.S’ * 0. 

(ii) At a clumped end, p = 0 and dp/dx = 0, but M and S + 0. 

(iii) At a free end, M and 5=0, but p and dp/dx #= 0. 

In all cases the axis of p is taken in the direction of the unloaded 
beam. If w and J are given functions of x, integration of equations 
(9) to (11) (p. 89) introduces four arbitrary constants and, at each end, 
there arc two boundary conditions to be satisfied. 

Limitations of the simple theory of bending .—In the development of 
the above theory we have expressed or implied various assumptions 
which we shall now examine. 

(1) That the cross-section of the beam is unaltered .—Since the portions 
of the beam above the neutral surface are stretched, there must be a 
corresponding lateral contraction a times as great, while there must e 
a lateral extension below the neutral surface. The cross-section of a 
rectangular beam bent so as to be convex upwards along its length is 
therefore as shown in Fig. 37, and is concave upwards across its length, 
so that it has opposite curvatures in the two directions, like a saddle 
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or col. Comparing Fig. 37 with Fig. 36(a), it is evident that as a 
filament distant y above the neutral surface is extended a fractional 
amount yjp, where p is the radius of curvature along the length, but 
contracts laterally a fractional amount o-y/p, the radius of curvature p 
across the length is given by pja. There is a slight alteration in J as a 
result of this change in shape of cross-section due to the bending, but 
this can almost always be neglected. 

(2) That the radius of curvature is large compared with the thickness .— 
This is almost always satisfied for elastic bending, because, as we have 
seen, the elastic limit for metals is exceeded if the deformation is as 
much as 1 per cent, anywhere. 

(3) That the minimum deflection of the beam is small compared with 
its length .—This is usually satisfied in engineering practice, but excep¬ 
tions occur, e.g. for a very thin body such as a clock-spring, which can 




be deflected very considerably without the elastic limit being exceeded. 
This case can be dealt with if wo take account of the fact that Ifp is 


not strictly equal to but 


»s/('+(i')') ! 

so that equation (11) (p, 90) has to be replaced by 


d*p 


/( 


If M is a given function of x, this cquntion can be integrated once to 

1 ° l XampIe * consid °r a light cantilovor “ built-in” to a wall and 

loaded with a concentrated mass m at the free end (Fig. 38). Taking 


Mdx 


(16) 
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the wall as the origin, we have M = mg (a — x), where a is the coordinate 
of the free end. Since dpfdx = 0 at the wall, equation (16) becomes 



which can be integrated a second time in terms of elliptic integrals. 
Curves, satisfying equations such as (16), are often known as elasticas, 
but a determination of their analytic form is often very complicated, 
although certain results can be obtained by quite simple means. 
Suppose, for example, that we have a clock spring clamped at one 
point and loaded at the free end. As we pay out more and more of the 
spring through the clamp, keeping the load constant, the free end drops 
and finally becomes vertical. The horizontal distance a of the free 
end is then a maximum, and, if more of the spring is paid out, part of 
it will hang vertically. At x = a, we shall then have dp/dx infinitely 
great, so that the left-hand side of equation (17) becomes equal to unity, 
and we shall have 1 = mga 2 l2EJ. 


(c) The flat spiral spring— By a “flat” spiral spring one means a 
wire wound into a uniform helix of small pitch. Suppose that r is the 
radius of the wire and It the radius of the helix of N turns. If the 
spring is extended the effect is to impose a twist on the wire, for if we 
imagine every element of the wire to be twisted through an angle 0 per 
unit length, the distance between the beginning and end of each turn is 
increased by 2ttR.R6, so that the total increase z in length is 2nNR 2 0. 
If a mass m is hung at the centre of the spring, it exerts a moment mgR 
which acts on every element of the wire, and is balanced by the torsional 
couple produced by the twisting, so that we have, by equation (6) (p. 87) 

111X7*6 


Hence 


x 


imgIPN 

nr* 



Thus, extending the spring produces a twist in the wire, and the extension 

is governed by the rigidity modulus n. 

Next we imagine couples C applied to the top and bottom of the 
spring acting round the axis of the helix. The couple required to 
change the curvature of the spring from 1/7? to 1/(7? — 87?) is, by the same 
kind of argument that led to equation (11) (p. 90) for the bending of a 

straight beam, given by 

L'Uc. 
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For the mechanical moment of inertia of a circle of radius r about a 
diameter Routh’s rule (p. 31) gives Mr 2 /4, and the geometrical moment 
of inertia J is obtained by replacing M by the area 77 r 2 of the cross- 
section. We thus have 



^ BR 
E 4 R -' 


Now, if the radius of each coil of the spring is reduced by BR, the length 
of the whole spring being kept constant, the angle 8, through which the 
ends of the spring turn relative to one another, is 


e = 277 n 


where N is the number of coils. We thus have 

Er* 


C = 


8 NR 


8 


(19) 


which means that hoisting the spring involves bending the wire, which 
is governed by Young’s modulus E . 


8. Measurement of the elastic constants of solids 

Almost any of the equations of Art. 5 above can be made the basis 
of a measurement of the appropriate elastic constant. For E and n 
a large number of methods are available, of which a few will be described. 
They are either static, a known stress being applied by means of weights, 
and the small deflection measured, or dynamic, the oscillations of a 
body of known mass or moment of inertia being timed. 

(a) Measurements of E by stretching. —For a wire, one of the best 
methods is due to G. F. C. Searle. Two wires, one serving as a reference, 
are hung from the ceiling or other support, and are kept taut by means 
of weights. The load on one wire is never altered, but that on the 
other is progressively changed. The wires are connected by a light 
metal framework (Fig. 39) carrying a spirit-level L. The relative 
movement of the wires as the load on one of them is altered is compensated 
by a spherometer wheel S, which is adjusted after each alteration of 
load until the bubble is again between the marks. It is usually necessary 
to load and unload a few times before reproducible readings are obtained. 
(The idea of using a second wire as reference is to correct for any yield 
of the support as the load is altered.) 

For a bar, the load is usually applied by a testing machine and the 
extension measured by a device such as Ewing's extensorneter (Fig. 40), 
which is simply a means of magnifying the small extension of the bar, 
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the elongation of the bar between A and B carrying the scale C past 
the microscope D. 

( b) Measurements of E by bending .—From equation (11) (p. 90) we 
see that the radius of curvature of a beam is (apart from the small 
deflection due to shear), inversely proportional to the couple applied 
at any point of the rod. Now, if a beam is loaded as in Fig. 41 with 
two equal loads outside two supports, there is no shear anywhere 
between the supports, and the bending moment is constant, being 
equal to the sum of the two couples acting on the beam. The beam is 
therefore bent into an arc of a circle. J can be found if the cross-section 
of the beam is known, and the problem is therefore that of measuring 
the radius of curvature of the portion of the beam between the supports. 



Fio. :w. 



(The portions of the beam not between the supports arc, of course, not 
subjected to a uniform bending moment.) This radius cau either be 
measured directly, or else inferred from a measurement of the deflection 
of the centre of the beam. As a method of direct measurement, one 
may fix mirrors M, M' on supports a known distance apart a, and the 
effect of bending the beam into an arc of radius p is to tilt the mirrors 
through an angle a\p relative to one another, which angle can be 
measured easily by focussing the image of a galvanometer light on a 
scale, after reflection by both mirrors. Indirectly, we can determine p 
if we can measure p 0 , the deflection of the centre of the beam, for if 6 is 
the distance between the two supports S we have by the geometry of 


a circle 


v b b 
Po ftp Po) 2*2 



DYNAMIC METHODS 



Po cau be measured by auy method suitable for a small distance, such 
as a spherometer or by interferometry, the latter method being capable 
of measurement to an accuracy of a fraction of a wave-length of light 
(see Cornu’s method below). Another method due to Whiddington is 
by measuring, by a beat-frequency method, the small change in capacity 
of an electrical condenser of which the beam forms one plate, due to 
its motion relative to a fixed plate. 


(c) Measurement of E by dynamic methods .—The easiest way of 
measuring E for a specimen in the form of a thin strip is to clamp it 
securely, attach a suitable weight to the free end, and time the flexural 
oscillations of the resulting system (Fig. 38). For if we measure x 
from the clamped end, the force P, that has to be applied at the free 
end to hold it at a small distance l below its equilibrium position, may 
be found as follows. If we measure from the clamped end as zero, and 
the length of the bar is l, the bending moment at the point x, due to 

, is P (l x). The deflection of the beam is then given by equation 
(11) (p. 00) as b 7 1 

d 2 p P , 

dx s ~ EJ _ x) ’ 

Integrating twice, and using the fact that p and dp/dx vanish at x = 0 
we have 


P //x 2 

1>= Ej{2~ 6-) 

so that the deflection p of the end of the beam (x = l) requires a force 



3 EJp 

~~P~’ 


which is the force acting on the mass m. 
this mass 


We thus have the net force on 


3 EJp 
l 3 


— my 


Dosi^n if r! hC e \ d ia topped a small distance q from its equilibrium 
P tion after m has been added, the extra force acting on the mass is 

3 EJ(p + q) 3 EJp 

P P 

and the corresponding acceleration, neglecting the mass of the spring 
compared withm, is —I, so that the equation of motion 


is 


O. T. 


, 3 EJq 
+ = °- 


7 
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and the corresponding period is given by (p. 18) 



(d) Measurements of a .—By the definition of a it is necessary to 
measure the lateral contraction, that occurs during a Young’s modulus 
experiment, to determine a as well as E. In the apparatus shown in 
Fig. 39 the lateral contraction of a fairly thick wire can be measured 
by a screw-gauge, or if the specimen is in the form of a bar, the lateral 
contraction can be measured by a method due to Morrow. The speci¬ 
men is gripped laterally by a spring caliper and the relative motion of 
the two arms is magnified by a mirror and “optical lever”. Again, 
using the apparatus shown in Fig. 41, it was pointed out above (p. 92) 
that if a beam were bent, it acquired an opposite curvature in the 

direction at right angles to the axis of 
bending. Thus the curvature along 
the breadth of the beam can be 
measured by the two-mirror principle 
just described (p. 96). As an example 
of an interferometric method, we may 
mention that due to Cornu, which is 
particularly valuable for a substance 
such as glass, to which only very 
small stresses can be applied with 
safety. The specimen is subjected to 
a pure bending moment in the 
manner shown in Fig. 41 and the 
geometry of its upper surface determined by laying an optically-flat 
piece of glass on it and illuminating it vertically with parallel light. 
The system of interference fringes observed forms two families of 
hyperbolae (Fig. 42) which may be regarded as contours drawn through 
these points on the top of the specimen which arc at equal distances 
from the optically-flat plate. The ratio of the radii of curvature along 
and across the bar is equal to the inverse ratio of the spacing of the 
hyperbolae in these two directions. 

(e) Measurements of n— If the specimen is in the form of a thin 
cylindrical rod, the best method is the static one due to Barton. One 
end of the specimen is clamped, and a short cylindrical rod fixed to the 
other. A pure couple is applied to this end by means of threads wound 
round the rod, the threads being wound in opposite directions, then 
passing over pulleys and carrying scale-pans, into which equal weig * 
can be placed. The twist can be measured by attaching a pointer to 
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the rod, but this is very crude, and much better results can be obtained 
by the use of a galvanometer mirror and scale, which enables twists of a 
small fraction of a degree to be measured accurately. 

A dynamical measurement of n can be made by replacing the weights 
and pulleys by a rectangular bar, whose moment of inertia can be 
determined by weighing it and measuring its dimensions, the period of 
torsional oscillations of the system being determined by timing it. 
Then, by equation (6) (p. 87), if I is the moment of inertia of the bar 



Length oh bar 

Fio. 42. 


it is twisted through an angle the couple acting on it is 
<f > f and the equation of motion is 


n7jo 4 f 

A* + = o 

so that the period of the oscillation is 

r = 

Tina 4 

in the lahorator,. However, c q "„ 8 7a^ SH* 

determined ^ ^ - °bl 

bodiM of suitab '° ^ ~ a f t^nZ“r 
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If the specimen is in the form of a short thick wire, a method 
due to G. F. C. Searle is very convenient. The apparatus shown 
in 1'ig. 43 is used, the ends of the specimen being threaded and 
screwed into equal rectangular bars of square section. To measure 
E, the apparatus is hung up by strings at points A and B , C and D 
are drawn together by a thread so as to bend the specimen into an arc 
of a circle, and the apparatus is set into oscillation by burning the thread. 
If the length of the wire is l and the angle between the bars 2a, the 
radius of curvature of the circular arc into which the wire is bent is 
I 2a, and the bending moment is therefore equal to 2 EJajl from equation 
(11) (p. 90) which is the restoring couple tending to reduce a when the 
system is released, the same couple acting on each bar. The periodic 
time of the oscillation is— 



where 7 is the moment of inertia of each bar. For a circular section ./ 
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is equal to^a 4 , where a is the radius of the 
wire, so that 

/ 2/7 


t. = 277 \ 


nE(l*‘ 


given [section (e) above] by _ 

v / 2/7 

/, = 2tt V - 4 - 


If now the bar CAE is clamped hori¬ 
zontally with the wire vertical, and DBF 
is made to execute torsional oscillations 
about B, the period of oscillation is 


The relevant value of 7 is the same in both experiments if the bars are 
made of square or circular cross-section. We then have 

E _tf 

n tf 

(g) Measurement of (he bulk modulus K .—A direct measurement of 
K can be made by means of Bridgman’s apparatus, described briefly 
above (p. 78), but simpler methods are also available. For example, 
if the same pressure is applied to both the inside and outsi e o an 
isotropic hollow vessel, its volume does not stay constant, but both the 
internal and external volumes contract in the same ratio as wou a 
solid block of material. Again, if a cylindrical tube, whose radius is 
large compared with its thickness, is subjected to an internal pressure, 
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it was shown by Mallock that the elongation depends solely on the bulk 
modulus, and for an isotropic substance 

81 _ PR X 

I GK (/fj — R~y 

where R 1 and R., are the internal and external radii. A measurement of 
the elongation under a known pressure thus enables K to be measured. 

7. Plastic flow 

As has already been indicated above (Art. 2), the actual stress in a 
material such as steel does not change very much once the yield-point 
has been passed. As we have mentioned, only in certain cases' mav 
we design structures so that any member is stressed into the plastic 
region, but the existence of this region is nevertheless of very great 
engineering significance, for it makes such operations as riveting, wire- 
drawing, rolling, and pressing possible. Of recent years a great deal of 
a ention has been paid to the investigation of what actually occurs In 

will now hi j^ven aCCOUnt ° f "° me ° f thc im P° rta “t ^^lusions 
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it is quite incredible that a perfect crystal could pass from the configura¬ 
tion (a) to the configuration ( b) (Fig. 44), under the very small stresses 
(sometimes no more than a few pounds per square inch) that are required 
for plastic glide in actual metals. 

The accepted explanation is that metallic crystals, however carefully 
prepared, are never perfect, but contain defects in the lattice structure 
known as dislocations. These may be of many kinds, such as the 
absence of an atom from a lattice-site or the absence of part of a row 
or layer of atoms. If a single atom were absent, plastic flow could take 
place by a displacement of the vacancy one space ut a time, a process that 
requires very much less energy than the simultaneous sliding of a whole 
row. We are thus led to think of plastic glide as a displacement of 
dislocations. In a small crystal the dislocations can only move a short 
distance, as they cannot run beyond a crystal boundary, whereas in a 
large crystal with the same number of dislocations per unit volume as 
the small one, a larger relative deformation is possible as a given disloca¬ 
tion can, on the average, “run” 
much further than in the small 
crystal. One thinks of the disloca¬ 
tions as being continually formed in 
the crystal by thermal agitation and 
then running as far as possible 
through the crystal in directions 
determined by the applied shearing 
stress. It is possible to prevent 
the dislocations from running right 
through a crystal by alloying with the metal in question another 
metal, whose atoms are sufficiently different in size to form inclusions 
that distort the regular structure of the crystal, a dislocation being 
prevented from running further if it reaches such an inclusion. One 
process of producing inclusions with such properties is known as pre¬ 
cipitation hardening, because one begins with a homogeneous melt and 
the inclusions appear only as the alloy cools down. 

8. Variation of elastic constants with temperature 

As one might perhaps expect, elastic moduli usually decrease as the 
temperature rises, but such behaviour is not absolutely universal and 
some definite exceptions are known. Various empirical expressions 
have been used for the variation with temperature of the elastic 
constants, but no definite theory of these variations seems to exist. 
One question that does arise is whether there is any reason to expect 
any appreciable difference between elasticities measured under 
isothermal and adiabatic conditions. Such an effect is well known to )c 
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important in the propagation of sound in gases and also in surface 
tension effects (see p. 233). Calculations, using the observed variations 
of the elastic constants with temperature, can in fact be made thermo¬ 
dynamically, on the same lines as the calculation of the difference 
between surface tension and surface energy (p. 233) but the expected 
difference between the isothermal and adiabatic values usually amounts 
to only a few per cent. This is only just outside the errors of measure¬ 
ment and the possible range of variation of the constants between 
different specimens. It will be noticed that nearly all the formulae 
derived in Art. 6 above involve high powers of some of the dimen¬ 
sions of the specimen so that any errors in measuring these, or any 
nou-uniforinity in them, have a disproportionately large effect. One 
might try to detect the difference between adiabatic and isothermal 
elasticities by measuring the static and dynamic values for the same 
specimen. These values are usually not quite alike, but it is uncertain 
how much of the difference is to be attributed to this effect and how 

much to other causes such as friction between the small crystals of 
metal. 

As one might expect, increase of temperature greatly facilitates 
plastic flow, and, for this reason, many machining operations such as 
rolling and pressing, are often carried out on hot metal. A rise in 
temperature both increases the number of dislocations, and makes it 
easier for them to “run”. 


9. Elastic stability 

Up till now we have considered the problem of determining the 
deformation of a body under stress, and we have implicitly assumed 
that the deformed state is stable until part of the body is stressed into 
the plastic region. There are, however, certain types of case in which 
this treatment is inadequate, the most important being that of a beam 
subjected to a longitudinal compressive load, that is to say, a strut 
I .s common knowledge that a strut fails by buckling, which is entirely 

different from the plastic flow and “necking” that heralds the failure 
ol a wire or rod under tension. 

The criterion for the buckling of a strut was first obtained by Euler. 
Consider a umform light rod subjected to an arial compressive load P. 
The straight configuration is an equilibrium one for any load, but we 
have to decide whether this equilibrium is stable or not. When P is 

n th , e “ g vai " e ’ the o'-™*- rr«t th 

ZTt u gl “ 3 *? bend ' but stiU hold8 “P ‘kc and that 
? iwa °°?™ ' f th ° load ia ‘“creased a little beyond this We 

and thaUtk def °T V- th ° ^ is th ° ^ of “ordinaL 
and that it is deformed by the load into the curvo x = -p (y). In Fig. 46 
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we have two representative cases, case (a) representing the situation 
when the two ends of the strut are constrained to remain in the same 
\ertical line, hut are not ‘'built-in”, while case (6) represents the case 
where the bottom of the strut is built into the ground, but the top and 
bottom ends need not be in the same vertical line. 

In Fig. 45(a) there is no external couple acting on the strut because 
there is nothing to prevent the lower end changing its inclination relative 
to the ground, as we have only postulated that its position is fixed. 
From the equilibrium of the portion of the strut above the point Q , 
whose coordinates are (x, y) we have, by equating the moment of 
the force P about Q to the bending moment at Q, 

M„ = Px. 



Since the strut is supposed deformed into the curve x = p (y), the 
bending moment at Q is given (p. 90) by the expression 

M tJ = - EJ 

and we arrive at the following differential equation for the function p, 


d*p 

d,? 



Fxactly the same equation will hold for the case illustrated in 
Fig. 45(6) provided that we choose the origin so that p = 0 at the free 
end. The fact that the free end is not vertically above the fixed end 
means that a couple is being exerted on the whole strut by the “ built-in 
joint with the ground. [In Fig. 45(a) this is not possible, because the 
strut is free to pivot in the ground, and for that reason it is necessary 
to postulate that its two ends are kept in the same vertical line by some 
external constraint, which would only involve very small forces.] 
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The general solution of equation (20) is 

p = A cos ky -1- B sin ky, 

where k 2 = PjEJ. We are still free to choose the zero for the y 
coordinate and we choose it so that y = 0 at the free end. Since p is 
to vanish here we must have A = 0. k now has to be chosen so that 
the boundary conditions at the ground are satisfied. We let l be the 
vertical distance of the free end above the ground, which will be very 
nearly equal to the undeformed length of the strut, unless the deflec¬ 
tions are large. In Fig. 45(a), the boundary condition is that p — 0 
at y = — /, since the two ends are in the same vertical line. This is 
only possible if sin kl = 0, which, if we suppose P increased gradually 
from zero, becomes possible for the first time when kl = n, so that the 
smallest value of P for which equation (20) can be satisfied is 

P _ 

l 2 * 


This is known as Eulers criterion for buckling. In Fig. 45(6) the 
boundary condition at y = — I is not p = 0, because this would mean 
that the top and bottom ends were in the same vertical line, but 
dpjdy = 0 at y = — I, since the bottom end is clamped, and must 
therefore be vertical. <lp/dy is proportional to cos ky, and the smallest 
value of P for which cos kl can be zero is given by kl = tt/ 2, that is 



EJn 2 
4 /* * 


Other cases can be treated in the same way. If, for example, in 
Fig. 45(6) we postulated that the strut is to be “ built-in ” to the load 
as well as into the ground, so that the strut has a vertical slope at both 
top and bottom ends, we might at first sight think that we have too 
many conditions to be satisfied at the ends. We must, however 
remember that a “built-in” joint in general implies a couple at the 
end, and equation (20) ceases to be appropriate if the origin of x is 
taken at the top end because, instead of the bending moment at Q 
being equal to the couple due to the external load P, it is equal to this 
couple plus an unknown constant couple acting at the built-in joint, so 
that an unknown constant now replaces zero on the right-hand side of 
equation (20) This, however, can be allowed for by changing the 
origm from which x and p are measured, so that the top end no longer 
corresponds to p = 0. The appropriate solution of equation (20) is 


V = A cos ky -f B sin ky, 

where dpjdy ia to vanish at y = 0 and , = (. The criteria for this are 
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B — 0; kl = 7 t, which leads to the same condition as for Fig. 45(a), 



EJ 7T 2 


The physical meaning of this criterion of Euler's is that the straight 
configuration is stable for all values of P less than the critical one, but 
that, for this value of P, the distorted configuration is a possible equili¬ 
brium one, however large the multiplying constants A or B may be, so 
that a slight further increase in P should lead to the deflection increasing 
indefinitely. This criterion is in good agreement with practice. For a 
more accurate discussion of the validity of Euler’s criterion the reader 
is referred to Southwell’s Elasticity. 

Another problem of the same kind is the whirling of shafts. This 
occurs if a shaft is rotated at too high a speed to be safe, whereupon 
its axis deforms into a curve, and it “flops” around in this form, 
but straightens again if the speed is reduced. Suppose that the 
shaft is rotating with an angular velocity w, and is deformed into the 
curve y = p(x), x being measured along the axis of rotation. Then, if 
A/ is the mass per unit length, the centrifugal force, acting on unit 
length given by Myar and the profile of the shaft, is the same as it 
would be under an equal static loading. By equation (12) (p. 90) the 
relationship between loading and deflection is 



so that possible forms of the function p (x) must satisfy the equation 


d*p A/a * 2 

— - - 1 ) = 0 

dx* EJ H 



the solution of which is 

p = A cosh A x + B sinh Xx -f C cos Xx -f B si'» ^ 

A/a* 2 
EJ' 


where 


A 4 = 


We shall suppose that the shaft passes through bearings at x = 0 and 
x = /, but consider them to be very short, so that the shaft may stick- 
through them in any direction. There is thus no couple at the ends of 
the shaft, and, at these points, we have d 2 p/dx? = 0 as well as p = 0 . 
We thus obtain four equations between A, B, C, D, and A, and they 
can only be satisfied if A = B = C = 0, sin XI = 0, the smallest value 
of ci* for which this is possible corresponding to XI = tt, or 

. EJtt* 
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For very long bearings, the appropriate boundary conditions arc 
p = 0, dp/dx = 0, but the corresponding equations between A, B, (\ 
D, A, are then harder to solve. 

There exist infinitely many higher values of tu, corresponding 
to XI = tin, where n is an integer, just as there are, in theory, infinitely 
many “buckling loads” for a strut, but, in practice, only the lowest 
critical whirling speed is of physical interest. 


10. Elastic waves 

If a system of stresses is suddenly altered there is a corres¬ 
ponding motion of the medium, and a propagation of changes of 
stress from place to place, the two phenomena occurring together. 
The whole process is referred to as the propagation of elastic or 
stress waves. Since, even in an isotropic medium, a deformation in 
any direction necessarily implies deformation in the two directions at 
right angles, it follows that the general theory of clastic waves is 
extremely complicated. In earthquakes the elastic properties of 
the earth vary with depth, a further complication. In a uniform 
isotropic medium, we can distinguish 
three elementary types of elastic wave, 
and we shall now describe a simple case 
of each. 


(a) Compressional waves. —These occur, Fjo. 4G. 

e.g., if a long rod is struck along its 

axis. Consider (Fig. 46) the motion of the portion PQ of the bar, 
which we suppose to be of length dr, and cross-section A, and let 
p (x) be the distance from the origin of a portion of the bar which was 
originally at x. Then a length of the bar that was originally dx has 
become dp and the ratio of the new length to the old length is dp/dx, and 

the fractional extension is 1. The force exerted on the element 



PQ by the portion of the bar to the left of it is then — EA — 1 ^ 

while the force exerted by the portion of the bar to the right of PQ is 

similarly EA — 1^ . These two do not quite balance, because 

dp/dx may have changed slightly between P and Q, and any net force 
on the element will accelerate it. Thus wo have, net force on PQ 

= mass x acceleration 
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(since dpjdl is the velocity of PQ) 

- EA 


d P\ 
dx) ,, 


" © J 


Thus the equation of motion is 


= e HB} 


y _ e ey 

et 2 ~ P ex 2 ' 

As is shown in the Appendix (p. 296), this is the equation of waves 
propagated with a velocity V E/p. We have tacitly assumed, by using 
Young s modulus E, that the sides of the bar are left free to move. If 
we supposed that they were held fixed, the appropriate elastic modulus 
is not E, but is instead 

E(l-a) 

(1 + a)(l -2a) 

where a is Poisson’s ratio. This may be written in various other ways, 
the simplest of which is K -f- An/ 3. (For a liquid or gas n is zero, and 
the phenomenon reduces to the familiar propagation of sound waves 
in a tube.) There are thus various types of compressional waves, but 
they all have two features in common. The motion is longitudinal , 
that is, along the direction of propagation of the wave, and it is propagated 
with a velocity whose square is the ratio of the appropriate modulus of 
elasticity to the density. 


(b) /Shear waves .—The simplest example of a shear wave occurs as a 
result of the torsion of a circular bar. Suppose dd/dx, the twist per 
unit length is not constant, as it is in the static case, but varies 
along the length of the bar in some other manner. The couple associated 
with this twist is still obtained from equation (6) (p. 87) by replacing 
<f>/l by dd/dx, so that 

mra* c0 
C = 2 dx' 

This couple varies as we travel along the bar and, acting on the element 
lying between the planes x and x -f- dx, is a net couple 

mu A r i dd , /d0\ “j mra*d 2 d 

_ 2 L ( ^U*“V^x-r 2 ar2 ,x - 

The (mechanical) moment of inertia of this element is Ma 2 /2 by Routh s 
rule, and we have 


M = prra-dx. 
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so that the mechanical moment of inertia is P ^-dx, and the angular 
acceleration is given by 

_ « &d 

dc-~~p ax 2 ' 

This is a result of just the same type as for compressioual waves, 
but the appropriate elastic modulus is now ». Iu contrast to com- 
pressional waves, shear waves are wholly transverse, the motion being 
perpendicular to the direction of propagation. 

(c) Flexural waves. —As an example of these, consider what happens 
if the loading on a uniform beam is suddenly changed. In Fig. 47, let 
an element PQ of the deformed beam be of length dx, and let S (x) be 
the shearing force resulting from the deformation. Then the net force 
accelerating the element dx upwards is 

dg S 3 

^ X dx' f rom equations (10) and (11) 

(p. 90) give us 


, dS c A p, 

x dx ~ ~ EJ d* dx ' 



where y = p (x) represents the profile of 
the distorted beam, and equating this to 
the force needed to give the element an acceleration tP-pjdt* upwards, 
we obtain 

[In deriving equations (10) and (11) a deflection p in the downward 
direction was reckoned positive.] Thus the equation governing dis¬ 
placements involving bending is 

e 2 v , EJ 

( 2 * 2 ) 


di* + m 


dx* 


= o 


This equation is of a more complicated type than the simple wave 
equation. A discussion of its solutions is beyond the scope of this book, 
ut we Bhall show here that it has the characteristic property that tho 
velocity of propagation depends an frequency. For if we try to satisfy 
equation (22) by a travelling sinusoidal wave 

V =p 0 cosoj ^ -f- 

we find that we can satisfy this equation if 

EJ . 


= 


M 


CO' 
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that is the velocity of propagation increases with frequency. This 
means that, unless they are sinusoidal, flexural distortions change their 
form as they travel along, and do not travel forwards or backwards 
unchanged as do, e.g., disturbances on a stretched string. In this 
respect flexural waves are analogous to light waves in a material 
medium, the refractive index of which varies with frequency. (For 
very high frequencies the theory breaks down, because the wave-lengths 
and corresponding radii of curvature become comparable with the 
thickness of the beam.) 

Equation (22) can also be used to determine the characteristic 
frequencies of transverse vibration of beams. If the beam is vibrating 
at a frequency o», we may assume a solution of equation (22) of the type 
P = q (x) sin t ot, analogous to the stationary waves in an organ-pipe 
or on a stretched string. Substitution of this expression in equation 
(22) leads to the equation 

EJ &q 
Mco 2 8x* q 


for the function q ( x) determining the shape into which the beam 
deforms. Tliis is of the same type as equation (21) governing the 
whirling of shafts. If the two ends of the beam are simply supported 
at x = 0 and x = l, the differential equation and the boundary 
conditions 

q = 0 (no deflection at ends). 


b 2 q 

fa 2 


= 0 (no couple at ends) 


can be satisfied by the simple sine functions 


which gives 


. tnrx 
q ^g 0 sin -j-. 


, 71 *-T*EJ 

oi ~ Ml 2 


as the possible values of w. This means that the possible frequencies 
of vibration of a simply-supported beam are proportional to the squares 
of the natural numbers, and are thus all integral multiples of the funda¬ 
mental frequency, and are therefore acceptable musically. For a rod 
or beam with one or both ends clamped q(x) involves hyperbolic as well 
as trigonometrical functions, and the possible frequencies are not rational 
multiples of one another, but are solutions of a transcendental 
equation. For this reason no serious musical instrument uses clamped 
rods, though the xylophone uses supported rods or plates. 
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The main importance of the study of elastic waves is in the design 
of structures. Suppose, for example, that a beam supported at the ends 
is given a transverse blow in the middle. The motion is transmitted 
from point to point by flexural waves, so that the impulse will be trans¬ 
mitted to the supports in a time comparable with that of the passage 
of a flexural wave from centre to support, and the centre is brought to 
rest in a time comparable with that of the passage of the wave to the 
supports plus the time taken by the waves reflected at the supports 
to travel back to the centre. Roughly, one may say that the centre 
of the beam does not “ know ” that the ends are fixed until a wave has 
had time to make the outward and inward journeys. Until then, the 
motion of the centre will be the same whether the ends are clamped or 
free. Another important field of application of the theory of these waves 
is to the study of earthquakes, which represent the energy released by the 
relative motion of portions of the earth’s crust. The earth is not an 
isotropic medium, and one must take account of the effect of increased 
pressure leading to more rapid wave-propagation at greater depths. 
Much interesting information can be deduced. It is, for example, known 
that most of the inner core of the earth is incapable of transmitting 
shear waves, which implies that it must be liquid or gaseous. 
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T,ie fractional deformation due to Pis P/E along the x-axis and - oP/E along the 
y and z axes. \\ rite down similar expressions for the deformations due to the 
other two tensions, then adjust the ratio of P to Q so that there is no deformation 
in the* y or r directions.) 

Apply the method of dimensions (Chap. X) to determine the manner in 
which the couple exerted by a twisted wire varies with its radius, given that it is 
proportional to the rigidity modulus and the angle of twist per unit longth. 
(Hint.—Remember that the elastic moduli are all forces per unit area.) 

4. By direct integration of equation (16), p. 93, show that a portion of a 
uniform beam subjected to a constant bending moment forms an arc of a circle. 
How can this be realised in practice? 

o. Obtain the relation between the length and radius of a circular bar which 
will stand the same load in compression or tension without permanent deformation. 
[Assume it loaded in compression in the manner shown in Fig. 45(a) and that the 
elastic limit corresponds to a fractional deformation of 0 005.) 

6. It is proposed to measure the elastic constants of a wire by subjecting it to 
various loads, and measuring simultaneously the elongation of the wire and the 
electrical resistance of the stretched portion. 

On the assumption that the specific resistance (resistance of a centimetre cube 
of the material) is unaffected by stretching, derive a relation for Poisson's ratio 
for the wire in terms of observed quantities. 

7. Calculate the velocity of propagation of sound 

(a) in a thin steel bar; 

(b) in a large block of steel. 

(E = 2 x 10 12 dynes/cm.*, a = 0-3. Density = 8 g./c.e.) 

Would you expect to lind any differences between the velocities of propagation 
of sound in a narrow tube and in a large volume for 

(a) a Newtonian liquid; 

(b) a gas? 

Give reasons. 

8. Describe two methods of measuring Poisson s ratio. In what circumstances 
would you expect a direct measurement of this quantity to give a result differing 
from that calculated from Young's modulus A’, and the modulus of rigidity n. 

9. A Kater pendulum has a length from point to centre of heavy bob of 20 cm., 
an average cross-sectional area of 01 cm. 2 , and a bob of weight j kg. If its 
Young’s modulus is 10 12 dynes/cm. 2 , calculate the fractional increase in the period 
due to the elongation of the pendulum by centrifugal force when it is swinging 
with an amplitude of 1 degree. (Hint.—It is sufficiently accurate to consider the 
elongation caused by the mean angular velocity of the pendulum.) 

10. Give a qualitative account of the motion of an anvil when struck at its 
centre by a hammer. Treat the ends of the anvil as rigidly fixed. In what ways 
does the motion alter as the direction of the blow is changed? 
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THE KINETIC THEORY OF GASES * 

1. F undam ental assumptions 

In Chapter IV we have discussed the properties of solids with only 
an occasional reference to their molecular structure, it being satisfactory, 
for many purposes, to treat them as continuous. This point of view is 
also fruitful for liquids, many of the properties of which can be 
interpreted by hydrodynamical methods (Chapter VI), which again 
neglect the molecular structure. On the other hand, the kinetic theory 
of matter has had its greatest successes for gases, because, in a gas, the 
molecules are so far apart that the interactions between them are fairly 
small. For many purposes it is satisfactory to treat the molecules of a 
gas as attracting rigid spheres , that is to say, one considers the molecules 
of a gas to be in ceaseless motion and continually “colliding” with one 
another, two molecules being unable to approach closer than a certain 
( stance, usually called the effective molecular diameter. This approxi¬ 
mation might seem to be exceedingly crude except for monatomic 
molecules, because most other molecules arc by no means spherical. 
Iowcvcr, diatomic molecules almost certainly rotate about axes 
perpendicular to their lines of centres at all but the very lowest tem¬ 
peratures so that they present a roughly spherical target to another 
mo ecule approaching them. Another effect that ought to be con- 

apDroach*wUl the fucfc that the distanc e of closest 

turnTol f dCP !! ld ° n h ° W v, 8° rousl y atoms collide, which in 
exiLnce of 18 T the tem P erature - There is some evidence for the 
carbon dioxide 1 ’ PartiCU,ar,y for the ***** Molecules such as 

Even with the simplifying assumptions just mentioned an exact 

the vi8C08ity of * *■» is 

v^rge^o”emntv ""““S '"T"™ “ Dd consists 

hc^g a very all, ZL„T„T;. , 0fft0tivC VoIum ° of th ° molecules 

assumptions can be made that would not°bo a' *"i S ' f implif >’ in K 
solids, the molecules of whirl 1 i 0t acce P ta hlc for liquids and 

reason is tbat the molec^ a" 0 ‘ Another 

of gas that wo are Uk y t d “ S,na "' 8 ° ^ 

rr ;b '-r; 
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determine the average values of such quantities as the speed of 
molecules over a finite area or volume. Indeed, most experimental 
measurements on a gas can be regarded as determinations of various 
average properties of the molecules. 


2. Maxwell's distribution law for molecular velocities 

If we consider a gas “at rest” in an enclosure, we know that its 
individual molecules are by no means at rest. What we do mean is 
that there is no “ preferred ” direction in the enclosure, so that, for every 
molecule that has a certain velocity component in the x-direction, there 
is, on the average, just one that has an x-component of velocity of 
opposite sign and practically equal magnitude. Again, a collision in a 
gas “at rest” will result as often in a decrease as in an increase of the 
x-component of velocity of a particular molecule. We are thus led 
to the idea of these velocity components being distributed in a random 
manner about a mean value of zero. This is just the type of situation 
envisaged by Gauss in his classical work on the theory of probability. 
He showed that any quantity /that was subject to a multitude of small 
random variations would be distributed about its mean value /„, 
according to the law 

p (/,./, + if) °c <r lA - f - m ‘i/ .(i) 

where P (/„/, + df) is the probability of one observation giving a value 
of / between /, and /, + df and K is a constant. This is known as the 
Gaussian error law and it is much used in the analysis of experiments 
where the errors are random in the sense of being capable of acting 
independently and in either direction, as opposed to systematic errors. 
For a proof of the statement (1) the reader is referred to textbooks of 
probability theory. Maxwell realised the possibility that the collisions 
of molecules in a gas might be considered to be random events in 

tins sense. 

The fundamental assumptions made by Maxwell were then as 
follows:— 


(а) That, in a gas at rest, the three velocity components are each 
distributed according to a Gaussian error law, there being no correto- 
lion between {say) the x and y components of velocity of a speafiec 

molecule. 

(б) That, in a gas at rest, the distribution parameter K, defined by 
equation (1), is the same for all portions of the volume (apart from the 
possible influence of external fields of force) and that it is the same 

all three components of velocity. 
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(c) That the magnitudes of the velocities are so large that any 
ordinary transport process, such as conduction of heat, can be satis¬ 
factorily described by imposing a small drift velocity on the Gaussian 
distribution which is otherwise unaltered. 

It must be admitted that no logically rigorous proof of the validity 
of these assumptions exists. They are, however, intuitively reasonable, 
and their ultimate justification must rest on a comparison of their 
consequences with experiment. They are certainly not correct for a 
liquid or solid, nor would they be valid in a gas but for the fact that 
the mean distances of the molecules are large compared with the 
effective ranges of the attractive and repulsive forces. 

The parameter K- measures the “spread” of, say, the x-components 
of the velocities about their mean value of zero, that is to say, it is 
a measure of the mean magnitude of the velocities, and we are thus led 
to expect a connection with the temperature, which measures the 
vigour of thermal agitation. We shall now determine this connection. 
Consider a portion of the wall of an enclosure, area A, perpendicular to 
the x-direction. According to assumption (6) the distribution law is 
the same near the wall as it is everywhere else in the gas. We are 
assuming that the molecules rebound elastically off the wall and that 
the forces between wall and molecule are of extremely short range. 

. “ 8 . our attention on those molecules whose x-component of 
velocity is near a certain value © x . During a time dt, let An (v.) dvjdt 
molecules with x-components of velocity between u x and v x -f dv, hit 
the area A The x-component of velocity is simply reversed by an 

2/fm. C 'T w° n ’ It that th<3 rate ° f destruction of momentum is 
„ [v x ) dv x . Now n (v x ) dv x is the number of molecules with an 

^component of velocity between u x and „ x + dv x crossing unit area 

number T' T \ 13 ?? Ual where N (v x ) dv x is the 

K™ p m ° eCU,e3 ln thlS velocit 7 ran S e within unit volume at any 
instant. By expression (1) y 

N (*> = Noe-W . (2) 

where N 0 is determined by the condition that the total number of 

I’-iWe values of e, mus t be equal to“, V the 
mber of molecules per unit volume, so that 


N r + qo 

V ~ \ N ( v *) dv x 

J —QO 




00 


(3) 


The total rate of destruction of 


momentum of molocules of all possible 
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positive values of v x at the area A is equal to PA, where P is the pressure 
in the gas, so that, substituting for n (u x ), we have 

P = 2m | +C °v x 2 N 0 e~ v * t,K *dv x 

Jo 


2wiAoA’ 3 V / 7r 
4 

NmK 2 
“2T - . 



For the evaluation of the definite integrals in equations (3) and (4) see 
Appendix (p. 300). 

Equation (4) will agree with the ordinary definition of temperature 
on the perfect gas scale if 



NmK 2 


so that 



m 


y 


where R is the gas constant for the volume V, and Is = R/N is a constant 
that may be called the gas-constant per molecule or Boltzmanns 
constant. (Its numerical value is approximately 1-37 X 10~ 1G ergs 
per degree.) It is shown in textbooks on heat that the perfect gas 
temperature seale is identical with Kelvin’s thermodynamic scale of 
temperatures. We have thus determined the relation between the 
distribution law (2) and the temperature. 


77/e principle of equipartition of encrijy. Maxwell's distribution law 

Our assumption is that all three components of velocity are distri¬ 
buted according to laws like (2), so that, if N(v x , v v , v B ) is proportional 
to the number of atoms with velocities near v x , v v , v c , we have 


N(v x , v v , v x ) = N x e 


-m( v* + t- r * + 0/2*7’ 


(5) 


Supposing now that we are interested not in the direction of velocity 
of a molecule, but only in the magnitude of the velocity vector. It 


we write 

c 2 = tv + V + 


the process of averaging over all possible values of v x , v v , and v can 
be replaced by an average over possible values of the variable c. 
Mathematically, the two methods of averaging stand in the same 
relation to one another as do the two possible methods of 
integrating over the whole of coordinate space, using either Cartesian 
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coordinates or spherical polar coordinates. Thus, since the result ot 

C 

integrating a function f (r) over a sphere of radius R is 1 4 tt r 2 f{r)dr, 
we must write the result of averaging over all directions as 


.V (c) = N x e 
where N x is determined by the condition 

% - m: 


-mrV2iiT 


c 2 N (r) dc 


Jo 

3 (2le T\ 

= -)-. See Appendix, p. 301. 


We can cover the whole of ordinary space either by integrating over 
the x, y, and z coordinates between — oo and -f- oo, or by integrating 
over a large sphere. Similarly, we can provide for all possible directions 
of a velocity of magnitude c or less by integrating over a sphere of 
radius c. Thus the number of molecules in unit volume having velocities 
of magnitudes between c and c -f- dc is given by substituting for N x 
in terms of N. 


v/ , , N(2irleT 

N(c)dc = -l - 


m 


) S e - mrt l' 2 '‘T c*r/c 



This is known as Maxwell's distribution law. Two quantities that are 
frequently needed are the mean square velocity, that is to say, the 
average of c 2 over all the molecules, which is given by 



Ffoo 

jyj o 4 t tc?N (c) dc = -Itt 



~mc x l2kT 



ZkT 

m 



and the mean velocity, which is the average of c over all the molecules 
>3 given by 



( 8 ) 
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Comparison of equations (7) and ( 8 ) show that e 2 is not precisely the 
square of c, but exceeds it by the factor 877 / 8 , which is slightly larger 
than unity, and is a universal constant independent of V, T, etc. 
This difference arises because the values of the velocity vector are 
distributed over all values. A cruder form of kinetic theory would 
not take account of this distribution of velocities, but would assume 
that all molecules had velocities of nearly the same magnitude. 

This sort of situation is very common in kinetic theory. A simple 
assumption, such as that just mentioned, that all molecular velocities 

are nearly equal to (c 2 )*, will lead to the correct form of theoretical 
formula. The usual consequence of making a more exact assumption 
is either to confirm the formula obtained by the cruder treatment, or 
else to alter the numerical constants. As these “rough and ready’’ 
methods are always considerably shorter than the more exact ones, 
they are much used when what is wanted is an insight into the physics 
of a problem rather than a comparison of numerical predictions with 
experiment. We shall make much use of them in this chapter. 

Boltzmann's expression for the distribution of systems amony states of 

different energy 

Equation (7) shows that the mean kinetic energy of a molecule 
depends only on the temperature, it being equal to [\kT, of which \kT 
is associated with each of the components of velocity v x , i’„. v z . Thus 
two gases at the same temperature will have the same kinetic energy 
per molecule, and, since two such gases can be mixed without altering 
the temperature of either, we conclude that the average kinetic energy 
is the same for each component of a mixture of tico or more gases. This 
is the celebrated principle of equipartition of energy. By the application 
of statistical mechanics, to textbooks of which the reader is referred 
for details, Boltzmann was able to generalise this result. His conclusion 
is that, if a system (such as an atom or molecule) can occupy more than 
one stale, and forms part of an assembly in dynamic equilibrium, the 
probability of finding it in a state of total energy U (kinetic plus potential 

energy) is proportional to e ^, where T ts the temperature of the 
assembly of which the system forms a part. This result is of very 
great generality, and Maxwell’s distribution law is a particular case 

of it. 

Sedimented ion equ il ibriu m 

As a simple example of the application of Boltzmann s expression, 
we may consider the problem of sedimentation, that is, the balance 
that is struck between the conflicting influences of gravity and thermal 
agitation, gravity tending to collect all the atoms at the bottom of the 
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vessel, thermal agitation to disperse them. The simplest example 
is the variation of the density of the atmosphere with height. The 
potential energy of a molecule at a height h is nigh, so that, if the 
temperature of the atmosphere were constant, Boltzmann’s expression 
states that the number of molecules in a small column of gas at a height 

h varies as e v, ^ h l KT ^ provided that the average kinetic energy of a 
molecule is independent of h. It may be wondered why there is no 
change in the average kinetic euergy as the potential energy increases. 
The complete Boltzmann factor is equal to 


exp 



+ Vy* + ' 


which can be averaged over all possible values of the velocities just as 
in equations (2)-(8) above. The calculation, e.g. of c 2 , depends on the 

ratio of the integrals c 8 A T (c) dc and f °° N (c) dc, which ratio is 

Jn Jo 

entirely unaffected by a factor e ~ mgh,UT in N (c), so c 2 is independent 

of h. The factor T introduces a variation of dens tty with height, 

ut the law of distribution of velocities depends only on m and T, as we 
have seen above. This conclusion follows from Boltzmann’s expression 
as a consequence of the kinetic and potential energies of an average 
single molecule varying independently of one another. 

The same factor e~ ,ngh > hT can be deduced without the use of 
lioltzinann’s expression as follows, using simply the elementary kinetic 
theory of gases: consider a column of gas of unit area at constant 
emperature, and suppose that it is subjected to no pressure except its 
own weig t. Then, if N ( z) represents the number of atoms per unit 
VO ume at a height z and P (z) the pressure at a height z, then the 

force on unit area at height h is equal to the weight of all the molecules 
directly above that area, that is 





*7 applying , the gas lawa * which, as wo have seen above, follow 
from elementary kinetic theory (p. 116), to unit volume at height h, 

P(h) = RT = N (h) kT, 


g r' 0nStan u fc f ° r a 6ingle molecule. The relation 
(J), between P and N can be written in differential form as 


mgN (/«) = — 


dp 

dh • 
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Using the gas laws to eliminate N (h) and integrating the resulting 
differential equation of the first order, for P we get 


log P = const. — 


">H h 

liT 


or P = P 0 e-"^ hlkT ; 

-V = N 0 e~ m9hlkT . (10) 

If we take the mass of an average air molecule as 5 X 10 -23 g. this 
would mean that for uniform temperature the density of the atmosphere 
would drop to 1/e of its value at the earth’s surface in a height of 
eight kilometres, which agrees roughly with observation. (The 
temperature of the atmosphere is not uniform, but varies with height 
in a complicated fashion.) 

A modification of equation (10) is of great historic interest, as it 
formed the basis of the first accurate determination, by Perrin, of 
atomic masses. Instead of the atmosphere Perrin used suspensions of 
gamboge particles, of nearly uniform size, in various liquids, and 
determined the variation of concentration with depth by counting the 
number of particles visible in the field of a high-power travelling 
microscope as its height was varied. (Such a microscope has a very 
small “depth of focus”, and only particles within a very small range of 
depths are visible at any one setting.) He found an exponential 
variation with height, analogous with equation (10), allowance being 
made for the buoyancy of the liquid suspending the particles, the 
revised equation being 

N = N 0 exp i^P ~ Pi) . (11J 

where V is the volume of a particle, p its density and p x that of the 
liquid. Since all the other quantities in equation (11) arc known, U 
can be determined, and since the gas constant per gram-moleculo is 
known, the number of molecules in a gram-molecule, Avogadro’s 
number, can also be determined. 

This fact that a suspension of microscopic particles behaves 
essentially like a gas, in spite of their very much greater mass, is very 
striking confirmation of the principle of equipartition of energy. The 
velocities associated with particles of sizes visible in the microscope 
are quite small compared with gas-kinetic velocities, but are, neverthe¬ 
less, quite easily visible and are sufficient to prevent small particles 
from “settling out”. The ceaseless agitation of minute grains of 
pollen suspended in water was discovered by Brown many years before 
the kinetic theory of gases existed, and this motion of microscopic 
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particles is known as the Brownian movement. A systematic statistical 
analysis of the successive velocities acquired by a particular particle 
always shows that its motion is completely random in direction, exactly 
as was postulated by Maxwell for gas molecules, and thus provides 
a direct check on one of his assumptions. 

Only a few attempts to determine directly the distribution law for 
velocities of thermal agitation seem to have been made. For electrons 
emitted from a hot filament, a direct determination can be made by 
plotting current against voltage in a thermionic diode. (The reader is 
referred to textbooks of electricity for details of this experiment.) One 
may get a current flow (of electrons travelling from filament to anode) 
even if the electric field is tending to urge them the other way. By 
measuring this thermionic current one can determine directly how many 
electrons have sufficient velocity towards the anode to overcome this 
electric field, so that we are determining directly the distribution law 
for velocities, which seems to be truly Maxwellian. 

As for neutral gases, it is possible, in principle, to “sort out” 
different velocities by devices such as mounting two discs on the same 
shaft, cutting a slit in each, separated by a certain angle, so that only 
atoms with velocities in a certain small range can pass through the 
slits in both discs when they are rotated together at a certain speed. 
Such experiments have been tried, but disturbing effects are largo, and 
one can conclude only that the law is qualitatively verified. 


3. The concept of "mean free path” 

Having determined the laws of distribution of velocities in a gas 
at rest and in equilibrium, we now have to examine the processes of 
restoration of equilibrium when a gas is disturbed. There are various 
types °f process that can occur, together or separately. There is 
ffuston which is produced by variations of density from point to point, 
l trial conduction and thermal transpiration which ure produced by 
variations of temperature , and viscous Jloio which is produced by 
variations of pressure. Various other phenomena occur in mixtures of 
gases as a consequence of the different mean velocities associated with 
®o ecules of gas of different mnsscs at the same temperature. For 
Sample, if a gradient of temperature exists in a mixture, a gradient of 
concentration also tends to be established, because of the difference in 
mean velocities, and this effect, known as thermal diffusion, can be 
_ or the separation of isotopes, which cannot bo separated by 
c emical means. All these phenomena are profoundly modified at very 

ow pressures (10~ 3 mm. of mercury or less) and various now phenomena 
appear (Art. 5, p. 130). 
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Definitions of mean free path.— Quite a number of definitions of 
mean free path exist, and, in accurate work, it is necessary to pay 
attention to the differences between them. Maxwell's definition is 
the natural one of the average distance a particular molecule travels 
between two successive collisions. Tail's definition is the slightly 
different one of considering an assembly of molecules at a given instant, 
and then taking the average distance each of the molecules travels 
between that instant and its next collision. The idea of a “collision” 
becomes somewhat vague as soon as we drop the idea of treating mole¬ 
cules as rigid spheres and admit that they exert long-range forces on 
one another, because then any two molecules passing near one another 
affect one another's velocities slightly, and a more “direct” impact 
only increases this effect numerically, and it consequently becomes 
difficult to decide whether a “collision” has taken place or not. In 
practice, the following definition of mean free path is extremely useful. 
We imagine a small drift velocity in, say, the x-direction imposed on 
the distribution of random velocities in a gas, and ask how far, on the 
average, does a molecule have to travel before it has completely lost 
that drift velocity, which distance we define as the mean free path. 
This is practically equivalent to the distance between collisions, if we 
suppose the molecules to be rigid spheres, for a collision can leave the 
drift velocity unaffected, destroy it, or reverse it. We may say, roughly, 
that one collision is enough, on the average, to destroy any drift 
velocity, those molecules which preserve it practically intact after a 
glancing collision being approximately compensated for by those 
molecules whose drift velocity is reversed by a head-on collision. 


Distribution of distances between collisions about a mean value. —The 
numbers of atoms that describe, between collisions, distances significantly 
larger or shorter than the mean free path are sometimes needed. This 
distribution law is not a Gaussian one, but will now be determined. 
Suppose, at any instant, we have n(x) atoms that have travelled a 
distance x and still retain their drift velocities. After each has travelled 
a further distance dx, a certain number of them, dn(x), will have made 
collisions and will have lost their drift velocities, which number must 
be proportional to n (x) and to dx. so that we have 


dn (x) = — 


n (x) dx 

T 



where / is a constant. Integrating, the number n (x) of molecules which 
preserve their drift velocities after travelling a distance x is given by 

n (x) = Ne~^ .(13) 

the constant of integration being determined by the fact that n(0) 
must equal N, the total number of molecules present. For many 
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purposes, the ultimate consequences of equation (13) are identical with 
those of the cruder assumption that every molecule loses its drift 
velocity after travelling a distance precisely equal to l. If equation (13) 
is multiplied by x and integrated for all possible values of x from zero to 
infinity, the average path described by a molecule before losing its drift 
velocity is just l, which is thus the mean free path, as defined above. 


The relationship between mean free path and effective molecular 
diameter .—If we think of molecules as rigid spheres of diameter cr, 
the form of the relationship between l and a can be derived very 
simply. For two molecules “collide” if their centres approach closer 
than a distance <r. Fixing our attention on one particular molecule we 
may think of each of the others as presenting to it a circular target of 
radius a, and it will collide with another molecule if its centre is following 
a path that intersects the corresponding “target”. Alternatively, as 
our particular molecule moves forward a distance dx, we may think of 
it as sweeping out a cylinder of volume ir^dx, and a collision will occur 
if the centre of another molecule is found inside this cylinder. If there 
are N molecules per unit volume of gas, the probability of the centre 
of one or more being inside this cylinder is N-nt^dx, which is thus 
the probability of a collision occurring in the region dx of the path of a 
typical molecule. Comparing this with equation (12), we conclude that 




Thus, if l is known, a can be determined, a is known as the “gas- 
kinetic diameter”, and agrees roughly with molecular dimensions 
determined by other means (see Table VI, p. 315). /, the mean free 
path, is usually inferred indirectly from measurements of viscosity or 
thermal conductivity, but the experiments of Franck and Hertz on 
critical potentials of gases provide a means of measuring l directly. A 
gaseous ion, or electron, if it is moving with a sufficiently high velocity, 
can ionise other molecules by collisions. If a known electric field is 
applied the ions are accelerated between collisions, but, on an average, 
the resulting drift velocity is destroyed at each collision, the maximum 
drift velocity being equal to eEl/mc, where * is the charge on the ion 
and E the applied electric field. This follows from conservation of momen¬ 
tum, for eE is the force on the ion, while the time it takes to describe 
a mean free path is l/c. If the velocity necessary to cause ionisation by 
collision can be measured in some other manner, l can be determined from 
he critical value of the applied field necessary to cause ionisation The 
energy necessary to ionise an atom is accurately known from spectro- 
scopic data. Owing to the small mass of an electron, it can impart 
nearly all its kinetic energy to an atom with which it collides “ head-on ”. 
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Equation (14) has been derived by a very crude argument but is 
very nearly correct, various refinements that have been made in it 
tending to cancel one another's effects. The following are some of them: 

( a ) Taking account of the fact that both the “typical molecule” and 
the “target” are in motion [whereas in deriving equation (14) we 
assumed the target to be at rest], multiplies the expression for l by 
a factor f. 

(b) Taking account of the Maxwellian distribution of velocities 
modifies the factor -J to l/\/2. 

(c) Taking account of the point mentioned above, the persistence 
of part of the drift velocity after a typical collision, modifies the factor 
to 1-319/V2 (Jeans). 

(d) Taking account of the fact that the molecules are not rigid, but 
exert forces on one another. Sutherland arrived at the still more general 
formula 



which is practically the same as formula (14) except for the term K/T, 
K being a constant for each gas, which measures the effective reduction 
in the molecular diameter as the collisions increase in violence with 
rising temperature, that is the “softness” or compressibility of the 
molecule itself. This effect is negligible in monatomic or diatomic 
gases, but becomes important for such molecules as carbon dioxide. 

4. Relations between mean free path and the transport properties of gas 

Viscosity .—Viscosity is defined (see Chapter VI) as the tangential 
force which comes into play when layers of gas are slipping past one 
another, and is measured by the tangential force acting over unit 
cross-section when the gradient of velocity is unity. The viscosity of 
a gas is very simply explained by the kinetic theory, for let Fig. 48 
represent two small volumes of gas which are moving relatively to one 
another because of a velocity gradient in the y-direction. Now this 
means that a molecule in the upper small volume will have a slightly 
greater drift velocity than one in the lower small volume. Now the 
fact that molecules are continually travelling backwards and forwards 
between these two volumes tends to increase the momentum of the 
lower volume and to diminish that of the upper one, and thus to equalise 
the velocities of the two volumes. The corresponding force is the 
viscous drag. 




VISCOSIT V 



Consider a surface of unit area perpendicular to the y-axis. The 
number of molecules crossing it in unit time is JA'c, the factor £ arising 
because, if we consider a cube of gas of side unity, any particular molecule 
can leave this cube by crossing any one of the six bounding squares 
and Nc is the total number of molecules leaving unit volume per second. 
Let v x be the average drift velocity in this neighbourhood which will vary 
with y. The drift momentum carried upwards by these molecules is mv x 
for each one, on the average, corresponding to a total rate of transport 
of momentum of $ Ncmv x . On the average, a molecule after travelling 
a distance l, has suffered enough collisions to adjust its drift velocity 
to the value proper to its new surroundings, and its drift velocity is 

now v x Thus the rate at which all the molecules crossing the area 

dy 

from below gain momentum is ^Ncml-— t and those crossing it from 

k/ 

above, similarly lose momentum at the same rate. The total force acting 
on all the molecules crossing this 

1 I-• * + & 


.dv 


dy 


} 


v r 


FlO. 4S. 


area is thus \Ncml •=-£ and we 

d y 

arrive at the following theoretical 
expression for the viscosity 

7] — %Ncml .... (l(i) 

It will be noticed that we arrived at this result as a direct consequence 
of our definition of l as the distance an atom has to travel before its 
drift velocity is the same as that of its surroundings. This by-passcs 
the tricky questions we have mentioned already, of the number of 
collisions needed to destroy drift velocity and of what exactly constitutes 
a “collision” if the molecules are no longer represented as rigid spheres, 
but it still involves the concealed assumption that the mean free path 
is the same for molecules of all velocities. 


Heat conductivity .—If there is a temperature-gradient in a gas, 
there is a corresponding variation in the mean velocity c. If a typical 
molecule travels from a warm to a cold place, it will lose a little of this 
velocity and settle down to the mean velocity appropriate to its new 
surroundings after travelling, on the average, a distance l. 

Suppose that there is a temperature gradient along the y-axis, and 
consider the energy carried across unit area perpondicular to the y-axis. 
As in the derivation of the viscosity, the number of molecules crossing 
this area per second from below is |iVc. Let E be the total energy of a 
molecule, which will vary with y if there is a temperature gradient. 
On the average, a moleoule, after travelling a distance l, has suffered 
enough collisions to enable it to acquire the energy proper to its new 
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surroundings, so that the rate at which molecules crossing the area 
from below gain energy is {Nc x (energy gained while a typical 

d JS 

molecule travels a distance /), that is Similarly, the rate at 

which molecules crossing the area from above lose energy is the same, 
and the total rate of transport of energy across unit area is 


~,, 8EdT 



since dE/dT is, by definition of specific heat, equal to mC r , where m 
is the mass of a molecule and C v is the specific heat at constant volume. 
This argument holds whether we have a monatomic gas, in which case 
the energy E is entirely kinetic, or a polyatomic gas, in which case E 
also contains a part associated with the internal degrees of freedom of 
the molecule. Since either of these forms of energy can be lost or gained 
in collisions, both forms must be taken into account when we are 
considering the rate of transport of heat. We need not, however, 
consider the average potential energy in external fields such as gravity, 
because this is unaffected by collisions (see p. 119). 

Comparing formulae (1G) and (17) suggests the relation 


K = r)C v 


(18) 


and this is a relation that can be experimentally tested. More refined 
arguments, allowing more accurately for the interaction of the molecules, 
suggest that this simple formula might be in error by a factor of as much 
ns two, so that the results of the comparison are rather unsatisfying, 
and we can only claim “ order of magnitude ” agreement between 
theory and experiment. 


Diffusion and allied phenomena 

True diffusion is essentially a property of mixtures of gases or 
solutions. It is not possible to have two portions of a pure gas at 
different densities without there being also a difference of pressure or 
of temperature or both, in which case the mechanisms of thermal 
conductivity and viscous flow will also operate. We might, however, 
separate two portions of gas at different pressures, but at the same 
temperature, by a metal foil pierced with small holes, or a filter paper. 
If the length of the pores is short compared with the mean free path, 
then the process by which the concentrations are equalised is distinct 
from viscous flow, and is known as effusion. If we have iV, molecules 
per unit volume on one side of a pore of area A, the number falling 
normally on the pore is \N x cA (sec p. 125), while, if there arc N t mole¬ 
cules per unit volume on the other side, the number falling normally on 
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the pore from that side is %N&A, and, if the length of the pore is short 
compared with the mean free path, all molecules falling on the pore 
travel through it, so that 

a (N, - n 2 ) 

cl 

Thus for a given piece of apparatus, whose total pore area is fixed, the 
time-constant associated with effusion is inversely proportional to c, 
that is, it is proportional to Vl'/m, since mcr = ZkTj'2. This result 
is known as Graham’s effusion law and has been used for the determina¬ 
tion of molecular weights. 


\Ac (N x - A,). 


Thermal transpiration .—Let us now suppose that two portions of 
gas are separated by a porous plate, and maintained at different 
temperatures. Then, as was discovered by Osborne Reynolds, con¬ 
ditions eventually settle down to a state of affairs in which there is no 
net flow across the plate, yet there is both a pressure and a temperature 
difference between the two sides. If N lt N 2 , are the number of molecules 
per c.c. on the two sides, and Cj, c g , the mean velocities, then the condition 
that there should be no net flow through the plate is evidently that the 
total number of molecules falling normally on two ends of a typical 
pore of area A should be equal, that is 

A r , CjtnA N^cpnA 

6 “ 6 


or, since />, = ^Npnc, 2 and p 2 = £ N 2 mc 2 


Vi _ £i _ \/T x 

p 2 c 2 T t 


( 1 ») 


Again, this formula holds only if the mean free path is large compared 
with the dimensions of the pores, that is, at very low pressures. At 
higher pressures, the effect is disturbed by the backward flow of gas 
through the pores as the result of ordinary viscous flow, which 
will begin as soon as any pressure-difference appears. A more 
refined investigation, covering all pressures, has been given by West, 
who finds that formula (19) is only a limiting one at low pressures, and 
that at high pressures the ratio of pressure and temperature differ¬ 
ences depends on the viscosity of the gas and the size of the pores, 

while equation (19) suggests a relationship depending only on the 
temperatures. 


Thermal diffusion .—The circumstance that, at higher pressures, 
the relationship between pressuro and temperature differences deponds 
on the nature of the gas has been exploited in the separation of isotopes. 
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If a mixture of two gases of different masses (even if identical chemically) 
is subjected to the treatment just described, then, at very low pressures, 
each gas separately will obey equation (19), and there is no difference 
in the relative concentrations on the two sides of the plate. If, however, 
a higher pressure is used, the difference in masses of the two types of 
molecule begins to be effective (principally because of the influence of 
the molecular mass on viscosity) and, by careful control of the con¬ 
ditions, an appreciable separation can be obtained, even if, as in 
uranium compounds, the ratio of the molecular masses differs only 
slightly from unity. 


True diffusion .—We have described all these allied effects first in 
order to draw attention to the difficulty of staging an experiment in a 
gas in which “true” diffusion can be observed apart from any other 
phenomenon. The phenomenon is best studied in liquids and solutions, 
where the influence of pressure is quite small. It is, however, instructive 
to work out a theory of the diffusion of “foreign” molecules in a vessel 
containing gas. Pairs of gases have long been known which have 
practically equal molecular masses and very similar external electronic 
configurations. From the point of view of the kinetic theory of gases 
the interactions and effective molecular diameters of such molecules are 
practically identical, but they can be distinguished chemically. A 
classic example of such a pair of gases is carbon monoxide (CO) and 
nitrogen (N 2 ). Another way in which one can “label” certain molecules 
is by replacing some or all of their atoms by radioactive isotopes , which 
are chemically identical with ordinary atoms but differ from them in 
having unstable nuclei, and can thus be used in the same way as “ tracer ” 
bullets. Let us suppose, then, that we have a mixture of two gases 
sufficiently alike to possess a common root-mean-square velocity and 
mean free path. Suppose that N a , the number of one type of molecule 
varies with position along the y-axis, and consider the number of 
A -molecules crossing the area from below. These have, on the average, 
travelled a distance / since their last collision, so that this number is 




% 

while the number crossing it from above is similarly 

so that the diffusion coefficient D, defined in a way analogous to that of 
heat conductivity, as the net mass of gas crossing unit area per second 
per unit density gradient, is \cl. Inserting numerical values for c 
and /, this gives a value of the order of 0-1 C.G.S. units for ordinary 
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conditions. The corresponding figure for the diffusion coefficient of a 
solid or gas in a liquid is very much smaller, 10~ 5 C.G.S. units being a 
typical value. It is indeed common knowledge that diffusion in 
liquids and solutions is always comparatively slow, but diffusion in 
gases is rapid. If, for example, a gas jet is turned on in a room, the 
smell becomes noticeable at the far side of the room within a few seconds, 
which is consistent with the diffusion coefficient, in C.G.S. units, being 
of the order of unity. For the reasons already stated, diffusion 
coefficients in gases are hard to measure accurately. In Chapter VIII 
we shall derive the equation governing the variation of concentration of 
a diffusing solution, but the equation is equally applicable to the 
diffusion of one gas into another. The kinetic theory leads to the 
result: rate of transfer oc concentration gradient, and from this an 



equation of exactly the same form ns that in Chapter VIII (p. 228) 
can be derived. ‘ ' 

Diffusion pumps. One very important application of the diffusion 
ot gases into one another is the diffusion pump (Fig. 49). The design 
ot such pumps has now become a highly specialised subject, and such 
pumps are much used when high pumping speeds or extremely low 

Wante , d - The principle 0f the pum P 3 is > however, extremely 
p e. Suppose that the vessel to bo evacuated is connected to a porous 
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inermri f 16 ^ dl f U6m S out of the P ot rapidly swept away by the 
falline * c”*"*' S ° that the prcssure of g Q s inside the pot is constantly 
cTSL* Tf CUIJ Vap ° Ur WH1110 doubt Effuse into the pot, but it 
rter , ? the vesscl bei "g evacuated by interposing 

rrt h rr p (i . iength ° f tub °' c °° ied * cob 

nXbt, X * temperatur ° •* wWoh vapour pressure is 

g pole). -\\ hen the mercury vapour has left the neighbourhood of 

1 • O. M., T. 

0 







130 


THE KINETIC THEORY OF GASES 


the porous pot it can be condensed, and the gas that it has swept away 
is then removed from the apparatus by a so-called “backing pump” 
(which can be a mechanical pump as long as it is capable of maintaining 
the pressure in the apparatus at less than 1 mm. of mercury). The 
liquid mercury can then be returned to the reservoir to be vaporised 
once more. In practice, the porous pot we have postulated is replaced 
by carefully designed slits, the object being to secure maximum 
outward diffusion of the gas to be pumped and minimum influx of 
mercury vapour. For extremely low pressures special oils of low 
vapour pressure have been developed to replace the mercury, and, with 
some of these oils, the liquid-air traps can be dispensed with. 

5. Phenomena at low pressures 

One very striking consequence of the kinetic theory of gases is that 
the coefficients of viscosity and thermal conductivity only involve the 
mean free path / through the product Nl, and equation (1*4) suggests 
that this should be a constant, independent of the pressure. W e thus 
arrive at the remarkable conclusion, first predicted by Maxwell, that 
the viscosity and thermal conductivity of a gas should be independent of 
pressure. (They are not independent of temperature, because they 
depend on c.) This very surprising prediction was investigated 
experimentally and verified down to very low pressures, of the order of 
a fraction of a millimetre of mercury. (It will be noticed that a 
prediction of this kind is exempt from the major bugbear of kinetic 
theory, the uncertainties in the theoretical numerical constants.) 
From the physical point of view, the result is reasonable enough, the 
longer mean free path at low pressures just compensating for the smaller 
number of molecules available to transport momentum or energy. 
Nevertheless, the quantitative verification of this conclusion must be 
regarded as one of the major triumphs of kinetic theory, and it is strong 
evidence for the soundness of the mean free path concept. 

Further support for this point of view is provided by the fact that the 
departures from Maxwell’s prediction at very low pressures can also be 
given a reasonable interpretation. These departures arise because the 
mean free path is becoming comparable»nth the dimensions of the apparatus, 
in which circumstance collisions with the walls become the controlling 
factor rather than collisions between the molecules, and such concepts 
as viscosity and thermal conductivity cease to be applicable. A gas at 
such pressures is often known as a Knudsen gas, in recognition oi 
Knudsen’s extensive work on the behaviour of gases under vacuum 
conditions. The theory of these phenomena is usually quite easy it 
extreme “Knudsen” conditions are assumed, but it is much more 
difficult to deal with the intermediate range of pressures. We Have 
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already met the changes that occur iu the formulae governing thermal 
transpiration as the pressure is altered, and similar changes occur in 
the formula governing the flow of gas in tubes. At high pressures, the 
gas obeys Poisemlle’s law (p. 149), and the gas behaves just like a viscous 
hqind, the flow being proportional to the fourth power of the radius 
of the tube. We shall now investigate the flow on the assumption, due 
to Knudsen, that, during its travel across the tube, a typical molecule 
is accelerated by the pressure-gradient down the tube, but loses this 
drift velocity completely on collision with the wall. This would be the 
case if the surface of the wall were molecularly rough, so that the direction 
of travel of a molecule after reflection bears no relation to its direction 
on mcidence ActuaUy, this assumption is an over-simplification, and 
nolecule colliding with the wall may retain a little of its drift velocity. 

allow r \ P COe ^.i ent has been introduced by some workers to 
allow for such a possibility. This coefficient must not be confused 

with the accommodation coefficient, defined below (p. 134). On the 

assumption that no drift velocity is retained after a collision we may 

calculate the rate of flow through a tube of radius R as follows* the 

is of the o l 7P1C f m0,eCul ? traVels between collisions with the walls 
s of the order of magnitude 2 R (this being the figure for a molecule 

leaving a wall at right angles, but the value for other angles might be 
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w here the constants A and li can be adjusted to agree with the Poiseuille 
type of flow at the high-pressure end, flow proportional to R 4 /^, and to 
the Knudsen type at the low-pressure end, flow proportional to R 3 /c, 
the constant A of course depending on the slip coefficient. This is 
found to give a satisfactory interpolation formula. An analogous 
type of correction was made by Millikan in his experiments on the 
motion in air of very small oil-drops under an electrostatic field of force 
or gravity, for the determination of the electronic charge. He found 
that when a, the radius of a drop, became comparable with l, the drops 
tended to fall faster under gravity than was indicated by Stokes’ law 
(p. 154) for the fall through a conlinuous viscous medium, the granular 
structure of matter becoming important. He found it possible to 
describe the departure from Stokes’ law by means of a factor of the 
type (1 -f- Ca/l) analogous to that occurring in equation (20). 

Equation (20) is of great importance in the design of pumping 
apparatus for producing high vacua. It shows that, if full advantage 
is to be taken of the high pumping speed of powerful pumps, the tubes 
connecting them to the apparatus must be wide and short, anil must 
contain no constrictions. If these precautions are neglected, it may 


easily happen that, for a given pumping speed Q , 7 ), — j> 2 in equation 
( 20 ) becomes comparable with the pressure (perhaps a small fraction ol 
a millimetre of mercury) that one is trying to reach, in which case the 
pumping speed is limited by the dimensions of the connecting tube 
rather than, as it should be, by the design of the pump. 

In deriving equation (20) we appear to have neglected intermolecular 
collisions altogether at very low pressures. We are indeed assuming 
that a typical molecule collides with the walls far more often 
than with other molecules, but this is not at all the same thing as 
neglecting the latter type of collision altogether. When we speak of 
molecules being “accelerated along the tube by the pressure-gradient 
between collisions with the walls, we arc really using an idea that is 
more appropriate to a continuous medium, and it is not easy to see how 
a typical molecule flying across the tube can be accelerated along it, 
unless it makes at least one eollision with another molecule. This is a 
typical illustration of how “ hydrodynamic ” concepts, appropriate to a 
continuous medium, break down for a Knudsen gas. The situation 
could be rather better stated in this way: a gradient of pressure down 
the tube implies a corresponding gradient of density whether the m 
free path is long or short), and the effect of intermolecular collisions is 
to secure that there is a net flow of gas from the higher density to the 
lower density regions, at exactly the rate corresponding U,i thepressure- 
difference Put in another way, the random velocities of the molecules 
“eir mutual collisions ensure that there will be a ne, flo,o of gas 
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from regions of higher density to regions of lower density. At the same 
time, the collisions with the walls give rise to the pressure. lu an 
ordinary gas or liquid, we are accustomed to think of the pressure- 
difference as being the “cause” of the flow from one place to another, 
hut it is equally possible to think of the flow as being the “cause” of 
the pressure-difference, and this point of view is definitely preferable 
for the Knudsen gas. The pressure-difference between the ends of the 
tube is fixed by the principle of conservation of momentum, once the 
rate of flow has settled down to a steady value. 

A very similar problem is to determine the force acting on a surface 
moving tangentially. ]f the velocity of the surface is U along the 
.r-axis, then we are to suppose that the molecules striking it have, 
before impact, an average velocity component along the .r-axis of zero, 
whereas, after striking it, they have an average velocity component of 
U in this direction. The number of molecules falling per second on 
unit area of surface is £iVc, and the tangent ive force on unit area is, by 
conservation of momentum, ^NmcU. 

This result can be applied to the quartz fibre manometer. This 
consists simply of a stretched quartz fibre, and a pressure measure¬ 
ment is taken by setting it into vibration and determining the 
logarithmic decrement of its oscillations. Since the force is proportional 
to the velocity, the theory of the damped harmonic oscillator (p. 285) is 
applicable, according to which the logarithmic decrement is proportional 
to the damping force. Under “Knudsen” conditions, the mean free 
path of the molecules is large compared with the radius of the fibre and 
the probability of the same molecule colliding a second time with the 
fibre before making many collisions with the walls is very small, so that 
none of the momentum imparted to the gas ever returns to the fibre. 
(Under ordinary conditions of short mean free path some of it would.) 

In such circumstances we may assert that 

log-decrement = A + BN me 
°f, since me 2 = ?.kT 


log-decrement = A -f- NB'VmT . (21) 

•I bt ir e 4™P resents tbe damping due to friction in the quartz fibre 
Jtself. The constant B' is best determined by calibration of the mano¬ 
meter against a MacLeod gauge. It must, however, be remembered that, 
n a manometer of this kind, the presence of mercury or other vapour 
n the apparatus wdl also result in a contribution to the damping of the 

MacLeod gTuge 11 PrCSSUre W * 11 n0t contributo to the recording of the 

„ nn A sec ° nd application is the Dushman molecular gauge. This 
consists of two parallel discs, one of which can bo rotated by a speoW 
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type of synchronous motor, while the other is suspended on a torsion 
fibre. Under “Knudsen” conditions, assuming a slip coefficient of 
zero, one may safely assume that nearly all the momentum carried away 
from the rotating disc by the mechanism outlined above will be trans¬ 
ferred to the-other disc, provided that the discs are spaced at a distance 
small compared with the mean free path. The constants of this gauge 
can, in principle, be predicted theoretically if edge effects are eliminated 
by means of the well-known “guard-ring” principle, the suspended 
disc being surrounded by a fixed ring in its own plane (Fig. 50). 


The radiometer. The accommodation coefficient 


It is now natural to ask how phenomena involving heat-transfer 
are affected at very low pressures. The fundamental mechanism 
becomes extremely simple: we are to think of a typical molecule 
striking a heated surface and rebounding with an increase of its kinetic 

energy, some of which increase may be 
I transferred to the next surface it strikes. 

L FIBRE However, it does not necessarily follow that 
l l I 1 1 i i an average molecule rebounding from a hot 

surface has a kinetic energy corresponding 
j_precisely to the temperature of that surface. 

> I - ] Knudsen introduced the conception of the 

/ v y accommodation coefficient defined in this 

/ way: let a typical molecule from a gas at 

rotating DISC a temperature T strike a surface at a 

Fio. r>0. temperature T v Let T' be the temperature 

corresponding to the average energy of 
such a molecule on leaving the surface. We then define the 


ROTATING DISC 

Fio. r>o. 


accommodation coefficient as the ratio (T' — T)'(T 1 — T), which may 
vary between zero and unity. A typical value is 0-5 for a metal 
surface covered with adsorbed gas, but Roberts showed that the value 
for a clean metal surface may be very much smaller (of the order of 
0-05). This quantity is quite distinct from the slip coefficient (p. 131), 
which is concerned with velocities rather than temperatures , and is 
often assumed to be zero, though it is difficult to measure accurately. 
The accommodation coefficient can, however, be measured directly, the 
best method being to stretch a fine wire along a cylindrical tube, heat 
the wire electrically, simultaneously measuring its resistance by means 
of a Wheatstone-bridge circuit. One can thus get a relation between 
the temperature and the rate of loss of heat from the wire. If the 
pressure is low enough for the mean free path to become long compared 
with the diameter of the wire, a typical molecule leaving the wire will 
make a great many collisions with the wall, and will therefore possess a 
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mean kinetic energy corresponding to that temperature, before it 
strikes the wire again. Since we know the number of molecules 
striking unit surface of the wire at a given temperature and density, we 
have a direct measure of the energy lost by the wire to an average 
molecule, and so of the accommodation coefficient. 

If a molecule acquires extra energy on rebounding from a heated 
surface, and we have “Kuudsen” conditions, so that the molecule 
strikes the walls several times before reaching the surface again, it 
follows, by conservation of momentum, that there must be a net force 
normal to the surface. For if c x is the mean velocity corresponding to 
the temperature of the rest of the apparatus, while c a is the mean 
velocity of the molecules on leaving the surface, the momentum 
imparted to the surface per unit area per unit time is proportional to 
mNc^ (cj c,). If T is the temperature of the apparatus, corre¬ 
sponding to Cj and T AT the temperature of the surface, then, by 
the definition of the accommodation coefficient a, the temperature 
corresponding to c 2 is T -f aA T. For small A T, the force on the 
surface is therefore proportional to 

mNl*[(T + aAT)* - T*] ImNaAT. 


This effect is the basis of the Crooke's radiometer, which makes 
evident the net force on a vane, one side of which is polished, the other 
blackened. If this is exposed to radiation the blackened side becomes 
hotter than the polished side and there is a larger force on the blackened 
side. By mounting several such vanes on a “spider*’ freely pivoted, 
we get an instrument that can be used to detect thermal radiation, 
though it is not often used as a measuring instrument. The effect 
becomes small at very low pressures because of the small value of N, 
and practically disappears at high pressures because the mutual 
collisions between the molecules secure a practically uniform tem¬ 
perature m the surrounding gas on both sides of the vane. The effect 
is thus a typical “ Knudsen ” one, requiring a long mean free path before 
,fc becomes manifest. It must not be confused with radiation pressure, 
which (i) is a physical effect of the radiation itself, (ii) is of a smaller 
order of magnitude, (m) is nearly twice as great on a polished surface as 

on a blackened one, and (iv) exists quite independently of whether auy 
gas is present or not. y 

The radiometer effect has been exploited by Knudsen in his so- 
called absolute manometer. Its principle is illustrated in Fig. 51 
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manometer arises from the fact that the force is independent of the 
nature of the gas ami therefore measures the total pressure of all gases 
and vapours present. It does, however, require knowledge of the 
accommodation coefficient of the surfaces, but this can be determined 
by a separate experiment of the type already described (p. 135), or the 
gauge can be treated as non-absolute and calibrated against a MacLeod 
gauge, due account being taken of the possible pressure of vapours, as 
mentioned above (p. 133). 

6. Concluding remarks 

Enough lias been said to prove the very great value of the concept 
of the mean free path. Like many other useful ideas, it is clear enough 
intuitively, but it becomes extremely difficult to write down a precise 

definition that shall cover every possible case. 
There is no particular difficulty about extending 
the mean free path concept to cover cases, such 
as gases at very high or very low temperatures, 
in which a quantum-mechanical treatment of 
molecular collisions becomes advisable. The results 
of such calculations arc nearly always presented 
as a collision cross-section. Having defined a 
particular type of collision, resulting in, say, the 
deflection of the path of the colliding atom 
through more than a certain angle, it is then 
possible to define a “target area” associated 
with each molecule, which must be ' hit” by 
another molecule in order that a collision of the 
specified type may take place. We have already 
seen how closely the classical notions of “target area” and mean free 
path arc related (p. 123). 

One of the main reasons why the kinetic approach to liquids has 
not led to any very spectacular advances in theory is that the mean 
free path concept ceases to have any real utility. In the first place 
the “free volume” in liquids and solids is always comparable with 
the actual volume of the molecules themselves. This means that 
collisions occur each time a molecule travels more than about a diameter, 
and the “ mean free path ” hardly changes with pressure and temperature. 
Secondly, a simultaneous collision of three or more molecules is a 
comparatively rare event in a gas, and such collisions can safely be 
neglected, but this is no longer so in the much denser liquids and 
solids, in which simultaneous collisions of three or four molecules are 
nearly as frequent as binary ones. 






KXAMPI.ES 


137 


BIBLIOGRAPHY FOR CHAPTER V 

J. K. Roberts, Heat and Thermodynamics. 4th Eiln. Blackie, 
London and Glasgow (1951). 

J. H. Jeans, Dynamical Theory of Gases. C.U.P. (1921). 

J. H. Jeans, Introduction to Kinetic Theory of Gases. C.U.P. (1940). 

L. B. Loeb, Kinetic Theory of Gases. 2nd Edn. McG raw-Hill, 
New York (1934). 

F. H. Newman, Production and Measurement of Low Pressures. 
Benn, London (1928). 

M. Knudsen, Kinetic Theory of Gases, Methuen Monograph. 3rd 
Edn. London (1950). 

J. C. Maxwell, Scientific Papers, Vo). I. C.U.P. (1890). 

J. K. Roberts, Some Problems in Adsorption. Cambridge Physical 
Tracts (1939). Revised by A. R. Miller (1951). 


Examples on Cliapter V 

1. Calculate tho root-mean square velocity of hydrogen molecules at N.T.P., 
outhnmg any assumptions you make and tho derivation of any formulae you need. 
(Mass of hydrogen molecule, 3 x 10- g. ; Avogadro s number. C x 10“ 
mol./g.-mol.; gas constant, 8-5 x 10 7 ergs/iuol./degroo C.) 

m i*n iS,i , n8 . Ui3h “ rCfuUy b ° twCOn tho conc °pt s of “mean free path” and “mean 

mmntitics r" > ***' DcriV ° a r ° Ugh formu,,k for th « ratio of these two 

quantities in a gas. Is it ever possible for this ratio to approach unity? 

K , X r Iftin h °: ° f no “ n derivo * theoretical value for the viscosity of a gas 

sphorcs of know " di —^ «*» 

4. “Tho concept of tho viscosity of a gas ceases to havo a definite meaning at 

D,,CUS> lhi! ' Sl “ tcracn ‘' it i.. nny way y„„ ihiak 

vn-Ln of To-tmm" 1 r mPfag ,PC ^, “ 40 ^ U8C ‘ 1 lo •«<»•«• apparatus <o a 
prt satiro of 10 mm. of mercury. What considerations determine tho dcmrti of 

tho tubes used to connect tho apparatus to tho pump? 8 

coir^r Pri " 0i, ' 1C, ' “ ■*““ ‘“ hV “ n ,h0 *«T — thorn,..! 
7. Doscnbo and explain tho phenomenon of thermal transnira»te« i 

ESHSS=jE?=F 

phenomenon modified as tho pressure rises? V 18 th ° 



CHAPTER VI 

HYDRODYNAMICS 

1. Introduction 

In Chapter I\ we have established a number of results about the 
behaviour of solids, on the assumption that they are continuous media, 
described by quantities such as density and the elastic moduli, which 
are treated as varying continuously from point to point. We have 
indicated roughly how such conceptions may be justified on the basis 
of the kinetic theory of matter, and, in Chapter V, we have shown how 
the properties of gases, not too near the liquid region, can also be 
interpreted satisfactorily on a kinetic basis. In the present chapter we 
shall see how far the properties of a liquid can be interpreted on a 
“continuum’’ basis, and, in Chapter VII, we shall examine some of the 
attempts that have been made to build up a kinetic theory of liquids 
corresponding to the kinetic theory of gases. 

2. Definition of a liquid. Viscosity 

As usual, it turns out to be a difficult matter to set up a logically 
precise definition of a liquid. Perhaps the best and most usual definition 
is that a liquid is incapable of permanently resisting a shearing stress, 
though it does resist compressive stresses, and, as we shall see in 
Chapter VII, tensile stresses also. This means that it does not, like a 
gas, at once fill any vessel in which it is placed, though it will, in the 
course of time, accommodate itself to the shape of the vessel. The 
time taken by a liquid to settle down to its final shape, after transfer 
to another vessel, is a very important property. This time may vary 
from a fraction of a second for mobile liquids such as water and 
ether, through minutes for such liquids as treacle, glycerine, or heavy 
oil, to hours and days for such bodies as pitch and cobbler s wax, 
which are, for most practical purposes, solids, though they must bo 
regarded as liquids according to our strict definition. 

Shear viscosity. —It is customary to describe the yielding of a liquid 
to a shearing stress by means of the coefficient of shear viscosity, which 
is defined as the tangential force per unit area acting between two layers 
of fluid per unit velocity gradient in a direction perpendicular to the layers. 
This definition is closely analogous to the definition of the rigidity 
modulus of elasticity (p. 81) the difference being simply that, in the 
definition of viscosity, rate of change of shear replaces the shear itself 
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which occurs in the definition of rigidity modulus. This definition is 
equally applicable to a liquid or gas. 


Expansion viscosity. —The question of what happens when the rate 
of change of shear associated with the tangential motion is nearly zero 
now arises. An example of this situation is a sound-wave so far from 
its source that it may be treated as nearly plane. There is, in such a 
wave, a difference in stream velocity along the direction of propagation 
of the wave, that is, in the same direction as the stream velocity 
itself. If we refer to the derivation of shear viscosity in the kinetic 
theory of gases (p. 124) we find that viscosity is to be attributed 
to the transport of drift momentum by the molecules. This transport 
of momentum takes place in all directions, in particular such transport 
occurs along the direction of propagation of a sound-wave, from the 
regions of high to regions of low stream velocity, and thus tends to 
damp out the sound-wave. In this way we arc led to the idea of 
a coefficient of expansion viscosity, defined as the normal force per unit 
area per unit velocity gradient acting between two layers of fluid in a 
direction perpendicular to the layers. It may also'be expressed, by 
analogy with the bulk modulus of elasticity, as 


P ressur e opposing expansion or contraction 

- it ■ . n > - - • ■ - - — 


fractional rate of change of density per unit time* 

Maxwell proved the following relationship between the two co¬ 
efficients of viscosity in a gas on the basis of kinetic theory. 

Expansion viscosity 1 
Shear viscosity ~ 3 

As we shall see in the next chapter, the mechanism causing viscosity of 

ren^ qiUd f 13 k"r™ 7 dlfTcr,int from tlmt ™ting in a gas, and there is no 

e^w!VfiT? “* SUCh .* relationsl »iP the above, the available 
evidence definitely pomts m the other direction. In this book unless 

min shoT amn8 ° bvi0 , US ’ thG tGrm “ viscosifc y” is to bo taken to 
unle,, H V T° 7 - and lt 18 turned that the relation is obeyed 
un ess the contrary is stated. It should be mentioned that some 

iters speak of a fluid obeying this relation as having “zero coefficient 
of second viscosity”, but it has seemed to the write? more natural lo 

elasticity” 40 4h ° 4 "“ “ * of 

PoCnt Jo d0eS “ 0t SMm 40 be -aloguo" of 

t«rZ be f COnCept °f viscosity cannot be interpreted physically oxcont in 

hvdldlT 1110 m ° leCul ; r h yP°tho3is. Nevertheless, one cannot develop 
hydrodynamics very far without introducing such a concept iZ 
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consequences of assuming that the viscosity of a fluid vanishes can, in 
many cases, be worked out. exactly, but they are, in several respects, 
utterly unrealistic. (We conclude, for example, that no force opposes 
a solid body moving steadily through a liquid.) On the other hand, 
there are quite a number of results in hydrodynamics which are 
independent of the numerical magnitude of the viscosity, and hold, 
provided only that the viscosity is “small” in a sense that will be 
explained more fully later (p. 154), but these results cannot be deduced 
if one assumes that the viscosity is rigorously zero to begin with. 

Non-Newtonian Jluids. —From the kinetic theory of gases we can 
deduce that the stresses should be proportional to the rates of deforma¬ 
tion, at all events up to velocities comparable with the (very high) 
velocities of thermal agitation. A fluid showing such proportionality 
is usually described as Newtonian, a fluid that does not is non-Neiclonian. 
Since the mechanisms producing viscosity in a liquid are still rather 
uncertain, one cannot say a priori whether a liquid should be Newtonian 
or not. In fact, nearly all pure liquids are Newtonian, but many 
colloids, solid-liquid mixtures, and solutions of long-chain molecules, 
are non-Newtonian. The lack of linearity may be in cither direction, 
the stress may increase either more, or less, rapidly than the velocity- 
gradient. The latter behaviour occurs in quicksand (roughly a sand- 
clay-water mixture), and is known as thixotropy. 

It is seldom necessary to consider anisotropy in the mechanical 
properties of a liquid, though it can occur with plate-like or with very 
long and thin molecules, an example being a solution of tobacco mosaic 
virus in water. Such systems are sometimes called “liquid crystals”, 
but we shall not deal with them in this book. 

3. The equations of hydrodynamics 

In hydrodynamics we use the words “particle’ and “particle- 
velocity” in a special sense. They refer to volumes of fluid whose 
dimensions are physically small compared with other lengths entering 
into the theory, but which are, nevertheless, largo enough to contain a 
great many molecules. The “particle velocity” is not the velocity of 
a single molecule but the average over a great many molecules, that 
is to say it corresponds to the drift velocity introduced into the kinetic 
theory of gases (p. 122). A term that is also often used to describe 
this velocity, the velocity of translation of a small volume of fluid, 
is stream velocity, which is treated ns varying continuously from place 

to place. „ , -.-I 

We arrive at the equations of hydrodynamics, first by writing down 

the condition that fluid is conserved, any change in the mass of fluid 
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within a small volume being equated to the total flux into or out of that 
volume, secondly, by equating the mass times acceleration of the small 
volume to the total force acting on it. These forces are of three 
distinct kinds: 

(o) They may arise from the direct action of an external field of 
force on the particles. The most usual force of this kind is that of 
gravity, but other external forces, e.y. electrostatic, are equally effective. 

(6) They may arise as a result of hydrostatic pressure, which is 
simply another way of describing the mutual forces between neigh¬ 
bouring elements of liquid, supposed to be at rest relative to one another. 
One must distinguish very carefully between the gravitational force 
acting on a particle of fluid because of its weight, and the forces exerted 
on the particle by the particles surrounding it. For hydrostatic 



Flo. 52. 

equilibrium, the net force on any particle is zero, the effects of gravita¬ 
tion and hydrostatic pressure balancing, but this need no longer be so 
if the particle is in motion. 

(c) They may arise as a result of viscous forces between layers of 
fluid in relative motion. 

The equation of continuity .—Let Fig. 02 represent a small cuboid 
with sides dx, dy, dz. The rate of increase of the mass contained within 

the volume is clearly .dxdydz , where p is the mean density. The 

flux across the surface A'B CD' into the volume is pv x dydz, whore v x 
is the stream velocity in the x-dircction averaged over this small area* 
The flux across ABCD out of the volume is pv x dydz , and the difference 
in the flux across the two surfaces must either remain in the volume or 
else pass across one of the other four surfaces. This difference arises 
because p and v x may both vary from point to point. (This is to bo 
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taken in the macroscopic sense, and does not mean that the molecular 
structure of the fluid is being considered.) The difference between 

P v x at the planes A'B'C'D' and ABCD is - ~ ( p v x ) dx, by the 

( J 

definition of a differential coefficient. There will be similar contribu¬ 
tions to the net rate of flow of matter into the volume from the other 
two pairs of faces, so that we have finally 

—dxdydz = dxdydz — (pv x ) -f two similar termsJ 

dp d , d d 

or dt + Ji (pV * ] + {pl ^ + aZ (p v >) = ° . (1) 

We must be careful to notice the exact meaning of the velocity 
components v x , v u , v t . In the customary way of formulating hydro¬ 
dynamics, the hulerian formulation, these quantities refer to the 
components of the stream velocity at a given point in space. The 
motion of the fluid is completely described by the variation of these 
quantities with time at each point in space. This variation is not the 
same thing as the history of a particular “particle” of fluid, because, in 
general, a given particle moves about in the fluid, whereas v x , etc., 
refer to the local stream velocities at a fixed position in space. This 
difference can often be neglected, but it is necessary to attend to it 
when we are writing down the acceleration equation. 

It is possible to formulate hydrodynamics in such a way that the 
history of all the individual “particles” is traced as they move about 
in the fluid. This is called the Ixigrangian formulation of hydro¬ 
dynamics. It is mathematically equivalent to the Eulerian formulation, 
but the resulting equations aro usually cumbersome. Thcso are, 
however, certain special problems for which Lagrange’s method is 
simpler, but we shall not meet any of them in this book. 

The acceleration equation. —We equate the net force on a particle of 
fluid to its mass times acceleration, and, in writing down the acceleration 
we encounter a difficulty not unlike that which occurs when we attempt 
to write down the radial and transverse accelerations of a particle 
moving in an orbit (p. 21). In the former case the difficulties were 
caused by the fact that what we wanted was the change in velocity 
along a fixed direction. Here, what we want is the change in velocity 
associated with a particular particle of fluid. We may safely equate 
the velocity of a particular particle to the local velocity at that point 
in the fluid, but we may not say that the acceleration of a particular 
particle is dv x ldt. For in a small time dt, our particle has travelled a 
distance dx along the X-axis, dig along the Y-axis, etc., and our change 
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in velocity of that particle in the time dt is given by v x (x -f- dx, y + dy, 
2 -f- dz, t -f- dt) — v x ( x , y, z, t), where dx, dy, etc., are not independent 
of dt, but are so chosen that x, x -f- dx, are successive ^-coordinates of 
the same particle. The condition for this is dx^dt = v x , and similar 
relations hold for dy and dz. 

Thus, the acceleration is to be calculated from the following 
expression 



n 4 

dt—rO (lt 



where the expression in the square brackets represents the total change 
in velocity due to varying all four independent variables. This 
expression is quite general, and is a direct deduction from the definition 
of differentiation. If now we want the difference in the successive 
velocities of a particular particle, the ratio of dx to dt must be properly 
chosen, must in fact be equal to v x , and so on. 

Thus we arrive at the following expression for the acceleration 




+ 


dv x 


dx 



Applying Newton’s second law to a small volume of sides dx dt/ dz 
we have J 


( 


ch) x 

~dt 


i & v x 


d y 


CV-\ 

+ v t~fc ) dxdydz — 


V 

g x + viscolls force ) dxdydz .(2) 

where F, is the external force acting in the Jf-direction on unit volume 
ihe term 3P/& arises because, if there is a change in the pressure as 
x varies, there will be a force P iy dz acting on the area A'B CD' (Fig. 52) 

of the small element, while there will ho a force (p + <£r|?) dyiz 

acting backwards on the area ABCD. The general derivation of the 
™eous force is complicated and the reader is referred to Lamb's 

°u deto, ' S ' 11 is bettcr dcrive ab the expression 
apphcuble to each particular problem, which can usually be done quite 
easily directly from the definition of viscosity. q 

the m^ion' 1 nf < ! ) <2> T ?°‘ theoretically sufficient to determine 

state some rLl 13 , neCCSSar ? to «me the equation of 

raIatlon between p, the density, and P, the pressure Two 
assumptions frequently used are: 1 

...if.:::, avi-i - 
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(b) The “ acoustic ” assumption.—p is supposed to be a linear 
function of P. All substances have a range of values of P for which 
this is true. 


4. Some solutions of the equations of hydrodynamics 

We now have three equations of type (2) together with equation (1), 
and we have four dependent variables (u x , v v , v z , and p or p), but even 
now the solution is not determinate. As is well known, the unique 
solution of a set of differential equations requires a careful specification 
of the initial and boundary conditions. When we do this, it often 
turns out that an actual problem is too complicated to solve. The 
tendency, therefore, has been rather to compile “collections” of 
particular solutions of the equations, and to use them as a means of 
gaining physical insight into more complicated problems. In this 
respect hydrodynamics resembles stress analysis, electromagnetics, and 
other branches of “field-physics.” We shall now examine a number 
of such simple solutions. 


A. Hydrostatics 

This case is the simplest of all, the particles being at rest. We then 
have dP/dx = F x , dPjdy = F v , dP/dz = F z . If the external field 
is gravity, acting in the negative z-direction, we have F x = F v = 0, 
F. = — py. We thus obtain the well-known law of hydrostatics that 
pressure depends only on the depth, which we have arrived at by con¬ 
sidering the equilibrium of a particle of fluid under its weight and the 
resultant hydrostatic force. For a liquid, p is practically constant and 
dP/dz = — py implies that P = P 0 — pgz, that is pressure increases 
linearly with depth. For a gas, the relation between density and 
pressure is P = NkTp, where N is the number of molecules per unit mass, 


so that Nkl 



— py, which integrates into 


p = p^' NkT = Po e 


— ing:lkT 

9 


where m is the mass of a molecule. This relation has already been 
derived by other means for a gas under gravity (p. 119). 


II. Flow in one dimension 

Let us assume that t „ and v t arc zero, 
now read:— 


c\pv r ) 

dx 



Equations (1) and (2) 


dv x 

dt 



i dP 

+ P dx 
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_1 dP _ d (v x *\ 
p dx dx V 2 /' 


For a liquid, p is practically constant. It will be noticed that the rate 
of increase with time of, e.g., the velocity of flow of a liquid along a pipe 

is not, as we might at first expect, proportional to - 1 d — but to 

p p 8x 

._ 1 dP 

P P 

Thus, even in a liquid with negligibly small viscosity, a given pressure 
gradient apparently becomes less effective in accelerating a liquid as 
the velocity of the latter increases. This is one aspect of a very general 
phenomenon known as the Bernoulli effect, after its discoverer We 
shall meet other instances of this effect, which arises from the fact that 

to dTjtr a partiCular Particle of fluid is ™t precisely equal 

Bernoulli's theorem 

Ifiwc restrict the motion of our liquid to be irrotational that is if 
we impose on it the conditions, which we shall discuss later,’ 

^ = __ dv; 

8>J dz dz dx 

or curl t> = 0, 

then equation (2) may be written 


= dvy _ 8v x _ 
dx dy~ 


dv x dv x 
St + 




(3) 


P vx p 

For stca<iy without 

dv x 

St = 0 =0.F,=0,F, = - 

Equation (3) can then be integrated if p is constant and the result is 

P + h> W + v + „,*) = constant 

‘ o rr I forc ? th ° >™ 

say* 

This resnit is true also for c^prtiblelXa^ 0 ^” 81716034 «“">■ 

08 Hawksbee's law. It is the P basi s of t o d ,S S ° met,mos 
pump, and the scent-spray It i« ^1 ' a ? U . Um cleftnor . the filter 

for measuring stream vcLity 1 ^.'T 1 ln tho '»<«. used 

pointed tube, directed n J\ T consists essentially of a fine 

In equilibrium, no fluid enterT^le^Thand^T 6 th ° 8tr0 “ m - linos - 
1*. O. M., T . ^ °nd the pressure inside it 

10 
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exceeds that in the neighbouring liquid or gas by just the term ipv 2 . 
If the compressibility of the fluid is to be taken into account, equation 
(4) is replaced by 

jdP/p + £ iVx + V v 2 + v z 2 ) = constant — gz .[4(o)J 

A particular case of Bernoulli's theorem is Torricelli's theorem. 
Suppose we have a liquid escaping from a vessel through a small 
aperture, so that the flatness of the free surface is not disturbed. 
In equation (4), the velocities near the free surface are very small 
and the constant is P 0 , the pressure at the free surface, if we take 2 = 0 
to be this surface. At the orifice at depth z, P = P 0 also, so that 
equation (4) gives us \v- — — gz, i.e. the velocity of emergence is just 
that corresponding to free fall through a distance equal to the depth of 
the orifice below the free surface. 


C. Liquid in a rotating vessel 

We determine the form of the free surface in a vessel rotating with 

a constant angular velocity w about the z-axis. 
It makes no difference to the results whether we 
impose the condition that the accelerations dvjdt, 
dv y /dt must be those appropriate to motion in a 
circle of radius (x 2 + y*)K or whether we change 
over to axes rotating with the vessel, and intro¬ 
duce “centrifugal force terms”, to allow for the 
effect of this rotation. We consider the variation 
of the pressure as a function of x and z. Because 
of the rotational symmetry, it is sufficient to 
consider the case y = 0. A particle at a distance 
x from the axis (Fig. 53) will have, under 
steady conditions, a velocity xa>, along the y-axis. The acceleration 
towards the axis is along the x-axis. Substituting m equation 

1 6 =o, 



(3) and putting F x = F v = 0, F z = - pg we get - + - 






8P 

which integrate to give us P + pgz ~ P~2 constant. 

The pressure is therefore constant along the curves 

gz = ur&\ 2 + constant. 

Since the pressure is necessarily constant along a free surface, the free 
Smce the pressur ^ ^ bolic form. Because of the symmetry 

between x and y. the form of the free surface w.ll be that of a 
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parabola rotated about its axis. This form is independent of p, the 
density. 

D. Flow of a viscous liquid in a tube. Poiseuille's law 

If a viscous liquid flows through a uniform tube under a not too 
large pressure-head, it can be shown, e.g. by introducing small 
quantities of dye into parts of the liquid, that the flow is along the 
length of tire tube. If the pressure-head is increased, this ceases 
to be true, the lines of flow first becoming sinuous and finally 
disappearing altogether, a typical fluid “ particle ” dashing from side to 
side of the tube in an apparently random fashion. This latter state 
of affairs is known as turbulent flow, which will be discussed later 
(p. 152). It has many points of analogy with molecular motion, but 
is very much more difficult to study mathematically, because, in the 
kinetic theory of gases, it is permissible to think of a small drift velocity 
superimposed on a random distribution of velocities of agitation 
whereas m turbulent flow, the drift velocity and random velocity are 
almost always comparablo in magnitude. 

and T is°e7 r!r iy reSim , e I s capable of cxact “"thematical treatment, 

Z \l ? g, °H t mu " ar fl ° W - If we assi * rae » ^ is justified 

y e experiments, that the flow is entirely along the length of the 

tube, we may, once conditions have become steady, equate the viscous 

force acting on a small element of liquid to the force associld witli 

he gradmnt of pressure. The element of liquid that wo shall take is a 

hoi low cylinder (conccntnc with the tube), of length dx, inner radius r 

v X 2 tt (r -+- dr) dx X 

decelerating force JZ Z 

element due to the pressure in the tube, which is - ( 8 1) ^ x aroa 

££ we get° W ** “ ~ "V*-*-*-*. punting these 

= . , 5 ) 
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because, iu calculating the net viscous force on the element, we have 
had to allow for the differing areas of the inner and outer curved surfaces 
of the element, as well as for a possible variation of dv/dr with r. 
Equation (5) may also be written 


dP ^ b 

dx r dr 



[ 5 («)] 


If we now suppose that our tube connects two large vessels full of 
fluid, the pressure must be constant over the cross-sections at both 
ends (unless the velocities of entry and exit are very large) and we 
must therefore suppose that dP/dx is constant over every cross-section 

between the ends. Equation [5(a)] then shows that — ( r — 

independent of r. Let it be equal to A. Then, integrating we have 

bv Ar 2 
r dr = 2 


^ must be 


(the constant of integration being zero, because any other value would 
imply an infinite value of dv/dr at r = 0). Integrating again 



where if is a second constant of integration that must be chosen so 
that v = 0 at r = a, the wall of the tube. Thus, if v 0 is the velocity 
at the centre of the tube, the velocity at other radii must he given by the 
relationship 

e = -® (a 2 - r 2 ) . («) 

a* 


Substituting this in equation [5(a)] we find 


dP _ 4tjv 0 
dx a 2 



We cannot, however, usually measure v 0 directly, but it is possible to 
measure F, the total volume of fluid flowing through the tube in unit 
time The total rate of flow through a cross-section lying between 
circles of radii r and r + dr is v.2rrrdr. Substituting the value of t» 
given by equation (6) and integrating between 0 and a, to cover the 


whole cross-section 

F = 


f v.2irrdr — 2n 

Jo 
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Comparing (7) and (8) and eliminating t’„, we have finally 

„ 77 a* SP 

F . 8 , & .< 9) 

that is, the total rate of discharge is proportional to a 4 , and, as we 
might expect, inversely proportional to the viscosity. Equation (9) 
is known as Poiseuillc’s law. For an incompressible fluid, the total 
rate of mass flow is simply equal to pF and the pressure gradient is 
constant, but for a gas it is necessary to take the compressibility into 
account. If P x and p x are the pressure and density in one vessel, we 
have by Boyle’s law Pjp = P x jp v From the equation of continuity, 
it follows thatpF, the rate of mass flow, is constant along the length of 
the tube, and equal to Q t say. Then, from equation (9), 


Q = P F= - 


Trr / 4 Pl 


P 

87? P . dx' 


so that, for a gas, the pressure-gradient is not const-ant, hut P 


\d{P*). 


dP 

dx 


or 


2 dx 


is, so that we have 


( 10 ) 


n _ na * PiW-*V> 

16 v P t l . 

where P lt P 2 are the pressures in the two vessels. 

Many methods of measuring viscosity of gases rely on allowing the 
pressure m a large vessel to drop gradually as the gas flows out through 
a capillary tube and measuring the time-interval associated with the 
drop of the internal pressure P, from P 3 to a smaller value P 4 , the 
external pressure meanwhile staying at a constant value P,. If V is 
the volume of the vessel and Q is the mass of gas flowing out per second, 

then the rate of change of pressure is given by ~ = _9_, because, 

for constant volume, the pressure is proportional to the* total mass 

£3°. ’ u tb % ratc of f ™ ctl0nal CaH of pressure is equal to the rate of 
ractional loss of mass. Substituting in equation (10) we find 


dP, 
dt 


t: a' 


i> W - PS) 


or 


ldrjll 
t = l ** lV 


77a 




p. P i* - P z 


2 


= WL( p - dP 1 \ 

P t na * J p 4 1 \p 1 ~p z p,+ pj 

= ^logf5LH^* P ±±P*\ 
p t 7ra* * V P 4 - P a ‘ P 3 + p j . 


(H) 
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Transition between Poiseuille flow and Knudsen flow.—U the pressure 
in a gas is gradually reduced, viscosity ceases to have any meaning 
when the mean free path becomes comparable with the radius of the 
tube. On p. 131 we showed that, at very low pressures, F was propor¬ 
tional to a 3 rather than a 4 , and we gave plausible reasons for thinking 
that, for the intermediate region, formula (9) might be corrected by a 
factor (1 -f- Cl/a). We can also approach this question from the hydro- 
dynamic point of view thus: we assume that the molecules lose all 
their drift velocity on striking the wall, but are freely accelerated by 
the pressure-gradient in a region extending inward from the wall for 
a distance / that is, until a molecule that has left the wall has made, 
on an average, one collision. In the remaining region we assume 
that the distribution of velocities is controlled by viscosity in the 
ordinary way. The argument used in deriving equation (6) still 
applies, with the difference that the constants A and B are chosen, 
not so that v vanishes at the walls, but so that, at r = a — l, it 
agrees with the value v, which we derive in the following way. If 
the mean velocity of an individual molecule perpendicular to the axis 
of the tube is c r , it will collide with the walls c r /2a timcs/sec., each time 
losing the average drift velocity v 1# Since the number of molecules 
hitting the walls per second is not affected by collisions, the total 
momentum transferred to the walls per second by unit volume of gas 
£ 

is Nm ~ . v, so that the momentum transferred per second to a length 
Z>(1 


of wall dx is — 7 ra 2 dx, and this is the retarding drag acting on all 

u(i 

the gas, which has to be equal to the net force tending to push the gas 

dP 

forwards, that is, to — dx . -— . no 2 , so that 

ox 

2 a OP 


v i = ~ 


. . .( 12 ) 

pc r Ox 

On p. 148 we showed that, for laminar flow of viscous fluid in a tube, the 
velocity was given by the function 

v=~ + B . (13) 


1 


1 dP 


Substituting this in equation [5(a)] we find that A — — — , but B 

has now to be determined so that at r = a — /, v = Vj instead of t’ 
vanishing at r = a, as it does for a liquid. 

Substituting these values, we obtain for the distribution of velocities 

r 2 _ (a -j ) 2 OP 
\t) Ox 


v = t’i 4 


4rj Ox 
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Substituting for and using the relation 7 j = \pcl (p. 125) and neglecting 

the difference between c r and c, we find 



neglecting terms of order l 2 . 

Comparison of this with expressions (6) and (7) shows that the gas 
behaves as if it were an ordinary viscous fluid flowing without slip in a 
tube of radius (a -f- 1/3). To get the relation between total flux and 
pressure gradient, corresponding to equation (9), we must integrate 
2 nrvdr between r — 0 and r = a — l, and add to it the flux through 
the ring between r = a — l and r = a, where we may suppose that the 
velocity is equal to v t , as, on the average, a molecule travels a distance 
l between its last collision with another molecule and its impact with 
the wall. Therefore, on an average, the drift velocity is up to a 
distance l from the wall. At greater distances, the effect of mutual 
collisions between molecules becomes important, which may be described 
by means of a coefficient of viscosity. 

This gives 


F---: dP (\ a 2, 2al [ ( a ~ 1 ) 3 (« — f) 4 \ 2 aldP 0 

4, ftr U° + 3 [ —2- 4 - ) - 3 W 


3tj dx 


7T dP ( 

877 dx 1° + 


4a 3 i j 
T J 



n dP ( 1 1 ^ 4 

Sr, &X\ + 3) 



neglecting terms of order l 2 . This is again consistent with what 

would be obtained for an ordinary fluid flowing in a tube of radius 
a -f- 1/3. 

Thus we have derived, by another route, the result inferred on 
p. 131, namely, that the form of correction of the laws of viscous flow 
when l is becoming appreciable is a factor of the form 1 -f Cl/a. The 
above argument shows us a little more than the former one, namely 
that the effect of a finite l is to increase the rate of flow above the 

classical value. This point was left undccidfcd by the former 
argument. 


r / mn t‘* l0n between PoiseuMe flow and turbulent flow.— For a 
hquid, the above equations represent possible states of flow in a tube 

veLrSf 7 l ° Ug A aS r trCam V0l ° city is sma11 compared with the 

bil tv? hnt 8 ° Un ^ qUld> 30 that wo cau n °g loct the compressi¬ 

bility), but, in practice, laminar flow breaks down long before this 
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This occurs because the solution of the hydrodynamic equations is not 
uniquely fixed by the boundary conditions. For a given state of 
motion of the boundary walls there are, in fact, infinitely many possible 
states of motion of the fluid itself, and, for an actual state of motion to 
be realised, it is necessary, not only that it should satisfy the equations 
of motion, but also that it should be stable, at least against small dis¬ 
turbances. A state of affairs of this kind is very common in physics, 
although the opposite situation, that the state of affairs is uniquely 
prescribed by the differential equations and the boundary conditions, 
is equally common (for example, the electrostatic field within an 
enclosure is completely determined if the normal component is known 
over a closed surface surrounding it). 

We are therefore led to examine two questions: (a) In what con¬ 
ditions is a state of laminar flow stable? (b) What is the nature of the 
motion that replaces it when the velocities become too high? 

Question (a) has proved extremely intractable, though it has been 
studied theoretically and experimentally since the time of Kelvin, 
and it is only in one or two cases that definite results have been 
obtained. G. I. Taylor studied the motion of a liquid between two con¬ 
centric rotating cylinders and was able to predict theoretically, and to 
verify experimentally, the stage at which the low-velocity regime (the 
lines of flow being circles surrounding the axis of the cylinders) should 
break down. He found that this regime was replaced by an elaborate 
structure of vortices, arranged between the cylinders somewhat in 
the manner of “roller-bearings”. This may be regarded as the 
first stage in the transition between laminar motion and turbulence. 
Two more stages probably occur as the velocities become still higher, 
the vortices probably become of smaller dimensions and more numerous 
and finally begin to dash about the liquid in random manner. This is 
one of the most characteristic features of ordinary “turbulence” in a 
pipe, in contrast with the vortices found by Taylor which are practically 
stationary. Broadly speaking, a similar set of occurrences takes place 
behind a solid obstacle in a steadily-flowing liquid. At small velocities, 
there is evidence of eddying motion in the “dead” liquid immediately 
behind the solid (Fig. 54(a)], as the velocity increases this becomes more 
pronounced, until one reaches a state of affairs in which vortices are 
detached alternately from the right- and left-hand side of the obstacle 
and form a “wake” with large isolated vortices spaced [Fig. 54(6)] in 
the manner of lamp posts on the opposite sides of a street. This 
formation is known as the “Karman vortex-street”, and is sometimes 
visible when a flat body, such as the paddle of a canoe, is pushed 
through the water with moderate speed. As the speed increases, these 
isolated vortices disappear, and the final state of affairs is just an 
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eddying “wake” extending for long distances behind the obstacle 
[Fig. 54(c)]. 

The prediction of the critical velocities at which these various 
changes take place is almost impossible in any actual case, yet we can 
use dimensional arguments (Chapter X) to make predictions about the 
way in which a critical velocity which has dimensions [LT -1 ] might be 
expected to vary with a (the relevant dimension of the apparatus, 
e.g. radius of tube, breadth of obstacle), and with g the viscosity and 
p the density. The dimensions of these quantities are 



(*) 


c*> 


v e = [L][T)~\ a = [L], v = P = [M] [L)-3. 

By carrying out the process of comparison of indices explained in 
Chapter X, we can easily 
show that the only non- 
dimensional quantity that 
can be formed out of these 
four is the Reynolds number 
R = v e a P /r), which also appears 
in Chapter X in the slightly 
different context of deter¬ 
mining the force on an 
obstacle. Our conclusion is 
that, for a given geomotry of 
apparatus, turbulence should 
set in at a constant value of 
R, and this prediction is 
well borne out in practice, 
whether we vary a or g. In 
flow through a tube, the 
critical value of R is of the 
order of thousands, but is 
sensitive to the exact conditions at the entrance and exit 

We have already mentioned some of the characteristics of turbulent 

f ® T° St ? bv,OUS ono is tbe much more thorough mixing of the 
fluid that takes place, owing to the existence of moving vortices. This 

l great imp0rtan ™ ln L raon y ficlds . ^nging from meteorology to 
chemical engineering. For tho same reason the rate of flow of liquid in 

a pipe is practically uniform over the cross-section (tho effective 

.mmTT ° f uf V ,° l0City bein 8 Practically constant except in the 

nZi r e,g , l° 0d ° f tb ° Wall8) iD markcd contrast with tho 
parabolic law characteristic of PoisouiUo flow. Perhaps tho most 

velocities ^nl T** Cha '’*° “ tho between 

velocities and forces acting on or exerted by the fluid. For laminar 
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flow, this relationship is a linear one, steady velocities being proportional 
to forces or pressure gradients, as for Poiscuille flow that we have just 
studied, or lor Stokes’ law giving the force on a sphere of radius a 
moving very slowly through a fluid with velocity u as F = bngav. 
(The reader is referred to Lamb’s Hydrodynamics for a discussion of 
this problem.) For turbulent flow, mean velocities are very nearly 
proportional to (he square roots of forces or pressure-gradients. This 
applies both to flow in pipes, for which many empirical formulae have 
been devised, and to the motion of solids through fluids. For the 
latter, the change-over from a Stokes’ type force to a square-law force 
usually takes place at a Reynolds number of about 20. Once we are 
well above the transition region, the force is proportional to the square 
of the velocity, and becomes independent of the viscosity. We may 
regard a viscosity as “small'’ in the sense described on p. 140 above, 
when it no longer affects the resistance. This fact makes possible a 
simple interpretation, due to Newton, of this type of resistance. One 
may think of the wake as being practically at rest, and the remaining 
liquid as represented by a wide jet of density p and velocity v, incident 
on the body supposed held at rest. If all the momentum of the liquid 
that actually hits the body is destroyed, the net force on the body 
would b cpAv.v, where A is the greatest area of cross-section. For a 
“rounded-off” shape, such as a sphere or paraboloid, only a fraction 
of this momentum is destroyed, twice this fraction being known as the 
drag coefficient, so that 

F = \C l>P Av* . (16) 

The quantity C h is practically independent of the Reynolds number, 
but depends mainly on the shape of the body. For a sphere, it is 
found experimentally to be about 0-3 for a very wide range of velocities, 
but for a very flat body it may rise above unity. This arises from the 
fact that, besides the destruction of momentum at the front of the 
body, eddies in the wake behind the body may reduce the pressure 
behind the body by the Bernoulli effect [which is also proportional to 
p X the square of the velocity (p. 145)]. 

5. Irrotatdonal motion 

We have, in Art. 4, studied some particular solutions of the equations 
of hydrodynamics, without enquiring very closely whether or not other 
solutions satisfying the same boundary conditions were also possible. 
We have, in fact, found cases where more than one type of solution 
may be physically relevant as well as mathematically possible. It is 
therefore natural to ask what restrictions are needed, as well as the 
boundary conditions, to make the solution of a particular problem 
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unique. If the viscosity is supposed to be zero, these conditions take 
a very simple form, namely, that the motion must be irrotational, that is 
the velocity vector must everywhere satisfy the equations 


do. do v _ dv x 
dy dz dz 


do^ 

dx 


dVy 

dx 


— x = 0, or curl 7 = 0.. (17) 

d U 


It is probably true to say that these conditions are never satisfied 
exactly. In general, they imply tangential slipping at solid-liquid or 
liquid-liquid boundaries which is almost certainly physically inadmis¬ 
sible. Why, then, has so much effort been put into the study of irro¬ 
tational motion? There are probably three reasons: 

(u) Much of the mathematics can be applied, mutatis mutandis to 
other branches of physics such as gravitation and electrostatics, so did 
not have to be specially invented for this purpose. 

(/>) There are problems such as the motion of waves in an open 
sea, where the equations (17) are probably true to a high approxi¬ 
mation. 


(c) For other problems, where equations (17) are not satisfied, 
determination of the irrotational solution forms a foundation on which 
a physical theory can be gradually erected. 

We now proceed to examine some irrotational solutions of the 

equations of hydrodynamics, fully realising that, by themselves, they 

are liable to lead to physically absurd conclusions (for example, that 

there is no force on a body moving steadily through a liquid). We 

introduce a quantity known as the velocity potential. For velocities 

satisfying equation (17), it is always possible to find a quantity <f> 
such that J r 


V 


d<f> 


dx’ V * = - 


d<f> 

dy * l * = - °r 7 = - grad ^ ... (18) 

For proof that all solutions of equation (17) satisfy equation (18) 
the reader is referred to textbooks of vector analysis. [The converse 
can bo proved quite easily by direct substitution of etc from 
equation (18) into equation (17).] The velocity potential is a distinctly 
artificial conception, and has no direct physical interpretation. It is 
hus similar to quantities like the vector potential in electromagnetics, 
or the wave-function in wave-mechanics, which are introduced solely 

moZ ^ 'll ca culato ° ther quantities, and cannot bo experimentally 
measured themselves. Equation (18) shows that the lines of flow in 

constentrf IOU are P6rpendicular to tho oquipotentials, or linos of 
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A. Acoustic type solutions 

We use equations (1) and (2) (p. 142), but neglect all powers and 
products of the components of v and of all quantities, such as the 
derivatives of p, which would also vanish if the velocities vanished. 
We also assume a simplified equation of state P = (p — Po )c 2 , where c 
is the velocity of sound and c 2 = dP/dp. We also neglect any external 
field of force. 

Equation (1) becomes 


or 



dp _ 1 

dt~7- 

1 dP 

c 2 dt ' 


Equation (2) becomes 


dP 

dt 


or 


dv x 

Vt 

dv 

dt 


1 dP 

- zr- and two similar equations, 

p dx 


grad P 
P 


Inserting values from equation (18), equation (20) becomes 

d 2 <f> _ 1 dP 

dx.dt p dx' 

and two similar equations, or 


d 

dt 


(grad <f>) =-grad P. 

P 


This integrates into 





where F is independent of x, y, and z. [A finite value of F ( t) would 
correspond to the application of a uniform pressure throughout the 
whole of the liquid.] 

Substituting in equation (19) we find finally 

d 2 4> , &<f> , &+ _ I _ o 

dx 2 + dy 2 + dz 2 c 2 dt 2 

or = o. (22) 

This is the wave-equation, and, once a suitable solution is found, v can 
be calculated by means of equation (18) and P by equation (21). For 
further discussion, the reader is referred to textbooks of sound, where 
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the wave equation often contains S, the condensation or fractional 
change of density, instead of <f>. S is directly proportional to excess 
pressure. By differentiating equation (22) we can show that P, and 
each of the three components of u, themselves satisfy the wave 
equation, so that the use of the velocity potential leads here to no 
particular advantage. 


B. Incompressible type solutions 

Here we assume that p is constant, so that we do not need an 
equation of state connecting P and p, but we retain the non-linear 
terms in the hydrodynamic equation themselves. Equation (1) 
becomes, after using equation (18), 


a** a** a** 

dx 2 ^ dy 2 dz 2 


or 


V 2 «£ = 0. (22(a)) 


Equation (2) becomes, after using equation (17), to turn 

dv, 


dv x 

— into 

d 'J 




— P 


d2<f> _J_ „ d, 'u , fo't dP 

STS'+ '”*& + = + r 


and two similar equations, 


or 


o p 

~Pj t grad 4> -f - grad y* = - grad P \ if F x , F v , F a = 0. 


Integrating 


P = g (0 + P 

1 1 ^ P 8t 2 


(23) 


where G (t) is independent of the coordinates, and corresponds to a 
uniform application of pressure. If an external force, such as gravity 

which can be associated with a potential energy Q per unit volume of 

mud, is also acting, wo must write F x = ~ dQ/dx, F = — dQ/du 
etc., and equation (23) must be replaced by v J ' 

P=G W + P d i ~|»*-0 . [23(a)] 

sslXts to integration f ° r a can b ° ^ th. 

are well-known theorems ,n potential theory. The reader who desire! 
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formal proofs of them is referred to Jeans, Electricity and Magnetism, 
Lamb s Hydrodynamics, or to standard treatises on potential theory. 

(i) The distribution of electrostatic potential within a volume 
containing no free charges is uniquely determined if the potential is 
known at every point on a closed surface surrounding that volume. 

(ii) The distribution of electrostatic potential within a volume 
containing no free charges is uniquely determined if the normal com¬ 
ponent ot field is known at every point on a closed surface surrounding 
that volume. 

(lii) Let / be any function satisfying a boundary condition of the 
type (i) or (ii). Then the integral of (df/dx) 2 + (dfjdy) 2 + ( df/dz) 2 or 
(grad/)- over the volume, takes a minimum value if f also satisfies 
Laplace’s equation. 

io translate these into hydrodynamic form, we replace electrostatic 
potentials bv velocity potentials, and the three components of electric 
field by the corresponding components of velocity. Then, for example, 
theorem (ii) is to be replaced by the statement that associated with any 
given motion of the boundaries surrounding an incompressible non-viscous 
liquid , there is only one possible state of irrotational motion . In particular, 
if all the boundaries are at rest, no irrotational motion is possible. A 
generalisation, due to Kelvin, of theorem (iii), further shows that, 
given any set of boundary conditions, of all the possible states of liquid 
motion consistent with them, the irrotational one is that with the lowest 
kinetic energy. Hero the correspondence is between electrostatic 
energy (proportional to the square of the electric field vector) and 
kinetic energy (proportional to the square of the velocity vector). 

Naturally, the analogy between electrostatics and irrotational 
motion cannot be pushed too far. There is, for example, no quantity 
in electrostatics corresponding to pressure, nor are there any hydro- 
dynamic quantities corresponding to the dielectric constant or dielectric 
displacement. As an example of a hydrodynamic theorem that has 
no precise counterpart in electrostatics we may mention:— 

(iv) In a non-viscous incompressible fluid the circulation [defined as a 
vector whose x-component is the integral of dvjdy — dvjdz, or (curl v) z , 
over the whole volume of the fluid) is constant and cannot be altered by 
any motion of the boundaries of the fluid. 

In practice, these irrotational solutions are hardly ever realised, 
even in a liquid of very small viscosity, because they imply (in general) 
slipping of liquid along solid boundaries. This arises because we cannot 
at the same time assign prescribed values to both normal and tangential 
components of an electric field all over any boundary surface. 



FREE AND RIGID BOUNDARIES 



Similarly, wc cannot at the same time prescribe the normal and 
tangential components of velocity over the boundaries of a fluid moving 
irrotationally, e.g. if a portion of the boundary surface is fixed, it is 
always possible to make the velocity normal to it zero, but then the 
tangeutial component is completely determined, and is, in general, not 
zero. What happens in practice is that these regions, where, according 
to irrotational theory, slipping should occur, act as sources for the 
generation of vortices, which then move outwards into the remaining 
liquid, this process being governed by laws very similar to those of 
heat conduction, and are finally dissipated by viscosity. Recently, 
this process of formation and diffusion of vorticity has been extensively 
studied theoretically and experimentally, and the regions in question 
are usually known as boundary layers. A simple example of a boundary 
layer is the region immediately behind an obstacle in a moving stream, 
already described above (p. 153). 


Types of boundary condition. Free and rigid boundaries 

We have already stated the boundary condition that must hold 
at a rigid boundary surface, namely, that the normal component of 
the velocity in the fluid must be the same as that of the rigid surface. 
Sometimes, however, wc have to consider conditions at a free surface. 
An example of such a problem is the determination of the form of a 
steadily revolving liquid (p. 146). Hero the boundary condition is that 
the pressure is constant all over the free surface. Equation (22) shows 
that this implies d<}>ldt = 0 (provided that the stream velocity is so 
small that its square may be neglected). This means that, everywhere 
on the free surface, <f> remains constant in time, which is thus the 
boundary condition appropriate to a free surface. In practice, this 
usually means that <f> takes the same value all along the free surface, 
but this is slightly more stringent than is really required by equation 
(22). The condition that <f> is constant has an electrostatic analogy, 
for we know that electrostatic potential is constant on the surfaco of 
a conductor , so that wo may think of the boundary of a conductor as 
analogous to a free surface. The analogy with a rigid surfaco is loss 
obvious. Corresponding to the vanishing of the normal component 
of the velocity, the normal component of the electric field must vanish, 
and this is what might be expected in an electrostatic problem if the 
bounding medium were ono of zero dielectric constant. 

It is now possible to build up the theory of irrotational motion in 
complete analogy with that of electrostatics, the method being the 
selection of suitable solutions of Laplace’s equation to satisfy as many 
of the conditions of the problem as possible, tho effect of free and rigid 
surfaces being allowed for, e.g. by tho method of images. Other 
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specialised methods used in electrostatics such as inversion and for 
two-dimensional problems, the use of complex variable theory, are also 
applicable For a full account of such methods, the reader is referred 
o Milne-Thomson s Theoretical Hydrodynamics or Lamb’s Hydro¬ 
dynamics. We shall mention only a few typical problems here. 

(i) 1 he isolated source .—If we write, using spherical polar coordinates, 
<f> = A (t) r, this is a solution of Laplace's equation, corresponding 

to an isolated electric charge in electrostatics. Differentiating with 
respect to r, we have 

A (t) 

Vr= ~^~.(2D 


while, from equation (23), the pressure is given by 


?-oz = ?*-i v 2 = l d J_l A2 

P dt r dt 2 r* 


(25) 


(if gravity is taken into account). 

This solution was applied by Lamb in an attempt to describe 
under-water explosions. If an under-water explosion generates a 
bubble of radius a, equation (24) shows that the velocity of the water 
will agree with the outward velocity da/dt of the bubble surface if we 

put A (/) —■ a- —. Substituting this result in equation (25), we find, 

putting r = a and supposing that the pressure of the gas inside the 
bubble is a function of its radius only, 

P(a) d 2 a , 3 / da\* 

~ = + i\-di) . (26) 


This equation for a can be solved numerically if P (a) be assumed 
known, that is, if we suppose the pressure to be a function of the volume 
only. This is only a first approximation to a theory of an under-water 
explosion, and it is now known that the pressures are so high that the 
compressibility of the water, and the finite time of propagation of 
pressure differences in the gas-bubble itself, have to be considered. The 
inclusion of the term gz, representing the ordinary hydrostatic pressure 
in the water, has an interesting consequence. However large P (a) is 
initially, there must come a time when the pressure P(a) in the bubble 
falls below that proper to the depth of water outside, so that the 
outward acceleration eventually becomes negative and the bubble 
eventually stops expanding and contracts again, the motion being 
oscillatory. This type of motion was predicted theoretically by 
Butterworth, and has been experimentally confirmed, a typical solution 
being shown in Fig. 55. 
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dV <1 fo 3 /da \ 2 ~1 

• « L-”"" () J.< 27 > 


It will be seen from Fig. 55 that the minima are very much sharper 
than the maxima. To see the reason for this, multiply equation (25) 

on both sides by 4wi* ‘jjj , or dV/dt, where V = 4tm 3 /3 is the volume of 
the bubble. Then 

(p - «*> it 

**• 4— \ Wi / _J 

The left-hand side of equation (27) represents the work being done by 
the pressure of gas in the bubble pushing the surface outwards, so that 
the right-hand side must represent the rate of change of kinetic energy 
of the water. Thus, the bubble behaves mathematically as if it were a 
mass 4-npa* moving with a velocity da/dt, and the motion is formally 
similar to that of a mass on a spring, if one supposes the mass to vary 
during the oscillation. The sharpness of the minima in Fig. 55 is thus 

accounted for since the effective mass is very small when a is small, 
and the ‘effective frequency” 

of the oscillation is correspond¬ 
ingly much higher at this epoch 
than it is near the maxima. 

We have been led to describe 
the kinetic energy of the water 
by means of a hypothetical 
mass which is supposed to move 
with the velocity da/dt of the 
boundary surface. A similar 
device can bo used to allow for 
the fact that, when a solid 

1 li . qu i <1 ’ kinctic cnergy is ' ,n > , “ r,ej th « ^uid. This 

also bo described, quite apart from any. resistance offered by the 
«. ter, by the apparent addition of mass to the true mass of the solid 

J, eIiuuiddhT' U T," y ° f th0 ° rdor of mn g n ‘ttido of that of 

^Wliquid disidacod by the solid, ,s Often called “ hydrodynamic virtual 

mass . An example is given on p. 164. 

^ f /,e . motlon of a sphere through a perfect fluid .—This problem is 
the hydrodynamic counterpart of the electrostatic problem of the 

unif °™ field by the presence of a coHdueti^ 

is trLt and theTT W ° With COUrd,nateS “Which the sphere 
i „ th fluid movin 8 Past it witli a velocity V Wo have to 
find a velocity potential * with the following properties L 

O. M., T. 
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2. At a great distance from the sphere if> must correspond to uniform 
motion with velocity U, which we may suppose to be parallel to the 
2 -axis. This is 

<f>i = — Uz = — Ur cos 0 

in polar coordinates. We now correct <£„ to allow for the presence of 
the sphere, by adding a term <f> 2 which vanishes for r large. <f> 2 must 
also satisfy Laplace’s equation, and be symmetrical about the 2 -axis. 
Such functions are known as axial harmonics, and it is known that the 
most general possible form for a function satisfying these conditions is 
(see Jeans, Electricity and Magnetism) 



B cos 0 



C (3 cos 2 0 - 1) 
r 3 



To satisfy the condition 8<f>lbr = 0 at r = a, we must have 

i\ , / Wz \ _ _ 




i A 'IB cos 0 
J/c°s0 -^-+ ^ 




which can be satisfied if we put B = — \ Ua 3 , A = C = D = ... =0. 
It can be shown further that no other function <f> 2 can bo found to 
satisfy all these conditions (except one differing from <f) 2 by an additive 
constant only), but the “uniqueness theorems” required for this are 
beyond the scope of this book, and the reader is referred to treatises 
on potential theory. The requirement is that b<f>lbr should vanish 
at r = a for all values of 0 and, since <f> 2 contains a term that varies 
with 0 in the. same rcay as <f> l , it is on common-sense grounds redundant 
to include any others. (If <f> 1 varied in a more complicated way with 
0, it would be necessary to include more terms of the series, possibly 
even an infinite number of such terms.) 

Our complete solution, representing the motion of fluid past a fixed 
sphere of radius a, is thus 

, .. .1 Ua 3 cos 0 , 9H . 

<f> = — Ur cos 0 — - = . (-“) 


.2 


We can change to coordinates fixed relative to the fluid by superim¬ 
posing a velocity — U upon everything, which involves adding the 
quantity Ur cos 0 to <f>, and we conclude that the velocity potential 
associated with the motion of a sphere through a stationary fluid 


with velocity U is 


1 Ua 3 cos 6 



By differentiating this expression, we can determine the components 
of velocity at each point and trace out the lines of flow, which form the 
same pattern as the lines of force of a small magnet or electric dipole 
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(Fig. 56). If we compute the lines of flow corresponding to the velocity 
potential (28) for the motion of fluid with a velocity U past a stationary 
sphere we arrive at Fig. 57, which is the same pattern as that produced 
by a small magnet or dipole in a uniform field, expression (29) being 
just the electrostatic or magnetic potential associated with a dipole 
of moment ££/a 3 . Thus, corresponding to the result that the effect of 
a conducting sphere in disturbing a uniform field can be represented 
by means of a dipole of suitable strength at its centre, we have the 
result that the disturbance of uniform flow by a solid sphere can be 
represented by means of a “double source”, i.e. a combination of 

a source and sink of equal strengths analogous to an electric or 
magnetic dipole. 






Fio. 37. 


We shall now calculate the total kinetic energy of the fluid corre- 
’Cgrfs ^ yC, ° C>ty , ' 0,entia, m - Th ° of velocity 

— (*W\ — COS ^ 

\dr) ^ * 

while the component perpendicular to r is 

_ 1 ^ \ _ 1 Ua? sin 6 
r\dd) 2 r» 

The kioetic energy of a email volume dV of fluid with coordinates r. 0 


pd I 
"2 


T ( ~) 2 -\- - (*+'}*] fxtww ( 

L' dr ) ' r2 ^.;J= ~ 2 7«— ( 0038 6 


+1 ^ 


area rdrdi about the c-axis, which is at a ^soTt" 8 

dV = < 2mtr i dr sin 6 dQ. 
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The kinetic energy of the liquid in the volume d V is thus equal to 

77 pU*a 6 
r 4 


d'T = — dr sin 0dO ^cos 2 0 -f £ sin 2 0^j, 


which must be integrated over the whole region outside the sphere, 
that is from r = a to infinity and from 0 = 0 to v, so that 

C ^ dv C 77 / \ 

T = 7rpU s a 6 | — J ^cos 2 0 + \ sin 2 0J sin Odd 


irpcPU* 2irpu 3 U 2 

3 = ~3 ' 2 


(30) 


Thus, the total kinetic energy is the same as that of a body of mass 
2npa 3 /3 moving with a velocity U, so that the “hydrodynamic virtual 
mass” is half the mass of the liquid displaced by the sphere. 

Comparison of Fig. 57 with Fig. 54 shows that the velocity potential 

(28) fails to describe the facts in one 
very important respect, namely, that 
the ideal solution shows complete 
symmetry in the How-pattern up¬ 
stream and downstream of the ob¬ 
stacle. A further consequence of this 
is that the total force on the obstacle is 
zero for this type of flow. To prove 
this, we substitute the velocity 
potential (28) in the equation (23) for 
the pressure. Under steady conditions 
dfjdt is zero, and at r = a, the surface of the sphere v r vanishes, so 
that we have 

p = o to - ipv* = a (o - y [ l , 

= G (t) — \ P U 2 [sin 0 + h si" ^i 2 .( 3,) 

Now consider the zone of the sphere lying between 0 and 0 -f d0. 
Its area is 2-na 2 sin OdO, and the pressure P acts normally upon it. By 
symmetry, the total force on the sphere must act along the 0 or z axis, 
the resolved parts of the force perpendicular to this axis cancelling 
for the whole ring. Thus, the total force on the ring is 

277 Par sin 0d0. cos 0 

acting along the z-axis, and the total force on the whole sphere is 

J* 27 rPa 2 sin 0 cos 0d0, 
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which vanishes when expression (31) is substituted for P. This result 
is quite general for any shape of obstacle; for irrotational flow the net 
force on any solid body is zero, so that this represents a serious limitation 
of “classical" hydrodynamics. In practice, the effect of viscosity 
can never be neglected in the region close to the sphere, because the 
solution (28) corresponds to slipping over the surface of the sphere, and 
this leads to rotational motion and the formation of a “wake” in the 
manner sketched above (p. 153). 

The irrotational solution can, however, be regarded for some 
purposes as a reasonable first approximation to the truth, and it is often 
found that it can be used satisfactorily, e.g. for predicting pressure 
distributions over the upstream face of an obstacle. Thus, equation 
(31) indicates a change in pressure due to the insertion of the sphere 
from the value G ( t ) — Apt/ 2 , which it would have in the absence of the 
sphere, to the value G (t) — IpU* sin 2 9, so that the effect of inserting 
the sphere is to increase the 
pressure at a point on it whose 
coordinate is 9 by 

\pU 2 (4 -9 sin 2 0)/4, 

that is, it is increased for regions 
for which sin 9 < §, and de¬ 
creased for the remaining 
regions. We already know that 
this cannot be correct for all 
values of 9, but it is found 
experimentally to bo a fair 

approximation for the front face of the sphere (0 < 9 < „/2). 



(in) The Rayleigh disc .-Another problem that can bo solved 

T ft 11 , 0 " contains featur “ »f Physical interest, is the 
flow of a perfect fluid past an ellipsoid. This problem can bo solved 

even when the direction of flow is inclined to the axes of the ellipsoid 
£ £ t er ,s r , eforred L “ mb 's Hyirody^mics.) While, in accordance 

motion^ there IT™ )USt “° n ° t - for “ “ s tho rcsult » f S“ch 

£ turn the el f “1““^ ° nd it3 is such ‘hat * foods 

Z&Szmt&Z' 1 r el ™ - f 

*=- a r 
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plausible that the couple should tend to turn the body broadside on. 
The exact calculations confirm this impression and show further that 
the couple is proportional to U 2 , the square of the velocity, the constant 
of proportionality depending on the dimensions of the ellipsoid. The 
torque is thus independent of the sense of the flow, and it is this fact 
that was exploited by Rayleigh to make an instrument that could 
measure stream velocities in a sound-wave. His instrument consists 
essentially of a disc suspended on a torsion wire, the observed torque 
being proportional to the mean square of the stream velocity. The 
importance of the instrument depends on the fact that it is absolute, 
the disc can be regarded as an extreme case of an ellipsoid and the 
constant (torque/pi/ 2 ) can be computed theoretically; also it is one of 
the few instruments available for a direct measurement of stream 
velocity. The irrotational solution is more satisfactory for periodic 
than for steady flow, because a wake is given no time to form (see p. 174). 

It is well known to practical sailors that a boat cannot be kept on a 
straight course simply by lashing the helm in a central, or indeed in 
any other, position. The continual attention of the helmsman is needed 
to counteract the instability we have just mentioned, that tends to set 
the boat broadside-on. 

(iv) Waves on water .—There are several well-defined types of wave 
on water and, according to the wavelength, the velocity of propagation 
may depend mainly on surface tension, in which case one often uses 
the term “ ripple ”, on the depth of the water, in which case the term 
“long” or “canal” wave is often used, or on the wavelength itself, this 
last type usually being described as a “deep water wave . In all 
three types it is usually safe to neglect viscosity, and bring its effect in 
later on if it is desired to predict the rate of decay with distance 
or time. It is usually sufficient to assume irrotational motion, the 
effect of boundary layers in the neighbourhood of solids being of much 
less significance than it is for steady motion. The reason for this is 
simple, the stream velocity reverses itself periodically, so that the 
chances are that any vortices formed in the boundary layers will 
remain permanently near the solid boundaries where they arc formed, 
rather than being carried bodily by the flow to other places in the 

fluid, as occurs with steady motion. 

VVe shall restrict ourselves to plane waves, but shall give a general 

treatment that covers all three cases. We begin by asking in what 
circumstances a deformation of the free surface of a liquid into the 
form = rj 0 cos kx can be propagated with velocity V without change 
of form Here v is the elevation of the free surface, x is measured in 
the direction of propagation of the wave, and y perpendicular to the 
free surface. We impose on everything a backward velocity I to 
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bring the wave pattern to rest. Our problem is then to find a solution 
of Laplace’s equation with lines of flow as shown in Fig. 60. On 
common-sense grounds we must conclude that the “waviness” of the 
lines of flow diminishes as we go deeper, until at the bottom (supposed 
flat) they become straight. We want to find the law governing this 
effect, also a relation between k or A and V. (If A is the wavelength, 
we have k = 2 tt/X.) 

The simplest type of velocity potential that we can assume, corre¬ 
sponding to an oscillatory motion of wavelength A superimposed on a 


steady motion of velocity l 7 , is 

4> = — Vx -f- Ae kv sin kx -f- Be~ kv sin lx r .. (32) 

where k = 2nJX. 

It is easily verified that <f> is a solution of Laplace’s equation (22). We 
introduce also the auxiliary function 

= — Vy -f Ae ktl cos kx — Be~ k} > cos kx . (33) 



Tins function is sometimes known as the stream function and is constant 
along lines of flow , whereas the lines along which <f> is constant are 
equipotontials which are perpendicular to the lines of flow (p. 155). To 
see this, we have from equations (32) and (33) 

d<f> d<f> dtL 

&£ dy aU dy dx . ( 34 ) 

so that the line ip = constant is given by 


or 



0 = 


© o 


$ constant 


(WO 


(-) 

'dyJ <P constant 


• (35) 
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so that the curves corresponding to the relations 0 = constant and 
4> = constant are always at right angles. The student who is familiar 
with the theory of conjugate functions will recognise equations (34) as 
the Cauchy-Riemann equations, and 0 and 0 are the real and imaginary 
parts of the analytic function f (z) = — Vz -f Ae ik: -f- Bc~ ik: . He 
will also recognise equation (35) as a quite general property of conjugate 
functions. 

We can now use the conditions at the surface and bottom to 
determine three relations between the four quantities A, B, V, and fc. 
These are as follows:— 


(a) V has been chosen so that the nave pattern on the surface is 
stationary, that is, the functions 0 and 0 must represent motion in 
which the velocity is tangential to the free surface (Fig. 60), that is 
the free surface is a streamline and 0 is therefore constant along it. 
This implies from (33) that the equation to the free surface must be 


Constant = — Vy + cos kx (Ae kv — Be kv ) . (36) 


We choose the origin of the y-coordinate to lie at the undisturbed level 
of the free surface. In this case ky never exceeds ky 0 , where g 0 is the 
maximum elevation or depression of the free surface, and we make the 
assumption that rj 0 is small compared with the wavelength, that is 
Ary 0 <l. It is then necessary to take the constant on the left-hand 
side of equation (36) zero, because y = 0 for undisturbed conditions. 
(We can always change either 0 or 0 by adding constants to them 
without altering any physical results, because we are really only con¬ 
cerned with their differential coefficients, which are not altered by the 
addition of constants.) Thus our equation to the free surface now 
becomes 


so that 


V = 

Vo = 




(b) The component of velocity normal to the bottom must vanish. 1 his 
may be expressed either as t<f>/dy = 0 at the bottom, which we may 
suppose to be at y = - h, or as £0/&r = 0 at the bottom so that 0 
is constant along the bottom, that is the bottom is a streamline. This 

condition gives 


0 = (?*\ = sin kx (Ae~ kh — Be kh ) 

\dy / v = a 



or 


A = Be* k \ 
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(c) The pressure just above the free surface must be constant and equal 
to the pressure of the atmosphere .—The effect of surface tension (see 

Chapter IX). is to introduce a pressure difference T —* between the 

regions just above and just below the surface, the pressure being greater 
on the side towards which the surface is concave. The pressure just 
below the free surface is thus equal to (atmospheric pressure) 

— T Inserting expression (32) for <£ in equation f23(a)] and 

remembering that c<*> ct = 0 everywhere (since conditions are steady), 
we get. since the potential energy Q is equal to the gravitational 
potential energy per unit volume pgy. 

p - - T c ~ -1 [(!) - (r tf ) ! ] p» 

= Constant — p 2 [{ V — k (Ae** -f Be~ k *) cos kx}- 

-r {k (Ae* — Be -**) sin kx}*] .(39) 

At the free surface we replace e kv and by unity as before, and we 
also neglect terms of the order of k*A 2 and IrB 2 compared with YkA or 
T kB . Equation (37) shows that the ratio of such terms is of the order 
of magnitude -rj^k which we have already assumed to be small. From 
equation (37) we also have 


& (A - B) 

7"4 = —--cos kx. 

To this approximation, equation (39) can be satisfied if we equate 
coefficients of cos kx on both sides. 

[Equating the terms independent of cos kx gives us no further result 
of interest, since equation (39) contains an additive constant, because 
of the presence of the arbitrary function of time G (/) in equation (23).' 
Equating coefficients of cos kx gives us 

TP (A — B) 

- y - = pVk (A 4- B) ~ pg (.-I - B) 

and using equation (38) to eliminate the ratio A B, we get finally 

n (9 , Tk\ 

1 - (jT-T-— ) tanhM . (40, 

Which is the general relation between r and * for which we are looking 

Folirr" 0 .; to which , we arc w < n, «. a., 

tLt b rTt Z ra “° ‘° B - ttnd “ 0t separately, 

Z ‘% l/Jt *“ •ndrpmJ'M of ,ke amende of 

Mie If w0 take terms of order Vo i into account this ceases to be 
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true, and the velocity becomes a function of the amplitude, and it is 
no longer possible for a sinusoidal leave to be propagated without change 
of form. The same complications appear when we attempt to study 
sound-waves of finite amplitude (p 174). 

For the present we shall consider the consequences of equation (40) 
in a number of special cases. It is interesting to have also the expres¬ 
sions for the particle velocities v x , v y as functions of the depth. These 
can be obtained by differentiating expression (32) with respect to 
x and y respectively, and using equations (37) and (38) to determine A 
and B in terms of g 0 , V, k , and h. 

v x = - = V - ] (e kv + e-*-***) cos hr , 




(e kv — g-*V-2*A) s in fa 



which expressions may be written also in terms of hyperbolic functions 
thus 


/-77 o r cosh [A- (g + A/)] cos ks 
sinh kh 

krj 0 V sinh [7: (y -f- A)] sin kx 
sinh kh 



with !'* = (’ + - ) tauh kh . (43) 

In interpreting these expressions it must be remembered that y is always 
negative, y = 0 corresponding to the free surface and y = h to the 
bottom, while V is the velocity we have superimposed upon everything 
to get steady conditions. The following are the most important special 

cases: 

kh > 1. Deep-water leaves and ripples (depth large cornjmred with 
wavelength )Here we may neglect e~ kh compared with unity, so that 
cosh kh and sinh kh are nearly equal, and replace tanh kh by unity. 
Equation (41) now shows that the amplitudes of horizontal and vertical 
oscillations are nearly equal, and 90° out of phase (the term V in t-, 
arising from the superimposed velocity), and that they both fall off 
with increasing depth according to the factor e kv . That is, the paths 
of typical elements of fluid are circles. The velocity is given by 



which has a minimum value for k* = pg/T. Inserting for water the 
values .7 = 981 cm./sec. 2 , 70 dynes/cm., we get k min ~ 3-74 

corresponding to A min — 1-7 cm. and V min 27 cm./sec. 
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Thus, for any liquid, there is a minimum velocity of propagation 
of waves, and for wavelengths below the critical value the velocity of 
propagation increases as the wavelength falls, that is, with increasing 
frequency, and such disturbances are usually called ripples. Since, in 
this region, V is effectively proportional to V T, we have here the basis 
of a very useful means of measuring surface tension. The measurement 
is usually carried out by disturbing the surface by a stylus vibrating 
at a known frequency v, and measuring the wavelength of the resulting 
waves by photographic or optical methods, rather than by measuring 
V directly. (A«> = V for any wave-motion.) It is, in practice, difficult 
to produce ripples of wavelength less than about a millimetre, not onlv 
because they are very rapidly damped out by viscosity, but also 
because the energy is carried away in the form of sound. 

If A is greater than the minimum value found above, then the 
velocity of propagation increases as A increases, and the disturbance is 
usually called a deep-tcaJer wave. These exist over a very wide range 
of wavelengths, ranging from a few centimetres, produced by dropping 
a stone into water, to hundreds of metres, such as occur under conditions 
of “swell” at sea. The damping due to viscosity is usually extremely 
small, so such waves are propagated for very great distances, the 
main cause of the decrease in amplitude being the spreading of tho 
waves outwards from their source. Since the velocity of propagation 
increases as A increases, it follows that.e.j., the effect of a storm in the 
ocean will first show itself at a distant point in the form of a swell of 
long wavelength. The disturbance of the surface due to the storm can 
be analysed into a frequency spectrum by means of Fourier’s theorem 
(see Appendix), and it is the oscillations of longest wavelength and lowest 
frequency that travel fastest. It is not true that an oscillation of zero 
frequency would bo propagated with infinite speed, because if tho 
frequency becomes very small we must take account of tho effect of 
tho depth of the ocean in the manner to be explained below: 

kh < 1. Tulal waves. Depth small compared with wavelength .— 

Since tanh kh = kh - ^ + 1 ( kh )‘ - ... for kh < 1, 


e may without much orror, replace tanh kh by kh as long as kh is 
appreciably less than unity. The expression (40) now becomes 
th o effect of tho surface tension term being nearly always 
• Z hglb, °- i Thus> ! n th,s Te ® on of wavelengths, tho velocity of propaga- 
iTJr nlT T iDCd by tHe wavolen S th ' but by tho depth of 

futTcTrl t0 thGmultitude °f subsidiary tidal phenomena 

mat occur in straits and estuaries. 
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The tides may be regarded as a disturbance of the sea with an 
effective wavelength of the order of thousands of miles, which is very 
large compared with the depth of any ocean. As is well known, they 
originate in the gravitational attraction of the sea by the sun and moon, 
which, together with the rotation of the earth, produces a periodic rise 
and fall of sea-level at any given place in the sea. If the earth were 
entirely covered with water, the equilibrium configuration due to the 
attraction of the moon alone would be as shown in Fig. 61, the water 
being “heaped up’’ in the regions nearest to and furthest away from 
the moon. (It is, at first sight, difficult to understand why there 
should be this “heaping up” on the far side of the earth, as one would 
intuitively expect only a single “bulge”, pointing towards the moon, 
and this is indeed what would happen if the earth and moon were held 
fixed. In fact, however, the earth and moon are being accelerated 
towards one another by their gravitational attraction, and this results 
in their both describing orbits about their common centre of gravity. 

Thus the acceleration pro¬ 
duced by the moon’s 
attraction is greatest for 
.—. particles of water on the 

M J near side of the earth, 
slightly less for the earth 
itself, and least for particles 
of water on the far side, so 
Fig. 61. that the latter tend to lag 

behind the earth.) Thus, 

if the earth were entirely covered with water, there would be a periodic 
rise and fall in its level at any given point as the earth rotated. The 
effect of the sun would be to increase the apparent amplitude when 
the sun, moon, and earth were nearly in line, and to diminish it when 
the sun and moon subtended an approximate right angle at the earth. 

Although the earth is three-fourths covered with water, the true 
state of affairs is very much more complicated than that shown m 
Fig. 01, because the continents act as barriers, so that the ideal state of 
affairs shown in Fig. 61 can really only develop in the Southern Ocean 
♦ where there is a belt of sea all round the earth. Thus, we may think o 
the levels of the South Atlantic and South Pacific oceans being raised 
and lowered twice nearly every day, and these changes of level being 
propagated northwards. The periodic time is not exactly a day, 
because the moon is travelling round the earth and the tides co 
sequently have a period of about 24 X 28/27 = 24-9 hours. At any 
given place in the sea, the rate of propagation of the wave vanes, 
as we have seen, as the square root of the depth. "While, there ore, 
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is, in general, true that the phase of the tides lags more and more as 
one travels northwards, this phase is by no means the same at all 
places in the same latitude, both because the depth of the oceans 
themselves is not uniform, and also because of the individual 
peculiarities of the coastlines. 

Of more interest than the phases of the tides are their relative 
heights in different places. These vary widely from about 1-2 ft in 
mid-Pacific to 40 ft in the Bay of Fundy. It is possible to under¬ 
stand this as another effect of the varying depths of the oceans and 
estuaries. If a wave is being propagated along a canal that becomes 
progressively shallower, the amplitude increases as the depth diminishes. 
Crudely, one may think of the waves in the shallow parts being over¬ 
taken, and thus reinforced by the faster waves from the deeper parts, 
although an exact treatment of even the simplified case of a bottom of 
uniform slope is very difficult. Another way in which one may come 
to the same qualitative conclusion is from a consideration of the energy 
transported by waves over water of different depths (Fig. 62). For a 
fixed frequency of wave, the velocity 

of propagation is less and therefore -<- 

the wavelength must be shorter in the - 

shallow region, and the potential 
energy associated with each wave is 

therefore less than in the deeper _ 

region. The rate of transport of p IO 0 .>. 

energy cannot therefore be constant 

unless the amplitude is greater in the shallow region. This argument 
is not perfect, because it omits to take account of the fact that 
considerable reflection of any type of wave may well occur at a 
“step”, but, by a well-established physical principle, this reflection 
becomes very much less if the “step” is replaced by a gradually 
sloping bottom. 

In this way it is possible to understand the amplification in the height 
of the tide as the tidal waves approach the land over the continental 
shelf, and further amplification may bo produced by a rapidly narrowing 
channel such as the English Channel. The effect of depth on tho rate 
of wave-propagation is also made manifest in the behaviour of waves 
on a sloping beach. It is a matter of common observation that the 
wave-crests are practically parallel to the shore, whatever may bo the 
direction of the wind, and this can bo understood as a refraction effect, 
tho portion of tho wave nearest tho shore advancing tho slowest on 

amnlitudo / de P th ' ^ ^ WaV ° the shore, its 

wavo “bLr” a T f ° r . tl ; o . r f asoils mentioned and usually tho 
breaks when its hoight becomes comparable with tho depth 
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of water, in which case the equations (32) and (33) no longer represent 
an acceptable solution of the hydrodynamic equations, because terms 
involving g 0 2 can no longer be neglected. 

Conditions at the sea bottom. —-Inspection of equation (42) shows a 
fundamental difference between tidal waves and deep-water waves. 
The amplitude of the vertical oscillations v y is necessarily zero for 
both types of wave, but the ratio 

Horizontal amplitude at bottom _ cosh (A- (y -f A)] v _ _ A _ 1 

Horizontal amplitude at surface cosh [A- (y -f- //)]„ cosh kh 

For deep-water waves, kh is large compared with unity and this ratio 
is extremely small, the disturbance being appreciable only at distances 
below the surface comparable with the wavelength, but for tidal waves 
kh is small compared with unity, and the horizontal amplitude is practi¬ 
cally independent of depth. Our solution thus implies slipping of the 
water over the bottom, whereas we know physically that the layer of 
water immediately in contact with the bottom is at rest, so that we 
must now ask whether this fact vitiates the account of tidal waves that 
we have just outlined. What seems to happen in practice is that 
vortices form in the boundary-layer near the bottom and act somewhat 
in the manner of roller-bearmgs. Since the motion of the water is 
oscillatory, the vortices probably also oscillate in position, but do not 
migrate continuously as they do in the wake behind an obstacle. The 
corrugations often seen on sandy beaches are probably induced in 
this way. 

6. Non-linear hydrodynamics 

Even if we assume our fluid to be Newtonian, or neglect viscosity 
altogether, there are still a great many problems in hydrodynamics 
that cannot be dealt with properly by the linear treatments that we 
have outlined. Neglect of the non-linear terms may have more serious 
results than simply spoiling the numerical correctness of a solution 
when the amplitudes become large, it may also lead to the overlooking 
of definite new effects. 

There are two distinct reasons why non-linear effects appear in 
hydrodynamics, first the Bernoulli effect that we have already 
mentioned, arising from the fact that particle accelerations are not 
precisely equal to the partial derivatives dvjdt, etc., secondly the fact 
that the compressibility of all substances decreases with increasing 
pressure, so that the velocity of sound in an equation such as (19) 
p. 156, cannot be treated as a constant. The first consequence of 
these non-linearities is the so-called “overtaking effect”, that is to 
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say, the local velocity of sound is greatest where the pressure is 
highest, so that the high-pressure portions of a pulse or wave of large 
amplitude tend to travel faster than the low-pressure portions, and 
we get a progressive steepening of the profile of a pulse or wave-form, 
and it is no longer true that a sound is propagated without change 
in shape. Fig. 03 shows three successive stages in the propaga¬ 
tion of a pulse of moderate amplitude, the leading edge becoming 
progressively steeper, while the low-pressure regions travel slowest 
and form a “tail ”. This change in profile can be followed theoretically 
by a method devised by Riemann. If we confine ourselves to motion 
in one dimension, equations (1) and (2) can be written, without approxi¬ 
mation, as 




(14) 


dv 8v x 1 dP n 

-tt. + v x —I - jrr = 0 

dt dx p dx 


(45) 



yi 


Fio. 63. 


Since c, the velocity of sound, is given by ( dP/dp )*, we may write the last 
term as - —. These equations can be put into a more symmetrical 

form by introducing an auxiliary function, also depending on tho pressure 

or density, known as tho Riemann function. It is usually written o 
and is defined as follows:— 



so that a is, apart from an additive constant, a known function of p or P 
it the equation of state is known. We may then write 


8a c dp da 

= - zr and — — 

p dx dt 


The equations of motions (44), (45) become 


c dp 
p ~dt 
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On adding and subtracting these two equations, we get 


^ (<* + »x) 4- (c + t’ x ) (a f t7 x ) = 0 


(47) 


c 3 

■ c( — I’ x ) — (C — r x ) — (a — *>,) = 0 


(48) 


which are usually known as Riemann's equations of motion. They 
represent the generalisation to finite amplitudes of one-dimensional 
acoustic theory. Equation (47) states that the quantity a -f- v x is 
being momentarily propagated with a velocity c -f- v x , while the quantity 
a — v x is being propagated with a velocity c — v x . It is only pos¬ 
sible to obtain analytic solutions of these differential equations in special 
cases, so that they have, in general, to be solved numerically, because 
the quantities c,a, v x , are varying from place to place, and from instant 
to instant. They do, however, show the overtaking effect very clearly. 
For, according to equation (47), the part of a pressure-pulse for which 
P, and therefore a, is a maximum is being propagated with the greatest 
velocity, first because c is largest, secondly because of the presence of 
the v x in the velocity of propagation c -+- v x . In a sound pulse, v x 
will usually be, as in equation (47), in the direction of travel of the 
sound. Equation (48) describes the opposite case, in which the 
particle velocity and direction of propagation arc in opposite senses. 
These two types of wave or pulse frequently exist together, but it is 
no longer possible, as it is in ordinary acoustics, to superpose two such 
waves without their affecting one another. 

In practice, the effect of the increase of c with pressure is usually 
much greater than the effect of the term v x in c -f v x , so that the former 
is the main cause of the overtaking effect. The question now arises 
what happens when the leading edge of the pulse becomes vertical 
(Fig. 63), or nearly so. It is evident that it cannot become quite vertical, 
for this would imply an infinite rate of dissipation of energy by viscosity 
and thermal conductivity, however small these coefficients were numeri¬ 
cally. In practice, it is found that, e.g., an explosion pulse does have 
an extremely steep leading edge (whether propagated in air or in water), 
and, while it is probably correct to neglect dissipative effects in the 
remainder of the pulse, they cannot be neglected in the very steep 
region. This steep region is usually known as a shock-front, and it is 

often thought of as an abrupt jump of pressure. 

A true jump is impossible on any molecular hypothesis and one 

ought to think of the change in pressure being spread over a distance 
of the order of 10-100 molecular distances. Numerical estimates o 
the effect of thermal conductivity and viscosity on the propagation o 
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Rieiuami waves do show that the dissipation of energy docs become 
important for a shock-front of about this steepness. 

It was shown by Rankine and Hugoniot that, if such a shock-front 
exists, the velocity of propagation, the stream velocity, and the height 
of the pressure-jump can be uniquely related to one another and that 
the rate of dissipation of energy during the propagation of the shock- 
front can be computed without actual knoivlcdge of the numerical values 
of viscosity and thermal conductivity, it being assumed only that they 
are finite but small. This result is often found rather hard to believe, 
and the conclusion just mentioned was accepted only after a great 
deal of controversy. 


A result showing a similar feature is that the energy dissipated 
when two electrically charged bodies are connected by a wire can be 
calculated even though the resistance of the wire is not known. 
Altering the resistance of the wire merely alters both the current and 

Inlliri Q ? I 1 fl °; VS in SUch a wa ^ that the cuor gy dissipated is 
unaltered Similarly, if it were possible to alter the viscosity of a 

liquid without changing its other proper¬ 
ties, the effect would be to change the 
slope of the shock-front in such a way as 
to keep the dissipation of energy the 
same, without changing the shock-front 
equations themselves. 

We now derive these equations. We 
suppose that the pressure in the 

undisturbed fluid is P 0 , and that a shock is moving forwards into it 

n t D t d |, th f thestrMm - ve| ocity immediately behind the 
OCR IS u. Ue let the densities in front of and behind the shock bo 
* and P respectively. It is convenient to impose a velocity U on 

have )- Then hy con sorvation of matter we 



Fio. 04. 


p{u ~u) = Po U 


i . . . fi'j; 

in unit time, an amount of momentum n TT ss it • 1 . 

»ron of the shock, while „„ amount fv * “ , ™ ght , Up ‘° u . ni ‘ 

away from it. The differon™ u ) X {U ~ «) is carried 

the second law of motion eorroa ?°. n , ieso two Quantities must, by 

area of the shock, that is to P ^°P 0 s ° t t ^J lefc ^° rCC nctin g across unit 


or 


o. M„ T. 


F + P(U- «)* = p 0 + PqU 2 
P ~~ p o= p 0 Uu using (49) 


(50) 


12 
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A third equation can be obtained by an argument similar to that used 
in the discussion of the Joule-Thomson effect for the passage of gas 
through a porous plug (Roberts, Heat and Thermodynamics). One 
may think of the undisturbed fluid being fed into the stationary shock- 
front at a pressure P 0 , being suddenly compressed, and then travelling 
away from the shock-front at a pressure P. Since the pressures are 
steady, the history of each element of the fluid is the same. The work 
done on unit mass entering the shock, by the pressure P 0 at one side of 
the shock, is P 0 X volume of unit mass = P 0 p 0 . while the work done by 
the same unit mass on leaving the shock-front is P p. The difference 
between these two quantities is partly accounted for by a difference in 
the kinetic energy of unit mass on the two sides of the shock, but the 
remainder can only represent a change in the internal or thermal 
energy. (As in the Joule-Thomson experiment, the corresponding 
change in temperature differs somewhat from that associated with a 
reversible change of pressure from P 0 to P.) Since no energy can 


P 

7 



Fig. 65. 


enter or leave the fluid, the work done on unit mass must be equal 
to its total change of energy, kinetic and thermal, that is 

P °-f E 0 + it/ 2 = -+ E + h (U ~ u ) 2 . (5l) 

Po ' P 

Providing we know the specific heats and the equation of state, which 
relates P, P , and T, equations (49)-(51) are sufficient to enable us to 
calculate P p, U, and if one of these four quantities .s known, 
together with P„ or Po and T 0 . These equations can be used to compute 
the rate of dissipation of energy associated with the shock, . 

for weak shocks, is found to be proportional to the cube o( 
pressure-difTerence. It can also be shown that, for any / 

substance in which cPup increases with pressure, a negatr e ^sho k 
/■ < P 0 , is impossible, as it would imply the steady converaon of .ea 
into mechanical energy, which is thermodynamically mg **£ 
Moreover, it is obvious that, even if a sudden drop in P res ^® ^ 
produced artificially (Fig. 65), the regions of low pressure wo Id b 
propagated (ess rapidly than the regions of high pressure, so that 

discontinuity would tend to smooth itself off. 
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An interesting result can be deduced from equations (49) and (50), 
for weak shocks. We may write 


ii - 


11 (P ~ Po) (U — *') (p — p 0 ) 


Po 


from (19), so that 

P — p o — PoUu = U (U — u) (p — Po ). 

Now (P P o)i( P — Po) is. f° r moderate shocks, practically equal Ur 
dPjdp or c“, while, in the same circumstances u is small compared with 
U > an ^ we have U 2 — Uu = c 2 or U — c -f- iu, that is, the velocity 
of propagation of a shock-front is intermediate between the local velocity 
of sound e, and the velocity c -f- u with which a Riemann wave of finite 
slope is propagated. The shock-front travels slightly slower than a 
Riemann wave because shock-front theory takes the dissipation of 
energy into account, while the Riemann treatment neglects it. 

Shock-fronts are produced by two main methods. ° First of all, any 
sound of finite amplitude will develop into a shock if it travels far 
enough, because the high-pressure regions will always overtake the low- 
pressure ones, but, in practico, this effect is significant only for the 
very intense sounds produced by explosions, where pressures are 
measured in kilograms or tons per square cm., rather than in dynes per 
square cm. as for ordinary audible sounds. Shock-fronts are also 
caused by anything that causes a fluid to move at a velocity greater 
than the ocal velocity of sound. This can be caused by a projectile 

’ ° r , f thC fl °, W ° f th ° fluid ite0lf > trough a turbine 
jet. Usually, but not always, a shock-front divides a region of 

so, nd U f™ 1 tho stream-velocity is greater than the local velocity of 
bound from one in which it is less. Thus, in Fig. 64, tho fluid is 

tol'+iT, ,ri , , at a Vdocity a - whioh M Le seen, is equal 

S Si ■L'Lt, 

Non-linear phenomena in surface leaves. The “hydraulic iumv " — 

entirely due to the Bemouiii teruTVow it 
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that, in certain conditions, e.g. in a funnel-shaped estuary, an 
initially sinusoidal tidal wave can develop into a steep-fronted “ wall ” 
of water known as a “bore”, and a theory quite analogous to that 
of shock-fronts can be developed. An analogue of a steady shock, 
resembling a small waterfall and known as the “hydraulic jump”, 
sometimes occurs in rapid streams when there is a sudden change in 
the depth of water due, e.g., to a submerged obstruction. The density 
of the water does not alter, but the stream velocities and depths 
of water on the two sides of the “jump” can be different, so that, 
in analogy with equation (49) we can write tq/q = t/*A 2 . Analogues 
of the other two equations can also be written down, but we shall 
not discuss this point further. 


7. Conclusion 

Hydrodynamics has the rather unjust reputation of being “ untidy ”. 
While it is, as we have seen, usually true that problems that can be 
solved exactly are so idealised that they fail to represent any real 
situation, this is not unlike the picture presented by many other 
branches of theoretical physics. In such a problem as the behaviour 
of the tides, so many effects come into play, such as viscosity, the effect 
of the rotation of the earth, the varying depth of the ocean, etc., that 
any investigation is bound to be intricate if it is to give anything 
approaching a proper account of the actual situation. Again, experi¬ 
mental investigations of the situation in the neighbourhood of a 
projectile show that it is in fact extremely complicated, even for quite 
slow velocities of projection, and an exact solution of such a problem, 
even if it is ever found, would be almost useless as it would probably 
involve extremely complicated mathematical functions which would 
have to be tabulated, so that the present approach of seeking direct 
solution of the equations of motion by numerical methods is unlikely 
to be superseded in the near future. Moreover, the advent of electronic 
computing devices will certainly, within the next few years, enable 
vastly more complicated theoretical problems to be tackled efficiently 
and quickly, so that this gives a further advantage to the numerical 

approach. 
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Examples on Chapter VI 

1. Derive from first principles the Eulerian equations of hydrodynamics. 

2. Derive an expression for tho “hydrodynamic virtual mass” of a long cylinder, 
moving through a perfect fluid in a direction perpendicular to its axis. 

(Hint.—Take coordinate axes at rest with respect to the cylinder. Assume a 
velocity potential <f> = Ar cos 0 + B cos 0/r, where -1 and B are constants chosen 
to agree with the velocity at long distances from tho cylinder and the boundary 
condition at its surface. Dctcrmino the corresponding velocities at each point 
in tho fluid and transform to axes fixed in space. By integration over all space 
outside the cylinder the total kinetic energy per unit length of cylinder can bo 
obtained.) 

3. Describe the motion of a safety-razor blade as it falls through water, and 
give an explanation of the effects observed. Explain why the blado does not 
fall vertically “edgewise”. 

4. Draw a rough graph of tho relationship between tho force F acting on a 
small sphere and the velocity v with which it moves through an ordinary liquid 
or gas. 

5. Show that the excess pressure p in a piano sound-wave of small amplitudo 

ob«ys tho approximate equation 0 = In what ways does tins equation 

fail to represent the facts if p is gradually increased? 

Derive an expression for the velocity of probation cf waves on the surface 
of a sea of groat depth. 

7. A spherical gos-bnbblo is oscillating radially in a soa of infinite depth. 
Demo the equation governing tho variation of tho radius of tho bubblo with 
time. How is tho flow round the bubble affected by the proximity of a free 
surface or a rigid bottom T {U»o tho method of images.) 
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1. Introduction 

\\ e can describe a solid as an aggregate of molecules arranged, at 
random or in some definite lattice structure, so that the migration of a 
molecule to a new position in the solid occurs comparatively rarely. 
A gas can be thought of as a number of molecules distributed practically 
at random in empty space of volume very much greater than the total 
volume ot the molecules. There is, however, no such clear-cut physical 
picture of a liquid. The total volume of a liquid is, as for a solid, not 
very much greater than the sum of the volumes of the molecules, but, 
on the other hand, the migration of molecules is much more rapid in 
liquids than in solids. Thus, we may attempt to describe a liquid as a 
solid whose lattice structure has been lost, or we may think of it as a 
highly compressed gas and attempt to devise a suitable generalisation 
of the kinetic theory of gases. Much effort has been spent on both 
these approaches, but no “model” is yet known that can be regarded 
as physically satisfying. On the other hand, several models are known 
that can each correlate a number of different properties of a liquid, and 
we shall describe a few of the most successful ones. We shall first 
summarise briefly the experimental facts that, any ultimately successful 
theory will have to explain. 

2. The observed properties of liquids 

(a) The distribution function. —The first property that one thinks 
about is the way in which the molecules are arranged. They are not 
arranged in the completely random manner characteristic of a gas, nor 
are they arranged in a repeating lattice structure like a solid. If the 
scattering of X-rays by a liquid is determined, the pattern obtained is 
a series of rings rather than the isolated spots, characteristic of a large 
crystal. This pattern can be used to determine the structure of the 
liquid, the reader is referred, e.g., to Frenkel’s Kinetic Theory of Liquids 
for a description of the methods of interpretation, and the structure is 
usually expressed by means of the distribution function. This function 
is defined in the following way. We take a typical molecule, and plot, 
as a function of distance from its centre, the number of other molecules 
likely to be found within a small volume at various distances from our 
typical molecule. Plainly, if we suppose the molecules to be nearly 
rigid, the probability of finding the centre of a second molecule nearer 
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to the centre of the first than the “gas-kinetic diameter ' is negligibly 
small. On the other hand, if the molecules are closely packed, with 
very little “free volume”, it is to be expected that there will be a great 
many pairs of molecules only a little further apart than one gas-kinetic 
diameter, so that wc expect the distribution function to start at zero 
and rise steeply to a maximum. At great distances from our typical 
molecule, the probability of finding others within unit volume becomes 
practically uniform, and is proportional to the density of the liquid. 
The typical distribution function g (r) inferred from X-ray data is 
plotted in Fig. G6. Theoretical investigations seem to show that 
something very like the observed distribution function is to be expected 
on purely geometrical considerations, a similar pattern being expected 
for rigid spheres packed at random. 


(6) Viscosity .—The main characteristic of a liquid is that it cannot 
resist transverse shearing, 
but that a resisting force 
proportional to rate of shear 
is called into play. Gases 
also have viscosity, but this 
always increases as the 
temperature rises, whereas 
the viscosity of a liquid 
almost always falls rapidly 
with rising temperature. It 
has been customary for some 
time to attempt to analyse 
observed viscosities in terms 

of a law of the type r ) cce l '‘ kr , and, ns we shall sec, there is some 
theoretical basis for such a law, but it cannot bo regarded ns more than 
a first approximation and, even in allegedly “simple” liquids [the 
rather vague concept of an “associated” liquid will be discussed lator 
(p. 265)], plots of log rj against \/T are often very far from straight lines. 
In some regions of temperature it is often found that a simpler law of 
the type tjcc (\ -f- aT)~ n , where a is a constant, gives at least as good 
a representation of the data as tho exponential relationship. 



(c) Surface tension .—As is well known, a liquid behaves in many 
ways ns if its surface were covered by an elastic skin , for oxamplo a 
small drop of liquid is not pulled down into a flat cake by gravity but 
is nearly spherical. Again, it is possiblo with care to mako a needlo, or 
an aluminium disc, “float” on tho surface of the water, although thoy 
are not capable of floating in the ordinary sense of tho term and 
flink immediately the “skin” is broken through. Another familiar 





184 


THE PHYSICAL PROPERTIES OF LIQUIDS 


manifestation of surface tension is the continual motion of camphor 
chips on the surface of clean water. The surface tension of water is 
greatly lowered by dissolving camphor in it, so that a chip tends to be 
pulled towards places where the solution is weakest and the surface 
tension therefore strongest. 

Such phenomena are usually interpreted by saying that a molecule 
at the surface of a liquid is subject to an asymmetric field of force, due 

to the attraction of the other 

- - -fX. -- molecules, because there is 

nothing balancing the attraction 
of the molecules below the one in 
question, so that there is a net 
force (Fig. 67) tending to draw 
a molecule from the surface back 
into the body of the 
where the net force on it will 
vanish by symmetry, and we 
may think that the free surface 




Fio. 07. of a liquid has a certain potential 

energy, and that it is maintained 
in existence by thermal agitation, which brings more molecules to the 
surface as fast as others are dragged back into the main body of the 
liquid. There is no doubt that this view is correct, but some writers 
have criticised it on the grounds that, although it gives the required 
result that work has to be done to create a fresh surface, it cannot account 
for one of the common manifestations of surface tension, namely, 
forces acting parallel to the surface. According to Fig. 67, the force 
on a typical molecule can, bv symmetry, act only perpendicular to 
the surface. 


If we make a small framework with one 
movable side (Fig. 68), we may cover it 
with a soap film, or place it on the surface 
of a liquid, and then introduce another liquid 
into the region inside the frame, in which 
circumstances one observes “surface tension” 
forces acting parallel to the surface pulling or pushing the movable 
side (Fig. 68). Again, the rise of liquid in a capillary tube can 
be understood only on the basis that the surface tension forces have 
at least a component parallel to the liquid surface (Fig. 69). o\v 
ever, in Fig. 67, a symmetry exists between conditions on the lelt 
and right, whereas, to produce observable forces parallel to the surface 
one must either introduce a solid boundary, or else a second liquid, and 
the symmetry between left and right is thus destroyed. In such cases, 
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there is no longer any reason why the force on a typical molecule 
should be perpendicular to the surface. 

The interactions of liquids with solids, and their spreading over 
one another, give rise to a very great variety of phenomena, some 
of which we shall meet later on (Chapter IX). 



(d) Tensile strength .—It is not generally 
known that liquids can, under proper con¬ 
ditions, sustain very considerable tensions. 

There are various methods by which this can 
be demonstrated. One of the most direct is 
by spinning a J-tube containing the liquid 
about an axis perpendicular to the axis of the 
tube (Fig. 70), as was first done by Reynolds. 

The long arm may either be scaled under a 
vacuum, in which case the liquid is simply 
under its own vapour pressure, or else can be 
left open to the atmosphere. In cither event, the rotation of the 
liquid about an axis implies an acceleration towards the centre of 
uP-r for each element of the liquid at a distance r from the axis, and 
this implies a pressure-gradient of puPr in the outward direction, so 
that the pressure decreases as ono approaches the axis, and becomes 

negative there if w is large enough. Usually 

r -ki tensions of the order of 5-10 atmospheres are 

H enough to make the liquid rupture but Briggs, 

H using special precautions, has shown that water 

and benzene will withstand tensions of the order 
I H ot hundreds of atmospheres. Another way, due 

| 0 to Berthelot, in which tensions can readily be 

produced in a liquid is by scaling it up, leaving 
a small gas-bubble, in a tube which is then 
heated. The liquid expands faster than tho glass 
and eventually dissolves the remaining gas-bubble 
and fills the whole tube. If it is now cooled tho 
liquid is subjected to tension and eventually 
breaks with a “click” when tho tube is cooled 
through about 5°-10° C. The corresponding ten¬ 
sions just boforo rupture are usually of tho order of 

to tnnoi , i • i Y , Ct ° ther Ways in which a U< l uid can bo subjected 
BemZi „r , y h,gh ; fr “ < l ue " c 5' sound * Ugh amplitude and by tho 
US! l.l aSSOC,atod mth tho ™Pi<* motion of liquids in pipes (p 
145) or w.th the mot,on of water in the neighbourhood of propeUem 

In these last three oases, the failure of tho liquid and the subsequent 
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50-100 atmospheres. 
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collapse of the vapour bubbles is known as cavitation, and is of con¬ 
siderable technical importance, as it not only limits the performance 
of propellers and of under-water signalling devices directly (one can say 
colloquially that cavitation causes a propeller to “lose its grip” on the 
water), but metals are rapidly eroded by cavitation, if it is at all intense 
or long continued, owing to the high pressures developed when vapour 
bubbles collapse to a very small volume. 

(e) The equation of state and specific heat. —These properties are not 
peculiar to a liquid, being common to all matter, but any acceptable 
theory of a liquid must reproduce, e.g., the compressibility of a liquid, 
at least in order of magnitude. It must also be compatible with the 
thermal measurements on the specific heat of the liquid and on its 

vaporisation and solidifica¬ 
tion, but discussion of these 
is outside the scope of this 
book. 

(/) The “ solution ” of 

solids, liquids, and gases in 

liquids. —It is an obvious fact 

that solids “dissolve” in 

liquids and solubilities in 

water range from minute 

fractions of 1 per cent., 

^ . e.q. barium sulphate, to ex- 

Temperature tremo | y hjgh figures> eg . 

Fig. 71. sugar. [Indeed, crystals, e.g. 

of photographic “hypo” 
(Na 2 S 2 0 3 ), can be made into a “solution” without the addition of any 
water at all, for merely heating the crystals causes them to 
“dissolve” in the water of crystallisation already present in them.] 
Usually the solubility of a solid rises rapidly as the temperature 
increases, and the typical appearance of a solubility curve is as shown 
in Fig. 71 ( convex to the temperature axis), though there are some 
solids, e.g. common salt (NaCl), for which the curve is nearly straight, 
and others, e.g. anhydrous sodium sulphate (N T a,SO,), which become 

less soluble as the temperature rises. 

An equally wide variety of behaviour is found for liquids. Some, 
e.g. mercury and water, are practically immiscible, others such as 
ethyl alcohol and water mix in all proportions, while yet others, e.g. 
ether and water, tricthylamine and water, or phenol and water, show 
only limited mutual solubilities, and, for certain ranges of composition, 
two distinct layers are formed, one layer being a saturated solution of 
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liquid A in liquid B, while the other layer is a saturated solution of 
liquid B in liquid A. If we define the solubility-curve as the relation 
between temperature and composition marking the limits of the two- 
layer regime, we usually get a curve of the type shown in Fig. 72 
(mutual solubilities increasing with rise of temperature), e.g. phenol 
and water, but, here again, it is not unknown for the mutual solubilities 
to increase with falling temperature, e.g. tricthylainine and water, or 
for the two-layer region to be bounded by a closer! curve , e.g. nicotine 
and water. 

All gases are to some extent soluble in liquids, indeed, it is doubtful 
whether a liquid sample entirely free from dissolved gases has ever 
been prepared. Apart from gases such as ammonia, which react 
chemically with the solvent, two fairly general statements about the 
solubilities of gases in 
liquids can be made. First, 
the solubility decreases 
as the temperature rises, 
secondly, the solubility 
expressed as mass of gas 
that dissolves in a given 
mass of liquid is, at a given 
temperature, nearly pro¬ 
portional to the pressure 
(Henry’s Law). Sinco the 
volume of a given mass of 
gas is, by Boyle’s law, 
inversely proportional to 
the pressure, Henry’s law 
can also bo expressed by 

saying that the volume of gas that dissolves in a given mass of liquid 
depends only on the temperature. 

The properties of solutions will be discussed in more detail in 
Chapter VIII, but it is quite clear that both the existence of solutions, 
and the fact that the solubilities of chomically similar solids, e.g. 
barium and zinc sulphates, sometimes differ widely, are things that any 
ultimately successful theory of liquids will have to explain. 

3. “Gas-like” models of a liquid 

(«) The van der W rials' model .—The first successful attompt to 
describe a liquid was due to van der Waals. Ho began with tho perfect 
gas model and then examined the effect of taking account of tho 
molecular interactions. It has been shown that tho form of the 
correcting terms is, to a first approximation, independent of tho nature 
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of the molecular interaction functions. We assume only that the 
force between two molecules is central (p. 8), and that it is repulsive 
at distances comparable with the gas-kinetic diameter, but becomes 
attractive at large distances, the potential energy curve being as 
shown in Fig. 73. It is to be expected theoretically that the attractive 
part of the energy (between molecules without dipole moments) should 
fall off as the inverse sixth power of the distance, the corresponding force 
sometimes being referred to as a van der Waals’ force. 

The physical reason for this can be understood if one thinks of the 
classical picture of an atom as a nucleus surrounded by one or more 
electrons revolving round it, which we may also think of as a rotating 
electric dipole. The field of such a dipole falls off as the inverse cube 

of the distance. Now sup¬ 
pose that we have a second 
atom in the neighbourhood. 
The second atom is polar¬ 
ised by the electric field of 
the first, and will now have 
a dipole moment which 
oscillates in phase with the 
rotations of the dipole 
associated with the first 
atom. If J/j is the strength 
of the rotating dipole, the 
field at the second atom is 
proportional to MJr 3 , 
where r is the distance 
apart of the two atoms, 
and the induced dipole 
moment is proportional to 
this field. Although the original dipole .1/, and the induced dipole, of 
strength proportional to MJr 3 , are both zero when averaged over a 
long time (because of the revolution of the electron in a closed orbit), 
yet the time average of the interaction between these two dipoles is not 
zero, because the variations of the induced dipole moment are in phase 
with the inducing field, that is, with the original dipole moment. Tins 
interaction energy is proportional to original moment X induce 
moment r 3 , that is to i-«, which is the physical origin of the inverse- 
sixth power law. There will, on the average, be no direct interaction 
between the two rotating dipoles because they will have slig t y 
different periods of rotation, so the phase continually alters and the 
mean effect is zero. An induced dipole keeps a constant relationship m 
phase to the field that produces it. See Appendix, p. 288. 
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As for the repulsive forces, we must expect them to become important 
as soon as the outer electrons in two molecules approach one another. 
Now it is a fundamental feature of quantum mechanics that electrons 
are not to be thought of as localised in a very small volume, but as 
likely to be found with varying probabilities in various regions of 
space. Alternatively, we may think of an electron as represented by a 
certain distribution of electric charge permeating all space, but with 
density falling off very rapidly with distance. For an electron bound to 
a nucleus the corresponding probability or charge-density falls of!' expo¬ 
nentially with increasing distance. Thus, if we push two atoms together, 
the “charge-clouds” associated with the outermost electrons “overlap” 
more aud more, and the repulsive forces between atoms result from the 
“deformation of the outer electronic orbits” or, looked at another way, 
from the electrostatic repulsion between the charge-clouds. This 
latter effect is roughly proportional to the density of the charge-clouds 
in the region of overlap, that is to say, to e _r/r o, where r 0 is of the 
same order of magnitude as the radius of the electronic orbits. Thus 
we arrive at the following approximate theoretical expression for the 
mutual potential energy of two atoms, 

V = — ^ + Ne-’K t 

that is, we have an attraction at long ranges but a repulsion at short 
ranges. This is the simplest type of interaction that can possibly 
represent physical reality. 

The rigorous evaluation of the equation of state of an assembly of 
molecules with such an interaction function is still an unsolved problem. 
What can bo done rigorously is to evaluate the second virial coefficient 
as a function of temperature, that is the coefficient D in the equation 
of state expressed in the following form, which is the customary way 
of exhibiting data on the compressibility of gases: 

Pv = ItT+ -+^+ ... 

V v a 

The theoretical prediction of C, or of any of the higher virial 
coefficients, is a matter of considerable difficulty, for it becomes 
necessary to consider iu detail cases where two, three, four, or more 
molecules are in close proximity. In the kinetic theory of gases it is 
nearly always sufficient to confine oneself to binary collisions, but 
Higher order collisions become more and moro important as the K as 

domr^r 36 ' 1, Untd th ° UqUid 8tat ° appear3> whou tUoir offset becomes 


Wo shall not attempt the rigorous treatment, 
rough derivation of the form of the corrections to the 


but shall give a 
perfect gas laws 
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necessitated by interactions, which, although it is by no means free 
objection, does at least enable one to see the physical origin of the main 
correcting terms. We first attempt to take account of the repulsive 
forces, which we represent roughly by assigning a finite diameter to 
the molecules, comparable with the gas-kinetic diameter a, and 
suppose that two molecules can never approach closer than this. Then 
we have to take account of the fact that the centre of a typical molecule 
moving in an enclosure of volume v cannot approach the centre of 
any other molecule closer than a distance a. If we first suppose that 
all the molecules, except the typical one we are considering, are at 
rest, we should have to draw a sphere of radius a round each of the 
other molecules, the total volume not accessible to our typical molecule, 
the “excluded volume”, thus being eight times the total volume of the 


1t7 V 

molecules or -^-a 3 . In the kinetic theory derivation of the equation 

3 


Pv = Jd/c 2 (p. 115) we neglected the finite volume of the molecules, 
and a correction must now be made for this by writing v —/ instead of 
r, where f is the excluded volume. 

The figure of eight times the actual volume of the molecules that 
we have just deduced for/ must now be modified to allow for the fact 
that a typical molecule does not merely move round at high speed, 
“bumping into” other nearly stationary molecules, in which case the 
above figure would be correct. In fact the “target” molecules are 
themselves moving at the same mean speed as the typical one. This 
necessitates a reduction of the excluded volume by a factor of two, a 
type of correction that we also met when discussing the relation between 
mean free path and molecular diameter (p. 123). For those target 
molecules nearly in contact with the walls, which are just in the process 
of rebounding, this modification is not applicable, instead, such a 
molecule contributes, on the average, only a hemisphere of radius a 
to the excluded volume, not a whole sphere. We thus deduce that the 
excluded volume should be j.Vttct 3 , that is four times the total volume 
of the molecules. 

We have also to correct for any possible attractive forces between 
the molecules. On the whole these will balance out, but, near the 
walls there is no longer a symmetrical distribution of molecules round 
a typical one. The momentum component, perpendicular to the wall, 
of an atom rebounding from it is thus reversed not only by the forces 
between wall and molecule, the force on the wall giving rise to the 
observed “pressure”, but partly also by the intermolecular forces 
(cf. Fig. 67). Thus, this correcting term in the pressure is proportioua 
first to the number of molecules which are striking the walls in unit 
time, that is, to the total number of molecules in the vessel, second y, 
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to the number of molecules near enough to a typical molecule to exert 
an appreciable force on it, which is also proportional to the density 
or number of molecules present. Thus, to a first approximation, the 
correcting term in the pressure is proportional to the square ol the 
density, that is to 1/r 2 , and we correct our equation of state for 
the perfect gas by writiug 

[P+ \)(v-b) = ni' .(i) 

We shall now determine the consequences of this equation, without 
making any further attempt to improve the. correcting terms. 
Theoretically, it is known that, even for a very simple type of molecular 
interaction function, the true correcting terms would become very 
numerous long before the liquid state was approached, so that the 
assumption that a and 6 can be treated as constant cannot be 
quantitatively correct. The arguments used in deriving equation (1) 
are crude, and can only be relied upon as first approximations. 

Nevertheless, we shall now see that equation (1) does givo a 
satisfactory qualitative account, not only of the phenomenon of 
condensation, but of some of the properties of the liquid state as well. 
One sometimes speaks of a van der H'ua/s’ gas (or liquid) by which we 
mean a hypothetical assembly whoso molecular interactions are 
precisely described by equation (1). We develop some properties of 
tliis assembly and then compare them with those of actual gases and 
liquids. 

Using equation (1) it is a simple matter to plot isothcrmals, for we 
may write 



IlT a 

v-b v 2 ' 


nnd the form of this relation is sketched in Fig. 71 for a number of 
different temperatures. These are divided into two sets by the 
isothermal ACB, which has a point of inflection at C, the isothermals 
below it showing maxima and minima, while those abovo it do not. 
We may at once conclude, on physical grounds, that the rising portions, 
such as FG and LM of the isothermals, which would correspond to the 
volume increasing with increasing pressure, are unstable and cannot 
represent physical reality. It therefore seems that the assembly, on 
being taken along the path DBF, must, at some stage, jump discon¬ 
tinuous^ to the portion of the curve GHK, as tho assembly has cortninly 
become unstable by tho time it reaches the point F. Wo aro thus 

‘‘J. ido “ tif y ^ P»r«ons of tho curve with tho 

that 74 t 9 a V “ POUr phaSC8 ' Wo tllon “PPOso 

that, m Fig. 74, the two phases aro equally stable, at a given temperature, 
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at some definite pressure corresponding to the line EH. An 
application of statistical mechanics, beyond the scope of this book, 
confirms this supposition, and indicates that the lin e EH must be 
drawn so that the area between EH and the volume avis is the same 
as the area enclosed between the curve EFGH and the volume axis. 
This result is known as the rule of equal area.?. (Various attempts have 
been made to establish it without recourse to statistical mechanics, by 
thermodynamic reasoning alone, but the author believes them all to 
be fallacious.) 

The portion of the line EF corresponds to a state of the assembly 
stable with respect to small fluctuations of pressure, etc., but less stable 
than a state in the region HK, to which it will go over spontaneously 
if a sufficiently large fluctuation occurs, or if the assembly is “seeded ’ 



by the introduction of a suitable nucleus. e are thus led to associate 
the portion EF of the isothermal with the familiar superheated state 
of a liquid, which occurs, e.g.. when one attempts to boil a liquid m a 
smooth glass vessel, which results in “ bumping ” or the sudden formation, 
with almost explosive violence, of large bubbles of vapour. This is 
obviated bv introducing pieces of unglazed porcelain, which continually 
release srmLll bubbles of gas capable of acting as nuclei and assisting 
the formation of vapour bubbles. The reason why it is difficult to 
create a smaU bubble of vapour in a liquid phase will become apparent 

later on when we consider surface tension (p. 245). 

The portion HG of the isothermal corresponding to the vapour 
phase is to be thought of as a region where the vapour phase is stable 
against small fluctuations, but nevertheless, less stable than the liqui 
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phase. Again, we know experimentally that such a situation can be 
realised. The cloud-chamber, due to C. T. R. Wilson, exploits the 
existence of this metastable region. Basically, it consists of a 
chamber in which the air is practically saturated with water vapour. 
By suddenly withdrawing a piston, the air can be expanded adiabaticallv 
to a volume that bears a predetermined ratio to its original volume, 
which results in a fall in temperature that more than compensates for 
the effect of fall in pressure, and matters are arranged so that the 
water vapour ends up in a state represented by a point on a portion 
such as IIG of the isothermal. In this state the condensation occurs 
only if some kind of nucleus is present, to assist in the formation of an 
initial drop of liquid. Among bodies that are capable of acting as 
nuclei in this way are dust particles or ionised gas molecules. The action 
of an electrically charged particle is to attract neutral molecules of 
water vapour to it and thus to facilitate, the formation of a drop of 
water, which the effect of surface tension tends to prevent. The 
electric charge on an ion, although small, nevertheless produces in its 
neighbourhood fields that are comparable with any electric fields that 
can bo produced in the laboratory, and its efTect in “ gathering together ” 
water molecules is very appreciable. By carrying out a few preliminary 
expansions and allowing the “fog” to settle, it is possible to remove all 
the dust particles originally present in the chamber, which is then ready 
to detect and make visible any charged ions that may be produced 
during the expansion, e.g. by the passage through the vapour of any 
high-speed charged particle such as an a-particlo. Each ion produced 
>y the passage of the a-particle produces a small drop of water, and thus 
renders the track of the a-particle visible. If the expansion ratio is 
too great, the chamber fills with fog, whether charged ions are present 
not, a situation than can be described either by saying that we 1mvo 

rif' regions such ns ho 8,id h8 « a zi 

may s lv V T mr P nS ° is definitel 7 “'“table, or clan one 

'WW”ifrf r D u " char 8 0d molecules are capablo of acting as 
m! f th ° dcgreo of supersaturation is too groat. b 

to reach'a r 0 ^ h “ *° “ 7 "‘ nd ' n0 ‘ com l ,re3s th ° vapour in order 
v«n h * ® tC ? or super-saturated state is worth noticing If u 

loosely su y iu g that «tj ^Tfie £ oV“ “ 

13 
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equal areas we obtain a law of the variation of vapour pressure 
with temperature which is qualitatively the same as that for actual 
liquids. Moreover, a very simple argument enables us to locate the 
point C, the corresponding temperature being that above which no 
separation into two phases is possible. The coalescence of the maxima 
and minima occurring at lower temperatures implies the existence of a 
horizontal tangent and a point of inflection at C, so that we have 



which, using equation (2), give us easily 





8a 
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Thus, from the observed critical data, we can also calculate values of 
the constants a and 6. We do not find more than qualitative agree¬ 
ment with values of a and b deduced from the virial coefficients, i.e. 
from the observed departure of the gas from Boyle’s law at high 
pressures—and indeed, quantitative agreement is not to be expected, 
as the equation itself cannot theoretically be expected to hold in the 
neighbourhood of the critical point. In particular, the theoretical 
relationship between the three critical coefficients obtained by eliminat¬ 
ing a and b, 

P ' v ' = - . ( 2 ) 

RT e 8. 

does not hold accurately, the observed ratios being usually in the 
neighbourhood of 0-2 — 0-3. 

Yet another qualitative success of the van der Waals’ equation 
is the following: below a certain temperature, the isothermals take a 
form resembling that of LMN in Fig. 74. The rule of equal areas still 
gives a positive vapour pressure for such an isothermal, but part of the 
metastable region now corresponds to the liquid being at a negative 
hydrostatic pressure, that is, under tension. We have already mentioned 
(p. 185) that liquids can, under proper conditions, be subjected to 
tensions of the order of hundreds of atmospheres, but reference to the 
original papers must be made for a detailed discussion of the various 
methods of applying and measuring these tensions. (It seems quite 
likely that the observed values correspond to the liquid “tearing away 
from the walls of its containing vessel rather than “breaking” in the 
strict sense.) If one assumes reasonable values of a and b the theoretical 
tensile strength of a van der Waals’ liquid at room temperature, i.e 
the distance of the point L (marking the limit of the metastable region) 
below the volume axis is of the order of 500 atmospheres. This agrees 
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with observation far better than the customary assumption made in 
the literature that the tensile strength is numerically the same as the 
so caUed “intrinsic pressure” a/ I’ 2 , which is usually of the order of 
10,000 atmospheres. 

Thus the value of the van dor Waals’ equation of state, and of other 
similar types of equation, is that they give a qualitative account of 
quite a number of phenomena, and at the same time enable us to make 
order of magnitude” estimates of the van der Waals’ constants 
a and b. The constant b is, as we have seen, a measure of the volume 
of a molecule and estimates obtained from the departure of the gas 
rom Boyles law and from critical data can be compared with other 
estimates of atomic volumes, obtained from the measurements of thermal 
eonduetiv^y and viscosity of gases (p. 124), from X-ray scattering, which 
measures effectively the radii of the outer electronic orbits, or from 

rad a d oTeler rCt,C which aIs ° detcr,llilie the effective 

a| ° f eCtromc orb,ts for fairl 7 s,m ple atoms and molecules. In 
almost e ver y case one gets satisfactory “order of magnitude” a-ree- 

action large e ectrostatic repulsions. See Table VI (p 315) 8 
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surface tension, or from the latent he^t V k ’’T*’' 0 ' ** fr °'" tUe 

with”tomperirtiu^^can*be^calculated^iinAn»K' 0e ^ C ’f Ilt -r ^ var * a ^ on 

energy be supposed known as a function'of'fliTdl^ * ^ mt ° raction 
molecules, it being assumed also that H • / d,stan co betweon two 
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(6) The "cell model .—The van der Waals' model cannot be 
expected to provide any information about such phenomena as viscosity 
and diffusion. Since we know from other evidence that multiple 
collisions play a large part in determining the properties of a liquid, it 
cannot be expected that any extension of the kinetic theory of gases, 
in which only binary collisions are normally considered, is likely to be 
fruitful. Indeed, we know (Chapter V) that the viscosity of a gas 
increases with rising temperature, whereas that of a liquid rapidly falls. 

The “cell" or “cage” model of a liquid attempts to take account 
of the interactions by postulating that a typical molecule is confined 
in a “cage” of a volume that is comparable with its own, as a result of 
being surrounded fairly closely by other molecules Such processes as 
liquid flow, diffusion, and heat conductivity are to be thought of as a 
progressive transfer of the molecules from cell to cell in response 
respectively to space gradients of pressure, concentration, and tem¬ 
perature. One may suppose neighbouring cells separated by “potential 
barriers” of average height U, representing crudely the effect of the 
interactions, and an average molecule may be expected to make quite 
a number of collisions with others that form the walls of the “cell” 
before it acquires enough kinetic energy to escape. In equilibrium 
conditions the number of molecules which have a total energy of U 
or more, is by Boltzmann’s expression, proportional to e~ l/kl , so that 
the number of molecules which leave their cells in unit time is propor¬ 
tional to e~ v,kT . Hence we might, at first sight, expect to find a factor 
of this kind in the coefficients of diffusion and thermal conductivity, and 
a factor e +u/kT in the coefficient of viscosity. In practice it is possible 
to express roughly the temperature variation of the coefficient of 
viscosity by means of such a function, but the coefficient of thermal 
conductivity does not seem to contain such a factor, while data for 
the variation with temperature of the diffusion coefficient in liquids 
are scarce. In any case, it is not to be expected that the three coefficients 
should vary in exactly the same way with temperature. The effect of a 
pressure-gradient may be thought of as that of raising the potential 
barrier on one side of the cell and loicering it on the other side. The 
effect of a concentration gradient is that the probable number of molecules 
within a cell varies with the distance, while the effect of a tempera¬ 
ture gradient is that the factor e~ u ‘ kT and, therefore, the mean number 
of molecules escaping from a cell, is a function of distance. \ anous 
workers have derived quantitative formulae based on this model. 

The quantity U, like the van der Waals’ constant a, can also be 
related to the latent heat of evaporation and surface tension of a liquid, 
but this connection between U and « will be better understood when we 
consider the “hole” model of a liquid in the next article. 
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4. “Solid-like” models of a liquid 

(a) The “ hole ” model. —Since the density of a liquid never differs 

by more than a few per cent, from that of its solid, in contrast with the 

enormously smaller density of the vapour, many workers have attempted 

to derive a theory of liquids by some modification of that of solids. One 

of the most promising of such developments is the •‘hole” theory. 

According to this theory, the melting of a crystalline solid is thought of 

as the progressive transfer, as the temperature rises, of molecules from 

their proper lattice sites to other positions in the lattice. When enough 

molecules have migrated to such interstitial sites, it is to be expected 

that the whole lattice structure will become unstable and break down, 

and a liquid is thought of as a sort of random mixture of molecules 

and unoccupied lattice sites or “holes”. The “flow” of a liquid is 

then to be interpreted as a progressive process of molecules filling up 

neighbouring holes. To remove a molecule from the liquid, leaving a 

ole , a quantity of work U must be done against the inter-molecular 

forces, and the number of “holes”, and thus the rate of flow of the 

liquid, is thus again proportional to a factor e~ u ‘ kr . So that, in 

practice the predictions of the “hole” model are very similar to those 

ol the cell model. However, the relationships between U, the ener«»v 

neccssary to create a “hole” by removing a molecule from the liquid, 

and the surface tension and latent heat, are much more obvious 

p ysically than when U is to be thought of as the height of the 

potential barrier that occurs in the “cell” model. This simple 

conception has led, in the hands of Eyring and Lennard-Jones, and 

Za: , he “testation of many of the properties of liquids, 
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motion of individual molecules under thermal agitation by means of a 
superposition of sound-waves. Both compressional waves and shear 
waves (p. 107) were used, the possible frequencies of which depended on 
the acoustic modes of vibration of the solid, treated as a continuum. 


The amplitude of each mode was fixed by Planck’s expression 
hv 

~r lV ikf - 1 f° r th® mean energy of a harmonic oscillator of frequency yat 


temperature T. In this way it is possible to give a very acceptable 
description of the thermal properties of a solid, and, by development of 
the theory, of its mechanical properties. Attempts have been made 
to apply the theory to liquids with some success, one of the main 
difficulties being to decide whether or not a liquid should be supposed 
capable of supporting shear waves (p. 108). Experimentally, ordinary 
liquids cannot support shear waves of low frequencies, but the 
frequencies that are most important in Debye’s theory are comparable 
with the number of collisions suffered by a given molecule per second, 
that is of the order of 10 l2 /sec., which is far above any ultrasonic 
frequency that has been investigated experimentally. Attempts have 
been made to settle this question by analysis of the scattering of light 
by liquids, but the results are inconclusive. For a further discussion 
of this point the reader is referred to Frenkel’s Kinetic Theory of Liquids. 
The propagation of shear waves in highly viscous non-Newtonian 
(see p. 140) liquids has been experimentally demonstrated, but no such 
result has yet been obtained for any Newtonian liquid. 


5. Measurement of the physical properties of liquids 

(a) Elastic properties .—The only elastic modulus that can be 
defined for a liquid is the bulk modulus K, defined in the same way as 
for a solid as v(dP/dc). Early attempts to measure this quantity 
were not satisfactory, because the liquid has to be contained in some 
kind of vessel, and the expansion of the vessel when tho pressure inside 
it is increased is comparable with the change of volume of the liqui . 
Even if the same pressure is applied inside and outside the vesse , t le 
volume change of the vessel is not zero, but is now a decrease, the same 
as that which would occur if a piece of the solid that would exactly i 
the inside of the vessel were subjected to the same pressure externally. 
The volume change to be expected can be computed theoretically for 
reasonably simple shapes of vessel, such as spheres, or cylinders with 
flat or hemispherical ends, but if glass vessels are used an additions 
complication arises because glass is not elastically isotropic. Meta 
vessels are more likely to be isotropic, but often show porosity. 

Probably the first accurate determinations are due to Regnaui , 
who surrounded the actual vessel containing the liquid experimented on 
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by another vessel, so that the same pressure could be applied to the 
inside only, the outside only or to both the inside and outside of 
the experimental vessel, thus enabling its departure from elastic 
isotropy to be detected. This work was extended to higher pressures 
by such workers as Tait, but the early work is superseded by that of 
Bridgman, which is now accepted as standard. The liquid was placed 
in a strong alloy-steel vessel, and the apparent change in volume 
relative to the vessel measured by the advance of the piston producing 
the pressure. The pressure itself was measured by the change in 
resistance of a manganin wire contained in the vessel, and the expansion 
of the vessel itself could be corrected for by a second set of experiments 
in which part of the liquid was replaced by a steel plug. 

A slightly less direct method of measuring the bulk modulus of a 
liquid is by measuring the velocity of sound in it. For methods of 
doing this, the reader is referred to works on sound. Of recent years, 
the technique of ultrasonics has attained great precision, and reliable 
measurements can be made in comparatively small samples of liquid. 
As with a gas, the velocity of sound is proportional to the square root 
of the adiabatic bulk modulus, but the difference between the adiabatic 
and isothermal bulk moduli can be computed thermodynamically, if 
the coefficient of expansion is known, and never amounts to more than a 
few per cent, for a solid or liquid. 

We have already reforred briefly to measurements of the tensile 
strength of liquids (p. 185). 


(6) T iscostly. The most direct method of measuring viscosity is 
y an application of Poiseuille's law, derived on p. 147, and, basically 
the experiment is a very simple one. The liquid is driven, by some * 
evice for maintaining a constant pressure head, through a capillary 

b r tUm T 3i °“ at0 and the rate of flow dete£ 

” “ndI weighing. To obtain really accurate results it is 

necessary to enclose the apparatus m a thermostat on account of the 

a nuTheroT y r° ™° OSlty 10 ton >P™turc and, in addition, quite 
a number of corrections are necessary, e.g.i _ ^ 

(i) Hydrodynamic conditions at the entry to aud exit from the 

d6flQed ' 80 ^ th8re “V be som: intcnracy 
,n wMMating the true pressure-gradient. TMa u ^ 
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flow through a capillary. This enables relative values of viscosity to 
be obtained very rapidly, and, if desired, such an instrument can be 
calibrated with a liquid of known viscosity and density. 

A second method of measuring viscosity is by measuring the 
damping of the oscillations of a disc suspended horizontally by a torsion 
wire attached to its centre. This method is due to Maxwell, but the 
theory is very complicated. A method on a similar principle, in which 
a simple pendulum with a spherical bob was swung in the liquid is due 
to Stokes. Another method is to measure the damping of the torsional 
oscillations of a hollow sphere suspended on a torsion wire and filled 
with the liquid. For such simple geometry, solution of the equations 
of motion is a practical proposition. The reader is referred to Lamb’s 
Hydrodynamics. 

A third method, very suitable for very viscous liquids such as oil 
or treacle, is to use an apparatus consisting of two coaxial cylinders, the 
annular space between which is filled with the liquid [Fig. 75(a) 



Fig. 75. 


and (6)], the outer cylinder being rotated at a uniform angular velocity, 
and the torque on the inner one measured by any of the usual methods, 
such as a torsion balance, or torsion wire and mirror. Let w (r) be the 
angular velocity of the liquid as a function of the radius r. If the 
same relation between viscous drag and velocity-gradient held when the 
streamlines are curved as when they are straight, the force per unit 
area acting across the cylinder of radius r would be 

dv d , 

r 'a?= iri Tr lr “ ir)] 

( dcu \ 

“ (r)+r dr)' 

However, for curved streamlines the relations between viscous 
force and velocity distribution are more complicated, and the reader 
is referred, e.g ., to Lamb’s Hydrodynamics for details P la,nl 7» 
expression just derived cannot be correct, for it would imply that a 
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viscous force was acting even if co was independent of r y whereas there 
can be no such drag if the whole liquid is rotating with a uniform 
angular velocity. It can be shown that the correct expression is 
obtained from the above by merely omitting the term involving o> (r). 

The actual force is thus — per unit area, and the total torque acting 

cr 

across a cylindrical surface of radius r and unit length is 


Coj 

l r fr ^r.r 


(3) 


For steady conditions there can be no torque on the hollow cylinder 
between r and r + dr because its angular velocity is constant. This 

C/O) i 

means that r 3 — is constant, that is co = + B y and the constants 

cr r- 

have to be chosen so that cu = co 0 at r = a and vanishes at r = b. 
This gives us 

"=- ai (i ) 

<u 0 a* — 6 2 ' r 2 ' 

The torque on either the inner or outer cylinder is then given by 

G = 277?; r 3 -r- = —--per unit length . (4) 

. Cn> . 

since r* ~ is constant everywhere between the cylinders. 

We have neglected any effect on the bottom of the inner cylinder, 
but we may expect this contribution to the torque to be almost 
independent of Z, the length of curved surface of the inner cylinder 
immersed, so that we can eliminate this error by carrying out experi¬ 
ments with two or three different values of Z, since equation (4) gives 
a total torque proportional to Z, but the correction is independent of Z. 

et another simple laboratory method of measuring the viscosity 
of a fairly viscous liquid is to enclose it in a long tube and drop small 
balls through it aud determine their steady velocity of fall when the 
viscous force balances the effect of gravity. According to Stokes’ law, 
me viscous force on a sphere moving through the liquid with a velocity u 
f mrrjau, and this has to be equated to the downward force 

l ^ 'A - < ^ 9, where P * the density of the solid, and p t that of the 

J!®"”. T , meth °d is a very rapid one, but has the disadvantage that 

r *! Ue 40 wa *k t ^ ie vess el are surprisingly large. For 

^dncal vessel, Landenburg arrived at the correcting factor 

^ 1 + ~R )’ wlierc & is radius of the cylindrical vessel, with the 
centre of the ball on the axis of the cylinder. 
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6. Superfluidity 

The phenomenon of superconductivity in metals has been known for 
nearly half a century. Its characteristic feature is a complete dis¬ 
appearance of the electrical resistance of certain metals at very low 
temperatures, complete in the sense that a current can be induced in a 
ring of metal which is accompanied by no measurable e.m.f. and will 
maintain itself for several days at apparently undiminished strength. 
This phenomenon has necessitated the revision of some of the funda¬ 
mental ideas of physics, for it seems to indicate that electrons can flow, 
and form a macroscopic current that is not diminished owing to 
resistance and other dissipative processes, as happens with any ordinary 
assembly, such as gas molecules flowing through a tube, in which the 
energy associated with any drift velocity is eventually dissipated as heat. 

More recently, evidence for a second type of “ superflow ” has been 
obtained. It is found that liquid helium undergoes some kind of 
transition at about 2-2° K. There is also considerable evidence that 
below this temperature part at least of the liquid has “superfluid" 
properties. No one has yet demonstrated a “ persistent flow ”, analogous 
to the persistent currents found in superconductors, but it is known that 
the liquid can flow at remarkably small pressure differences, of the order 
of a fraction of a millimetre head of liquid helium, and also that it can 
flow through fine channels at speeds far greater than are possible for any 
other known liquid or gas. Thus, if the very fine particles of jeweller’s 
rouge are compressed to form a pad, ordinary liquids or gases will only 
penetrate it very slowly under pressures of the order of atmospheres, the 
dimensions of the channels being of the order of 10~ 6 cm., yet the low 
temperature modification (usually known as helium II) passes through 
it very rapidly under pressure heads of a few millimetres of liquid 
helium. 

If the ordinary conception of viscosity were applicable at all, 
measurements of this kind would point to values of the order of 10 10 
poise, compared with a value of 10 -2 poise for water and 3 X 10~ 5 poise 
for ordinary liquid helium. On the other hand, if a disc is suspended on 
a torsion fibre and oscillated in liquid helium II, a definite damping is 
found, just as it would bo in an ordinary liquid. Further experiments 
on these lines (using a pile of discs instead of a single disc) seemed to 
indicate that only part of the liquid was being “carried round” by the 
discs, that, is, the effects observed were identical with those to be 
expected in an ordinary liquid of density smaller than that of the 
liquid helium. The theory of this experiment is complicated, but the 
physical reason why this method is capable of measuring effective 
density as well as viscosity is this: the oscillating disc drags round with 
it layers of liquid, the velocity of the layers falling off as the distance 
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from the disc increases. The viscous drag between these layers results 
in a damping of the oscillation, while the mass of these layers results in 
an effective addition to the moment of inertia of the suspended system 
which can be detected by its effect on the period of the oscillation. 
(This effect is in addition to the slight effect on the period produced 
directly by the damping, as described in the Appendix, p. 289.) 

A combination of these two types of experiment leads us to the idea 
that liquid helium II is capable of flowing in two distinct ways, either 
as a superfluid which apparently “slips past” solid boundaries and 


penetrates narrow channels, as would a “perfect fluid” according to 
classical hydrodynamics, or else as a normal fluid which is capable of 
interacting with solids and is held back by narrow capillaries. The 
effective density of the normal fluid can be measured by the oscillating 
disc experiments, and the remaining mass of the liquid helium must be 
attributed to the superfluid. One is naturally reluctant to postulate 
the physical presence of two distinct fluids within something so very 
simple chemically as liquid helium, but a further set of experiments 
(on the propagation of temperature differences in liquid helium II) 
seems to leave no doubt that this “ratio of effective densities” pjp n is 
a physically significant quantity, though this crude “ two-fluid ” con¬ 
ception will, no doubt, be replaced in due course by something more 
closely related to the atomic structure of the liquid. 

The quantity p,/p n varies markedly with temperature and vanishes 
at the transition temperature. If we have two vessels at different 
temperatures connected by a fine capillary or slit, the values of Ps and 
Pn will be slightly different on the two sides of the slit. Viscosity 
prevents appreciable flow of the normal fluid but the superfluid flows 
through the narrow channel until either the temperatures are equa¬ 
lised, or elso until a sufficient pressure-difference to stop the flow lias 
been built up. This state of affairs is analogous to what occurs when 
two solutions of different concentrations are separated by a membrane 
winch can be penetrated only by solvent molecules (seo Chapter VIII). 

Pressure-differences amounting to several centimetres head of liquid 
^ ™ ? roduced b X temperature differences of as little as 
* tf . . effecfc is known as the thermo-mechanical, or 

r«vr«^i m ’ effe . ct and > '"thin limits, is found to be thermodynamically 
in ti!! 6 ’ r at a dlfference “ Pressure will itself produce a difference 

makeT™!^ 6 m tW u° VCSSel9 Connccted b y * narrow slit. If we 
Tidil!; 6 8 8omowhat ^dor, normal fluid flows through it in the 

tTZli r y f ? T TT- th ° P reS3uro 'differcnce, and it is possible 

n I : m Whi0h DOrmal fluid -P-faM »ro 

, e J s ? “ ° PP ° slte Sections at equal rates through tho slit. This 

leads to a transport of heat (tho heat capaoity of tho suporfluid is 
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believed to be negligible) apparently similar to ordinary conduction 
of heat, because there is no net flow of liquid between the vessels, but 
corresponding to a fantastically high apparent thermal conductivity. 
This was one of the first of the anomalous properties of liquid helium II 
to be discovered, and was thought to indicate some “super-heat con¬ 
ductivity”, but it now seems that it is really a convection effect. 

This idea is supported by the existence of another phenomenon 
peculiar to liquid helium II known, rather unhappily, as “second sound 
This consists of the propagation, without appreciable attenuation, of 
periodic temperature changes produced, e.g., by applying alternating 
current to a heating coil. This is something quite distinct from 
ordinary thermal conduction associated with a periodic variation of 
temperature for which, however high the numerical value of the thermal 
conductivity may be, there is always a big attenuation within a distance 
of the order of the wavelength of the temperature-wave. 

On the two-fluid picture, second sound is interpreted as the result 
of relative motion of the normal fluid and superfluid. Thus pjp n 
varies with distance and time, and the value of this quantity at any 
particular place is a measure of the temperature there. Since the 
heat content of the superfluid is negligible, second sound may, like the 
apparent conduction of heat, be regarded as a convection effect duo 
to the motion of the normal fluid. It is possible to set up a “ two-fluid 
hydrodynamics” and from it derive a relation between p s /p n and the 
observed velocity of propagation of second sound. This is 


C 2-P± s 2 
2 Pn (ds/dT) r 



where T (ds/d'T),. is the specific heat at constant pressure, which is a 
mensurable quantity, s, the entropy per unit mass, can be deduced 
from the specific heat by numerical integration, the Nemst Heat 
Theorem requiring that s = 0 at T = 0. Equation (5) then enables 
us to make a determination of p„lp s , and the values agree closely with 
those from the oscillating disc experiment, strongly suggesting that this 
parameter really has a definite physical meaning, in spite of its 
strangeness. 

No satisfactory theory accounting for all these observations yet 
exists, but it is quite clearly established that there is no hope of an 
explanation on the basis of classical physics and that quantum mechanics 
has to be invoked. It has been shown theoretically that certain types 
of assembly can have quantum states of low energy * ro 

ciably occupied only below a certain temperature. Equally, it the 
interactions between the molecules of a liquid are described by means 
of sound-waves in the manner mentioned above (p. 197) we can calculate 
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the apparent mass “dragged along” by a surface moving tangentially 
to the liquid, and this mass may, at low temperatures, be less than 
the actual mass of the liquid. Further, we can account for the fact 
that liquid helium, unlike all other bodies, docs not solidify at any 
attainable temperature except under pressure. This arises from the 
fact that, according to quantum mechanics, a given assembly cannot 
have less than a certain energy (the so-called zero-point energy), even 
at the absolute zero of temperature. This zero-point energy is greatest 
for light atoms and increases rapidly as the volume of the assembly is 
diminished, with the net result that a periodic crystal lattice, which 
is the configuration of lowest energy for all other substances, is the 
equilibrium one for helium only under a pressure of 25 atmospheres 
or over. At a pressure of one atmosphere, this effect of the zero- 
point energy “blows out” the average atomic spacing to a point 
at which the atomic interactions are insufficiently strong to form a 
definite crystal lattice, and X-ray studies of both forms of the liquid 
show a distribution function (p. 182) of practically the same form as 
that of quite ordinary liquids. 

All three of these theoretical results are consequences of quantum, 
as distinct from classical, mechanics, and it seems certain that they will 
all have to find a place in any ultimately successful theory. 

Yet another circumstance that points clearly to the decisive impor¬ 
tance of quantum effects in liquid helium is the fact that supertiuid 
effects are, apparently, absent in the liquid form of the rare helium 
isotope (of atomic weight 3). Such big differences between the 
properties of chemically identical atoms are familiar enough in quantum 
theory, but are almost unintelligible on a “classical” basis. 


7. Ultrasonic absorption in liquids 

Of recent years great improvements have been made in the technique 
of measurement of high-frequency sound, and, in particular, it is now 
possible to make accurate measurements of absorptions and propagation 
velocities as functions of frequency. Tho important feature of those 
measurements is that the measured absorption is often greater, some¬ 
times by a factor as large as 1,000, than the absorption that would bo 
expected on the basis of dissipation of energy by viscosity (the viscosity 
Deing measured by such methods as those described abovo, which we 
may call “quasi-static” methods, where velocities of flow of tho order 
o a few centimetres per second are involved). Howovor, it is not 
inlf^ 8 eas ^ sure that this apparent extra absorption is not 

hv 1“’. °, r du ° somo cause 3uch as scattering of tho sound 

ZZ°a; Pa , rtlclea 8U9 P ond °d in the liquid, and the early work gave 
very discordant results. 
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It can now be stated quite definitely that this discrepancy between 
‘‘observed” and “calculated” absorptions is a real one, and this result 
is of great importance, because it shows that the description of a liquid 
by means of the concepts of compressibility and viscosity is inadequate 
even on a macroscopic basis. It is not possible to argue that the 
concept of viscosity is breaking down because ultrasonic wavelengths 
are too short as, even at the highest attainable ultrasonic frequencies 
('--' 10 9 per second), wavelengths are still very large (~ 10- 4 cm.), 
compared with the distances between molecules. Moreover in certain 
liquids, such as carbon tetrachloride, the “anomalous” absorption, 
that cannot be accounted for on the basis of viscosity, increases 
with rising temperature, whereas the viscosity of all ordinary liquids 
decreases with rising temperature. Another interesting fact is that 
the extra absorption is particularly large in liquids such as carbon 
tetrachloride, carbon disulphide, and benzene, whose valencies are 
chemically saturated, and which have symmetrical molecules that one 
might expect to be “well behaved.” 

We can describe this extra absorption formally in two different 
ways. The first is by the introduction of the new hydrodynamic 
concept of “bulk viscosity”. It has been known since the time of 
Maxwell and Stokes that the conventional equations of hydro¬ 
dynamics are not the most general possible ones consistent with the 
assumption: stress is proportional to rate of deformation. It is 
possible, even in an isotropic liquid, to define a coefficient of viscosity 
that is related to the bulk modulus in the same way that ordinary 
shear viscosity is related to the shear modulus of elasticity. For the 
elastic modulus we have stress proportional to strain, for the corre¬ 
sponding viscosity we have stress proportional to rate of strain. 

Thus, with a finite bulk viscosity, we have a pressure-gradient 
associated with a uniform expansion or contraction of a liquid. It 
was shown by Maxwell that the kinetic theory of gases (using the 
ordinary model of attracting rigid spheres) led to a unique relation 
between shear and bulk viscosities, the bulk viscosity being one-third 
of the shear viscosity (p. 189), so that a gas can in effect be described 
by a single coefficient, but it has only very recently been realised that 
this relation need not hold for a liquid, and that, in general, two 
independent coefficients of viscosity are needed to describe it, just as 
two independent coefficients of elasticity are needed to describe an 
isotropic elastic substance. (Note that some writers speak of a 
substance having “zero bulk viscosity”, when what they really mean is 
a substance whose two viscosities obey Maxwell’s relation.) Evidently, 
the excess ultrasonic absorption can always be described formally by 
means of a suitable value of the coefficient of bulk viscosity, but the 
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question of the physical origin of the extra absorption is not solved 
by doing this. Recently Eckart and Liebermann have proposed a 
means, independent of absorption measurements, of measuring this 
coefficient, and have obtained values for it consistent with the 
absorption measurements. The reader is referred to the original papers 
for details of the method and results. 

We can divide liquids into four classes, according to the behaviour 
of the ultrasonic absorption, and this enables us to obtain physical 
insight into the possible causes of this absorption. 

I. Liquids for which absorption is correctly described on the basis 
of Maxwell’s relation. Mercury and liquid argon are in this class. 
(In mercury there is an extra contribution due to thermal conductivity.) 

II. Liquids for which the “excess” absorption varies with tempera¬ 
ture in the same way as the viscosity itself. Water and the alcohols 
seem to belong to this class. 

III. Liquids for which the “excess” absorption increases with tem¬ 
perature. Benzene, carbon disulphide, and carbon tetrachloride are 
in this class. 


IV. Liquids for which the “excess” absorption could be described 
only by a viscosity coefficient that depends on the frequency, e.g. ethyl 
acetate and acetic acid. 

The conception of a coefficient of second viscosity is of real use 
only in Class II. Here it seems that the same interaction is responsible 
both for the ordinary viscosity and for the excess absorption, at least 
this is a reasonable deduction from the fact that they both vary in the 

same way with temperature, so that the ratio _ obser ved absorption 
• .. “classical” absorption 

is practically a constant (about 3 for water). It may well be that, in 

water and the alcohols, the main mechanism responsible for both 
viscosities is the formation and breaking of “hydrogen bonds”—(a type 
o loose chemical bond formed, e.g., in an —OH group with an oxygen 

rlifT m . a f nei 8 hbounD g molecule). An interaction of this typo is quite 
different from those ordinarily assumed in the kinetic theory of gases, 

so thTt> V° mt ? f dlfference is thafc ^ not a central force (p. 8) 
^oes not hoH L 8 r U e rPnSmg ^ MaXWCll ’ S relatiou for the two viscosities 

fnncUon 1 ^ because of fche d^rent behaviour ns a 

absorotion iTT h ° n ? echan,sm responsible for the “excess” 

AtSte have b T that rCap0n8ible for ordinary viscosity. 

the same \iZ 2T mad ° * ° Xplaiu this excess absorption on 
same lines as the excess absorption of sound in gases such as 
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carbon dioxide. The latter effect has been definitely traced to the 
inability of the vibrational modes of the molecules themselves to 
“keep in step” with the ultrasonic oscillations—the result being a 
dissipation of energy analogous to the losses in a dielectric in an 
alternating electric field, the dipoles being unable to keep fully in step 
with the oscillations of the field, see Debye, Polar Molecules. The 
existence of similar effects in liquids can be definitely checked only if 
ultrasonic frequencies are available comparable with the inverse of 
the “time of relaxation”, i.e. the time that would be taken by the 
degree of freedom concerned to respond to a suddenly applied dis¬ 
turbance. In liquids such times are very short, and it is only in a 
few cases that an attempt to identify the degree of freedom concerned 
can be made. If the frequencies available are small compared with 
the inverse of the time of relaxation, the rate of dissipation of energy 
is proportional to the square of the frequency, just as it is with ordinary 
viscosity, and it is not then possible to estimate the time of relaxation. 
If one has high enough frequencies available, the absorption ceases 
to be proportional to the square of the frequency, and the shape of 
the absorption-frequency curve, together with the accompanying 
dependence of velocity of propagation on frequency, then enables the 
relevant time of relaxation to be estimated—the first step in identifying 
the mechanism responsible for it. It is probable that such a departure 
from the frequency squared law of absorption is what is happening in 
group IV which probably consists of liquids with abnormally long 
relaxation times. 

Although at present at a very tentative stage, it will be seen that 
ultrasonic investigations promise to give a great deal of information 
about the interactions between atoms and molecules in the liquid state. 
For further details, the reader is referred to a review by Kittel. 
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Examples on Chapter VII 

I. Givo as many, ways as you can by which the “size" of molecules can be 
estimated experimentally, being careful to point out exactly what proi>crty of the 
molecule is being measured by each type of experiment. 

Explain what is meant by the distribution function of a liquid. How can 
information about it be obtained? Can corresponding quantities be defined for 
a gas or solid ? 

3. Obtain an expression for the pressure of a van der Wauls’ gas in descending 
powers of the volume v. 

4. It is desired to design a compact apparatus for routino measurements of 
viscosity of largo numbers of samples of a liquid such as glycerine at room 
temperature. Design such an apparatus, giving reasons for your choice of diinen- 
aions. (Viscosity of glycerine at room temperature 15 C.G.S. units.) 

5. Compare and contrast the properties of sound-waves of audible and ultra¬ 
sonic frequencies in liquids. 

6. Writo an essay on tho theory of liquids. 

holin' W, !“ t , aro the mai » facts that any ultimately successful theory of liquid 

ncuum will have to explain? 


p - o. m., x. 
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CHAPTER VIII 


SOLUTIONS AND ELECTROLYTES. OSMOTIC PRESSURE, 
DIFFUSION, AND RELATED PHENOMENA 

1. Introduction 

Two of the most striking changes, that may occur when a solid is 
dissolved in a liquid, are, first that the solution may become a conductor 
of electricity, even when both the solid and the pure liquid are insulators, 
secondly, that the solution always tends to dilute itself by attracting 
more pure solvent to it, if this is possible. The latter effect occurs in 
various ways, e.g. if the solution and pure solvent are placed in 
contact, diffusion occurs until the concentration is uniform. The 
same tendency can, however, manifest itself indirectly in many other 
ways—for example, if a vessel containing solution and a second one 
containing pure solvent are placed together under a bell-jar, the pure 
solvent gradually evaporates and the volume of the solution increases 

by condensation from the vapour. 
Again, if the solution and solvent are 
separated from one another by a mem¬ 
brane that will pass solvent but not 
solute molecules, the solvent molecules 
try to find their way into the solution, 
and, if the solution is contained in a 
closed vessel, a very considerable pressure 
may be built up in it. This persistant 
tendency of a solution to dilute itself 
is known as osmosis, and the pressure 
that has to be applied to the solution in order to stop it taking up more 
of the pure solvent is called the osmotic pressure of the solution. 

2. Measurement of osmotic pressures 

The reader is referred to textbooks of physical chemistry for details 
of the methods of measurement of osmotic pressure. The pressure to 
be measured may vary from a few millimetres of mercury for a dilute 
solution or a colloid to many hundreds of atmospheres for a strong 
solution of a very soluble substance such as sugar. The basic principle 
is shown in Fig. 70. The solution is contained in a porous pot whose 
pores are impregnated with some semi-permeable material which « 
pass solvent but not solute molecules. One much used for ordinary 
solutions is copper ferrocyanide, and the membrane can actually 
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prepared in the pores of the pot by filling it with a solution of a copper 
salt and standing the pot in a solution of potassium ferrocvanide. If 
such a pot, known as a Pfeffer pot, is filled with solution and then 
inserted in pure solvent, the solvent diffuses through the membrane, 
until the pressure in the pot becomes steady and can be measured 
by a manometer. For strong solutions there is danger of bursting the 
pot, and, although special methods have been devised, such as putting 
the pure solvent inside the pot and applying pressure to the solution 
outside until conditions are steady, the measurement of osmotic 
pressure directly is always difficult. However, there are many possi¬ 
bilities of measuring it indirectly and we shall first derive, by a quite 
general argument, a relationship between the osmotic pressure of a 
solution and the vapour pressures of the solution and the pure solvent. 

Let Fig. 77 represent a state of equilibrium between solution and 
pure solvent. The solution in vessel A is separated from the pure 
solvent in vessel B by a semi- 
permeable membrane C. There will 
be equilibrium when the pressure 
corresponding to the length of the 
column of liquid CD is equal to 
the osmotic pressure. We may 
allow the vapour of the solvent 
access to the top of the column D 
and the surface of the solvent E 
without affecting this equilibrium, 
and we may assume further that 
there is no other gas present. In 

the surface of the solution, must be related to the Pl ° VGr 

by the relationship *° the osmotlc pressure P 

P —— pgh — j) 

£££*££* thediffer'ence 

the pr Jr wHi.r d T T* *° 

of density a and height h. For a short r column of vapour 
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or, assuming that the vapour obeys Boyle’s law, so that a = a 0 p, 
where <r 0 is the density of the vapour at a pressure of one atmosphere, 



Integrating lo g- = gar 0 h . (2) 

Pi 

Eliminating h between equations (1) and (2) gives us a relation between 
P and p — p v If the solutions are dilute enough (2) can be replaced 
by p — Pi — ogh, so that the relation becomes 



which means that, for dilute solutions, the lowering of vapour pressure 
is proportional lo the. osmotic pressure. For more concentrated solutions 
we must use equation (2), and, strictly speaking, we ought to correct 
the theory further to allow for the fact that p is not constant but varies 
with pressure, and also for the fact that vapours do not exactly obey 
Boyle’s law. However, they obey it much more closely than one might 
expect and these last two refinements of the theory are unnecessary. 

Thus the variation of osmotic pressure may be considered known 
if the lowering of vapour pressure can be measured. At small concen¬ 
trations they are proportional to one another. It will be noticed that 
the above argument makes no assumption at all about the mechanism 
causing osmotic pressure, but merely assumes the existence of seini- 
permeable membranes. Thus the argument is a thermodynamic one 
(of the particular kind where no heat exchanges or temperature changes 
are involved, so that we use only the principle of conservation of 

energy). . , , 

The measurement of changes of vapour pressure can be earned out 
in various ways described in books on heat. It is possible to do it 
directly, e.g. by introducing a small quantity of the solution into the 
Torricellian vacuum of a mercury barometer, and comparing the 
depression of the mercury with that due to the pure liquid, but the 
most accurate methods are indirect, and depend on measurements of 
the elevation of the boiling point or the lowering of the freezing point of 
the liquid by dissolving the solid in it. 

Since a liquid boils when its vapour pressure becomes equal 
to that of the atmosphere, a lowering of the vapour pressure from 
p to p x must result in a raising of the boiling point by AT, where 
AT = (]> — Pi) ■ <1T/<!]>, where dT/dp is the slope of the vapour-pressure 
curve of the liquid. This is connected with measurable properties of 
the liquid by the following equation, the celebrated Claustus-Clapeyron 
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equation , for a derivation of which the reader is referred to textbooks 
of thermodynamics:— 

dp I 

d . <4> 

where l is the latent heat of evaporation per unit mass, »* va|) and t’ 1Ul 
are the volumes of unit mass of the liquid and vapour respectively. 

The connection between the lowering of the vapour pressure and 
the depression of the freezing point is slightly less direct, but niav he 
obtained in the following way. Nearly all dilute solutions when frozen 
deposit pure solid solvent at first. Freezing thus occurs when the 
vapour pressure of the solid and that of the solution are the same, 
so that both the solid and the solution are in equilibrium with the 
same vapour, and therefore with one another. The vapour pressure 
of the solution is less than that of the pure solvent, consequently the 
solid is in equilibrium with the solution at a lower temperature than 
it would be with the pure solvent. The change in the vapour pressure 
of a solid with temperature is also governed by equation (4), where l is 
now the heat of sublimation , so that again we can compute, in terms 
of physically measurable quantities, the relation between lowering of 
vapour pressure and depression of freezing point, that is the tem¬ 
perature difference corresponding, on the vapour-pressure curve of 
the solid, to a pressure-difference of p — p v The changes in boiling 
point and freezing point can be measured with satisfactory accuracy 
by a thermometer such as Beckmann’s, the chief difficulties in 
temperature measurements arising when absolute measurements of 
temperature are required. 


3, Theory of osmotic pressure 

The experimental facts and theoretical reasoning that we have 
ou me in the last article tend to give the impression that osmotic 
phenomena are really the manifestation of attractive forces between 
° solute and solvent molecules. Indeed, wo know for certain that 
many substances combine chemically with water when dissolved, and 

C ® 0f 8tr ° ng attractive forces between solvent and solute is 
outlbed 7 !^ C ° m n° n - . NcverthoI <*»« view that we have just 
“perfJt soi r 80 '-. °" mot,C P res3urc would even in a so-called 
do not°distimrnM 1 J 13 ^ Say a 8 ° lution in wllich the interactions 
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pass through the semi-permeable membrane, from which it follows that, 
in equilibrium, the mean numbers striking the membrane on each side 
must be the same, this argument being familiar in the kinetic theory 
of gases. However, the solute molecules also strike the membrane but 
are turned back by it, and the resulting destruction of momentum 
results in an excess pressure on the solution side of the membrane 
which has no counterpart on the other side. Thus it is only possible 
to have equilibrium if the total pressure in the solution is greater than 
that in the solvent. One can put the argument in another way, which 
may help to show more clearly why solvent tries to flow into the 
solution. Let us suppose that we start an experiment with the total 
pressures equal on both sides of a semi-permeable membrane. On the 
solution side of the membrane this pressure is due partly to the solute 
molecules striking the membrane, and the remainder to the solvent 
molecules. On the pure liquid side we have only the effect of the 
solvent molecules. If the total pressures on both sides are known to be 
equal we must conclude that more solvent molecules are striking the mem¬ 
brane from the pure liquid side than from the solution side, and this 
must result in a net transfer of liquid through the membrane. 

If the solution is dilute, the solute molecules will be surrounded by 
solvent molecules, and will encounter one another comparatively 
rarely, so that their interaction with one another is slight, and 
they may thus be thought of as moving about independently. In 
these circumstances we can use Boltzmann’s principle to show that 
the mean kinetic energy of the solute molecules is ilkT, even in the 
presence of an external field of force (p. 118). If their interactions with 
one another are negligible, we can take a second step and infer the 
same connection between pressure and mean square velocity that we 
deduced for a perfect gas by considering the rate of destruction of 
momentum at the boundary, that is, we may conclude that 

P = J.Vm c* = M T . (5) 

where P is the pressure due to the solute molecules alone, m is the 
mass of each, and N is the number per unit volume. Thus the osmotic 
pressure should, for dilute solutions, obey the same law of variation 
with temperature as the pressure of a perfect gas. This result was 
predicted by van’t Hoff by a somewhat different argument and is 

experimentally confirmed for dilute solutions. 

An equation such as (5) cannot be expected to describe the 

osmotic pressure of a concentrated solution, where interactions between 
solute molecules become important. The pressure in a pure liquid 
is very much less than that suggested by an equation such as (D), 
because the term NkT, representing the effect of thermal agitation. 
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is very nearly balanced by the intermolecular attraction (described 
roughly by the van der Waals’ term a/v 2 ). For this reason, the 
change in the pressure resulting from the presence of solute molecules, 
and a consequent increase in the term NkT, may be comparable with 
the pressure in the pure liquid even though the number of added 
molecules is only a small fraction of N. If the solute molecules inter¬ 
act among themselves, relation (5) ceases to be true, just as the 
analogous equation for a gas had to be modified to allow for mole¬ 
cular interactions. It is very important to realise that it is the second 
step in the argument given in the last paragraph that breaks down, not 
the first. The result that the mean kinetic energy of the solute molecules 
is %kT still holds, even when strong interactions between the molecules 


exist (provided that these interactions depend only on the relative 
positions of the molecules rather than on their velocities. This is prob¬ 
ably nearly true, except for very dense assemblies). It is the second 
step of the argument that breaks down, because, when we consider 
the destruction of momentum at the membrane, this is partly effected 
by the forces exerted by the membrane on the molecules, the “ pres¬ 
sure , and partly by the interaction forces between the solute molecules 
themselves. On p. 190 we saw how the latter effect could, for the 
gas, be allowed for to a first approximation, leading to an equation of 
state of van der Waals’ or similar type. As we have seen (p. 195), 
the order of magnitude of the van dor Waals’ constants in a gas can 
be calculated by quite a number of independent methods. A number 
of similar equations have, in fact, been proposed for the osmotic 
pressure of strong solutions, but, as we do not usually have any inde¬ 
pendent knowledge of the forces between the solute molecules, it is 
^ P 08 ? 1 ^® to correlate the “osmotic equation of state” with 
o er p ysical properties. One important exception to this rather 
sweeping statement must be made—the Debyo-HUckel theory of 
strong electrolytes. Here the solute molecules break up into 
charged ions, whose law of interaction is precisely known. The effect 
of this interaction on the osmotic pressure can be allowed for, and, at 
aH events for dilute solutions, it seems to be more important than the 
eaect of the short-range forces of interaction between ordinary un- 
charge molecules. We shall return to this point later (p. 223), but ™ 
low Consider the physical implications of equation (5). 

if we can^m phyS,C f, 1 and che mical importance of equation (5) is that, 
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solute, tee can determine its effective molecular weight in solution. 
Speaking more precisely, we can determine whether, when we dissolve 
n solid in a liquid, it really does break up into molecules, and, if so, their 
size. Thus, if we dissolve a pure element in a liquid, we have no means 
of knowing a priori the number of atoms that will be bonded together 
to form a molecule, but this method will easily tell us. Again, if we 
have a preparation of a protein, or similar very large molecule, whose 
molecular weight is unknown, knowledge of the osmotic pressure would 
enable us to determine its molecular weight. Again, in colloids, see 
Art. 4, the typical particle contains a great many molecules, and the 
osmotic pressure is consequently very small, but this is a method by 
which their size can be estimated just when other methods, such as 
microscopic observation, fail because the particles are too small. 

The “effective molecular weight”, as inferred from osmotic pressure, 
or one of the quantities that depend on it, enables us to determine the 
size of the “unit” that makes up a solution, just as the determination 
of vapour density enables us to determine the effective molecular 
weight. It sometimes happens that a substance when vaporised 
has a smaller molecular weight than when dissolved in a liquid; this 
may mean that, in the vapour, the molecules act as distinct units, 
whereas, in solution, residual chemical forces result in two or more 
molecules joining together, processes sometimes known as association 
or polymerisation. 

Another possibility is that the molecules of solute may interact 
chemically with molecules of solvent, which become tightly bound to 
the molecules of solute. This increases the effective mass of the 
molecules of solute, but equation (5) shows that osmotic pressure is 
independent of the mass of a molecule of solute, and depends only on 
iV/r, the number of discrete units per unit volume. 


4. The theory of solutions 

We can divide solutions into three classes, according to the behaviour 
of the osmotic pressure, and the correspondiug apparent value of N /1 . 

(a) N/V is less than the value expected from the molecular formula 
determined by other means. This may mean that either: 

(i) Association or polymerisation has occurred. 

(ii) The particles present are very much larger than true molecules 
so that we reallv have a suspension. Such suspensions, often 
known as colloids, because gums are typical examples, are often 
quite stable. The suspensions are prevented from settling by a 
variety of causes, the chief of which are the existence of electric 
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charges on the particles ami the Brownian movement (p. 120) 
which is the result of thermal agitation. 


(6) N/V is equal to the value expected from the molecular formula. 
Such solutions are usually called undissociated solutions. A typical 
example is sugar dissolved in water. 


(c) N/V is greater than the value expected from the molecular 
formula. This indicates that the molecule has broken up in solution. 
This usually occurs when acids, bases, or salts are dissolved in water, 
in which case the solution becomes capable of conducting electricity. 
This is caused by the breaking-up of the molecules into charged particles 
or ions (which recombine if the solvent is evaporated away). This 
process is called electrolytic, dissociation. Water is not the only solvent 
in which this phenomenon occurs, but it is far less common in other 
solvents. One reason for this is certainly the very high dielectric 
constant of water, nearly 80 as compared with about 2 or 3 for ordinary 
liquids. We shall discuss electrolytes further below (p. 221). 

We consider now some effects of interactions between the molecules. 
For dilute solutions we have seen that the relative lowering of vapour 
pressure is proportional to the osmotic pressure, which is, in turn, 
proportional to the concentration. This relationship between lowering 
of vapour pressure and concentration is known as Raoult's Law. If 
such a law is to hold over the whole range of concentrations, it 
must take the form 


Ps 


= P.° 


V 

iV .\ 


A 



where p A is the partial pressure associated with the component A, p K ° 
is the vapour pressure of the pure liquid A and N A , jV„ are the numbers 
of molecules of A and B present per unit volume. It can bo shown, 
by statistical mechanical methods, that a law of this kind should hold 
if the molecules of A and B are so alike that the interaction energies 
between like and unlike molecules are the same. A few pairs of chemically 
similar substances, e.g. benzene and cyclohexane, are known for which 
Raoult’s law docs hold accurately for all concentrations, but it is 
usually found to hold only for dilute solutions. (Our indirect dis¬ 
cussion, via the osmotic pressure, also indicated that, in general, 
Kaoult s law is only likely to hold in the limit of dilute solutions 
or which osmotic pressure is proportional to concentration.) 

Solutions for which the interaction energies between components 
give no preference between like and unlikfe pairs of molecules are 
known as perfect solutions and should obey Raoult’s law. Departures 
om Raoult s law can bo caused by interaction energies tending to 
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bring either like or unlike molecules together. The sign of the deviation 
from Raoult’s law can be easily determined by a simple physical 
argument, but only rough quantitative treatments of solutions with a 
finite “energy of mixing” are available at present. (The reader is 
referred to treatises on statistical mechanics for details.) Suppose first 
that the interaction energies are such as to favour like molecules being 
close together. We saw above that the osmotic pressure of a perfect 
solution was a measure of the extra pressure associated with the thermal 
agitation of the solute molecules. If now these are, on the whole, 
attracted by one another, their tendency to escape from the solution 
into a region occupied by pure solvent is lessened and therefore the 
osmotic pressure will be less than if the solution were perfect, a result 
that may be expected for all concentrations, though the effect will be 
small for dilute solutions. The osmotic pressure is proportional, not 
directly to the vapour pressure of either component, but to the relative 
lowering of the vapour pressure of the solvent due to the presence of 
the solute. Thus, for a perfect solution we should have from equation 
(6), if we reckon component B as the solute: 


Relative lowering of 
vapour pressure of A 



N 


it 


+ N tt 



For the actual solution we have the osmotic pressure, and therefore the 
relative lowering of vapour pressure, both less than those for perfect 
solutions, which means that 



P\ N n 

^v A + ay 



Pa > 


Pa *a 

»a + N tt ’ 


that is to say, that the actual vapour pressure is greater than that given 
by Raoult’s law, but the osmotic pressure is less than the perfect 
solution value. This state of affairs is called a positive departure from 
Raoult’s law. An exactly similar argument can be used for the case 
when the intermolecular forces are largest between unlike molecules. 
We shall now get a greater osmotic pressure, but a smaller vapour pres¬ 
sure of the solvent, than we should get for a perfect solution. This is 
called a negative departure from Raoult’s law. These results are in the 
directions wo should naturally expect. A strong attraction between 
solvent and solute molecules must, as we have just seen, increase the 
osmotic pressure, but osmotic pressure is present even in a perfect 
solution. Equally obviously, such an attraction opposes the tendency 
of solvent molecules to escape from the solution. 
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5. Solubilities 

Since many of the theoretical treatments of solutions break down 
when the solutions become too concentrated, it is to be expected 
that only semi-quantitative theories of solubility curves are possible, 
but it seems worth while to summarise a few of the ideas that have 
been put forward. The reader is referred to treatises on chemical 
thermodynamics and statistical mechanics for details. 


(a) Gases in liquids .—We may regard such a solution as a limiting 
case of a liquid mixture. A liquid of low boiling point would have a 
very large vapour pressure at ordinary temperatures. Equation (6) 
shows that, if the solution is perfect, the concentration should be 
proportional to the partial pressure of the gas (Henry’s law) and also 
that, at a given pressure, a gas with a low boiling point should be less 
soluble than one with a high one because of the larger vapour pressure 
that would be associated with the more “permanent” gas. This 
tentative conclusion is borne out in practice, though the idea of “ vapour 
pressure” becomes meaningless above the critical temperature of the gas. 


(6) Liquids in liquids .—A very simple argument shows that two 
liquids that form a “ perfect solution ” should mix in all proportions. To 
see this, consider grains of sand of two different colours shaken together. 
Simple considerations of probability show that the number of possible 
configurations corresponding to complete mixi ng ia greater by far than 
the number of possible configurations whore there is known to bo an 
appreciable separation of the colours. Thus, a mixed stato is over¬ 
whelmingly probable. The same is true of two liquids forming a perfect 
solution, and is true a fortiori if the interaction tends to bring unlike 
molecules together. It is only when like molecules attract ono another 
that any question of a limited solubility arises. For a sufficiently 
strong interaction energy, the tendency of the two types of molecule to 
separate can overcomo the tendency of thermal agitation to keop them 
mixed, and we get a separation into two phases, in the manner shown 
in Fig. 72. A mixing curve of this general type has been obtained by 
various crude theoretical treatments, but partially miscible liquids 
show a great variety of behaviour, for example, somo pairs of liquids 
are known for which the critical mixing curve resembles that of Fig. 72 

■ r ^ d l ^ 1P f ide . down ’ tho tw °-phase region being above it. Such a pair 
is tnethylamine and w$tor. Such mixing curves aro not yet understood. 


(c) Solids in liquids .—The most common typo of solubility curve of 

„ °1 18 40 tho tom P ora ture axia, so that it is of tho 

same general shape aa the left-hand half of the curve shown in Fig 72 

but here agarn the theory in at a very tentative stage, and we do not 
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really know how to take account of such factors as differing sizes of 
solvent and solute molecules. Some substances have an almost straight 
solubility curve, others, such as anhydrous sodium sulphate, show a 
decrease in solubility as the temperature rises. 

(d) Solids in solids. —All three possible types of behaviour already 
mentioned are represented here. Corresponding to perfect solutions 
we have pairs of metals such as silver and gold which alloy in all 
proportions, and pairs of salts such as ferrous and cupric sulphates, 
which crystallise in the same form with practically identical lattices 
and are capable of forming “mixed crystals”. Corresponding to 
interactions that favour like neighbours we have pairs of metals which 
will only alloy with one another in certain proportions, or not at all, 
while, corresponding to interactions that favour unlike neighbours, we 
can have a phenomenon that has no known analogue in liquid solutions, 
namely the formation of a “superlattice”. A typical example is the 
alloying of copper and zinc to form /?-brass. This is a body-centred 
cubic lattice, and, above a certain temperature, the copper and zinc 
atoms are arranged on the lattice at random, while below this tempera¬ 
ture there is a preponderance of copper atoms on the cube corners and 
of zinc atoms on the cube centres, this change in structure being 
detectable by X-ray analysis and by the effect on electrical resistance. 

(e) Gases in solids. The best-known example is hydrogen in 
palladium, but many examples of gases penetrating into the crystal 
lattices of solids are known. This is quite distinct from adsorption 
(j). 267), which occurs only on the surface of the solid. 

6. Electrolytes 

The correct interpretation of the flow of current through an 
electrolyte seems to have been due to Faraday, who realised that the 
current was carried by charged ions, which were discharged on reaching 
the electrodes. However, he never seems to have stated definitely 
t hat the ions were present in the solution even when no current was 
flowing. The evidence for such a conclusion is two-fold. In the first 
place, if we eliminate t he effect of secondary phenomena at the electrodes 
themselves, the current is always strictly proportional to the potential 
gradient, even when the latter is very small, so no work seems to 
be required to create the ions, secondly, we have the evidence from 
osmotic and related phenomena, briefly referred to above (p. 215). The 
depression of the freezing point and the raising of the boiling point 
of water, when e.g. common salt is dissolved in it, are both nearly twice 
as great as one would expect on the basis that the molecules of salt 
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were undissociated. If, however, it is supposed that the salt is very 
largely dissociated into ions, each of which is behaving as au independent 
particle, the enhancement of osmotic pressure can be understood, as 
can the increased lowering of vapour pressure, from which follow the 
enhanced effects on boiling and freezing points. 

The fact that dissociation occurs in water but not usually in other 
solvents can be traced to the high dielectric constant of water, which 
lessens the electrostatic energy required to separate the ions. It is now 
natural to ask whether dissociation into ions is partial or virtually 
complete, and it is found that dissociating solutions can be roughly 
divided into “weak” and “strong” electrolytes, strong electrolytes 
being those for which the dissociation is complete while “weak” 
electrolytes are those for which the degree of dissociation depends on 
the dilution and only approaches completeness for very great dilutions. 
This behaviour of “weak” electrolytes can be fairly well described 
by Ostwald's dilution lato, which treats the process of dissociation 
as if it were governed by chemical equilibrium between the ions 
and undissociated molecules. If a solution is made up of C molecules 
per unit volume and a fraction a of them are dissociated, we can 
determine the equilibrium condition from the following considerations. 
The number of molecules that dissociate in unit time is approximately 
proportional to the number present, that is to say to C (1 — a), whereas 
the number of ions that join up to form a molecule is proportional to 
the number of collisions between positive and negative ions, that is 
to the product of the numbers of ions of each kind present, or to Ca. Ca. 

n equilibrium the numbers of molecules that dissociato and re-form 
must be equal, so that we have 


C z a 2 = I(C (1 - a) 
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% • 9 same at all sufficiently high dilutions, but 

this assumption is a very reasonable one.) 

As a by-product, this method gives us information on the drift 
velocity of the ions under the influence of a field. It by no means 
follows that both positive and negative ions are moving at the same 
speed. If they are not, the result is not any actual separation of the 
ions (which would at once bring large electrostatic fields into being) 
but the appearance of a gradient of concentration in the electrolyte—the 
concentration increasing in the neighbourhood of the electrode towards 
which the faster-moving ion is travelling, and decreasing near the 
other electrode. Hittorf showed that measurement of this effect (by 
volumetric analysis of various regions of the electrolyte) enables one to 
infer the relative speeds of the two ions, while conductivity measurements 
give the sum of the speeds of the two ions if they have equal valencies 
(or an appropriate average of the two speeds if the valencies are different). 
In this way we can arrive at the absolute speeds of various types of 
ion as a function of the field. Like the drift velocities of electrons in 
metals, ionic drift velocities are surprisingly small, of the order of a 
small fraction of a centimetre per second for ordinary voltages. The 
rate of drift can also be inferred from measurements of diffusion 
coefficients for electrolytes, and there is satisfactory numerical agree¬ 
ment. The steady rate of drift in a known applied field enables us to 
compute also the force resisting the motion of an ion through the liquid, 
and the application of Stokes’ law (p. 154) suggests that the ion carries 
a large number of water molecules with it. For details of these 
measurements the reader is referred to works on physical chemistry. 

Equation (8) enables us to make a definite prediction about the 
behaviour of the osmotic pressure of an electrolyte as the solution is 
made very dilute. We confine ourselves for simplicity to solutes that 
form only two ions per molecule, the work being readily generalised to 
more complicated molecules. We define the osmotic coefficient fi of tho 
solution as the ratio of the actual osmotic pressure to the value that it 
would have if the solute were completely dissociated. This is connected 
with a, the degree of dissociation as follows. We have in unit volume of 
solution of concentration C( 1 — a) undissociated molecules, Ca 
positive ions, and Ca negative ions. Each of these contributes to the 
osmotic pressure equally, so, by equation (5), we should have 

P = [C (1 - a) + 2Ca] kT = C (1 + a) kT 

whereas, if dissociation were complete, we should have P = 2CkT, so 
that /9 should be equal to (1 + a)/2 in dilute solutions. By equation (8) 
a is nearly equal to 1 at high dilutions, and, in this region, equation (8) 
shows us that 1 — a should be proportional to C. Since = (1 + a)/2. 



STRONG ELECTROLYTES 


223 


this means that 1 - /3 should be proportional to the concentration at 
high dilutions. For molecules forming more than two ions, the 
appropriate generalisation of the argument shows that 1 fi should, 
for C small, be proportional to C'" 1 , where is the number of ions 
per molecule. 

This prediction can be checked by measurements of osmotic pressure 
or related quantities, and it soon appears that, while there are some 
electrolytes that obey these predictions, there are also many which do 
not. We now believe that electrolytes can be divided into “weak” 
electrolytes, for which the above prediction of the variation of 1 
with C v ~ x is verified, and “strong” electrolytes, for which 1 — 0 is, 
in the limit, proportional to C^, which cannot be accounted for on the 
above basis. Generally speaking “weak” electrolytes consist of 
organic acids and bases and their salts, also sulphides and carbonates 
and some ammonium salts. “Strong” electrolytes comprise the 
inorganic acids, caustic soda and potash and their salts. If a “strong ” 
acid forms a salt with a “weak” base or vice versa tho result is usually 
a “strong” electrolyte. 

Modern theory holds that the division of electrolytes into “ weak 
and “strong” stems from the fact that strong electrolytes are virtually 
completely dissociated into ions even in concentrated solution. The 
law of mass action is now irrelevant, and some other explanation must 
be sought for the departure of the osmotic pressure from tho “ideal” 
value corresponding to complete dissociation. This explanation Debye 
and Huckel found by considering the electrostatic interaction between 
the ions. We now give an outline of their theory. Wo may calculate 
tho expected osmotic pressure of a strong electrolyte by consideration 
of the following set of processes. Wo suppose our solution enclosed in a 
cylinder, by a piston fitted with a semi-permeable raombrano, so that, 
if we have pure solvent at the far side of the piston we can chango the 
dilution by varying tho volume of the solution. 


(i) We pull out the piston so as to make tho solution very dilute. 
The work done by the osmotic pressure is w lt and we may writo 

f 1 ’* 

u> t = PdV, 

where P is the osmotic pressure. 


(u) While tho solution is dilute, we remove the charges from the 
ions, ihis is an ideal process of a kind often used in thermodynamic 
arguments. There is, of course, no actual means by which it can bo done. 
i a 7 8U PP° se ^t there are N ions of each sign present altogether, and 
that each one is eleotricaUy equivalent to a sphere of radius b with a 
charge c m a medium of dielectric constant Z>, then tho total potential 
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energy of the charges, which is equal to the work done in removing 
or neutralising them is Nc 2 /bD, since we may think of each ion as 
a charged sphere of capacity bD. (We can neglect other types of 
interactions bet ween the solute molecules if the dilution is great enough). 


(iii) We compress the solution of discharged ions back to their 
original volume. Since we have removed the charges, and we are 
agreeing to neglect other interactions, the osmotic pressure takes its 


“ideal” value 2NkTIV and the work done 


f's2 NliT 


I *s 2/Vi 
IS H'n = —p 

J r, V 


dV. 


(iv) We now gradually restore the charges in such a way that, at a 
given instant, each ion has the same fraction of its final charge, the 
ions being supposed to be in the volume r,. The work necessary to 
recharge an ion may be divided into two parts, the work done in 
progressively placing the charge c on the ion against the field of the 
charge already there, and the work done in bringing up the charge c 
against the field of the other ions. The first part just cancels the term 
Nc 2 /bD that we have already calculated for the dilute solution (we 
can probably neglect any variation of D with concentration), the 

second part is simply j <f> ( 77 ) dr/, where (f> ( 77 ) is the electrostatic 

potential at the position of any ion due to the presence of the others 
when the hypothetical charging process has reached the stage at which 
each ion has the charge 77 . 

The solution has been restored to its original state by the hypothetical 
cycle of operations (i)-(iv) and the total work done must be zero. The 
two terms Ne 2 /bD cancel, and we have 



I>d\ 


r _ f r « 2Sti 

“J*. y 



- 2.vJ V (v) <h- 


If we suppose <f> 
equivalent to 


known as a function of volume, this equation is 



2A7»- T 



- ™ irj/ W d ” 



Our calculation thus reduces to the problem of determining <f> when the 
charge on each ion is ± rj. Plainly, the average of <f> over the whole 
volume is zero, but there will be a preponderance of positive 1011 s near 
a negative ion and a preponderance of negative ions near a positive one, 
so that and 77 will change sign together. In what follows we drop 
the suffix (,) from v,. We shall determine <f> in the neighbourhood oi a 
positive ion, and the potential in the neighbourhood of a negative ion 
is — 4>. Consider a small volume d V in the neighbourhood of a positive 
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ion where the potential is <f>. The number of positive ions within this 
volume, when the charging of each has reached the stage 7) y is, by 

tj rf> 

Boltzmanns expression, Ae iPrd\\ while the number of negative ions 

is Ae+hTdV,A being a constant which we must take equal to NjV , 
since, at high temperatures, the number of positive or negative ion* 


5 hTav y A oeing a constant which we must take equal to NjV , 
^8^ temperatures, the number of positive or negative ions 
d be N/V per unit volume. Thus, the mean charge density P 
ie neighbourhood of a positive ion is 

tI kT ~ e kT ) = — r smh (*?)• 


v / 

*7 r°isson s equation (see Jeans, Electricity and Magnetism) the 
electrostatic potential and charge density are related by the equation 

™ ^ __ 4t rp 

dz» ~D 


ay 

dx 2 


+ ?* + 


-- ^ 

•Substituting for p we get the following equation for^:_ 

^ , 8*4 __ . &vNrM 

dx 2 dy 2 dz 2 + DkTV . (1°) 

since we can replace sinh ( v6lkT) bv nJUi.-r j • 

that is, the solution not too concent^ * " 400 ^ 

symmetrical abotrt^each ion°*^e 10 ^ ^. e ^ u ®^ on (10) that is spherically 

Poisson; cq „ ation in ' heri^al ' ol l 7 ° f r If '™ «Proi 
depe " dm « on “ng«l»r coordinates w, ^ “ d dr ° P th ° t<srm3 

r* irVir)~p 




<f> 



(11 

Th« 

(12 


SinC C~2) ■ wa must have B - o 

refr h ° ,d ‘: lt disu 'r 4 &■.£*. 

si*: 
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This potential must satisfy Laplace’s equation, since other charges are 
unlikely to be within this sphere. The most general potential pos¬ 
sible is <f >j = tjlDr -f- C, where C is arbitrary. We can now choose A 
and C so that <f> = <f> l and d<f>jdr = dfatdr at r = a, that is, the 
potential and the field are both continuous. These conditions give 


A = 


■qef' n 


D(l+all)’ 


C = - 


v/ 1 


D(l + a/l) 


(13) 


C represents the potential at the position of the ion considered due to 
the charges of the other ions, and is thus the <f> (g) to be inserted in 
equation (9). (The term g/Dr is the potential of the charge on the ion 
itself, whose effect has already been allowed for in one of the mathe¬ 
matically cancelling terms Ne^/bD.) For small concentrations, we shall 
always have a/l small and so we may write 


<f>(rj) = C 



Substituting in equation (9) we get 


o / 8w*V \h 
v V VkTD 3 ) 


2iV^ J_ 

V dV 


f Q t (v) 


_2 N kT d rV 8mN y 

V r 3V3 KkTVIP/ 


_ 2 NkT/ e* / SttiV \t \ 

6lcT' liTIPV / ' 


HttN \i 


(H) 


Thus, this relation shows that 1 — {3 should be proportional to ( N/V ) 
as is in fact observed at low concentrations, the numerical agreement 
also being satisfactory. The physical interpretation of the characteristic 
length l is the radius of the “atmosphere” within which the effect of 
an ion makes itself felt. Outside this its effect is “screened off” by a 
local preponderance of ions of the opposite sign, this effect being 
described by the factor e~ r,t . 

Equation (1-1) is the main result of the Debye-Hiickcl theory. 
Some attempts to improve some of the approximations have only 
served to raise fresh difficulties. The reader is referred to Fowler and 
Guggenheim, Statistical Thermodynamics, for a very full discussion of 
this very interesting field. This notion of an ionic atmosphere also 
disposes of another difficulty in the theory of strong electrolytes, 
namely why their conductivities do not quite correspond with those 
expected on the basis of complete dissociation, but are always somewhat 
smaller. It will be seen that each ion “carries with it” an “atmosphere 
of ions preponderantly of the opposite sign, and this causes the 
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measured conductivity to fall below the “ ideal ” value. At very hmh 
apphed fields the effect of the “atmospheres” is overcome, and the 
conductivity approaches the “ideal” value (Wien effect). 

The anomalies in “strong” electrolytes can therefore be accounted 
ior on the basis of the electrostatic interaction between the ions and 
there is, therefore, no reason to doubt the prevailing view that such 
molecules are completely dissociated in solution. The application of 
the law of mass action to tceak electrolytes also seems entirely justified. 
C ?" 660 great dlfference between the increases in conductivity 

S weak” e el^r„.t r0nS a " d l'™*" d<x t'«\ y tcs are diluted. For 
■ . ra k ,. electroI y t< ^ more and more ions become available but their 
interactions probably do not greatly matter, while for “strong” 

S fiddh‘le» h' b d ° f ;r K lmchaI, « ed ’ but ‘heir motion in tie 

electnc held is less hindered by the effect of the “atmospheres ”. 

7. Diffusion 

:iPJs=l#S= *= 

m response to the differences of osmof 10 * 1 ^ ^ molocules 

neighbouring volumes each nfvol.m, ,7“?* pressure - Consider two 

of concentrationsT and n ™T ’ ° f 80 Ut,OD of a “on-electrolyte 
work done per moLuh nf ?? ?" ** P ? Unit VO,ume - We want ihe 
lower concentration. We imadne ij ansfcrred from the higher to the 
transferred across the boundary The work°! Ume . dr of pure solvei ' f 
th 0 solution of concentration u.is P dr 3d tl, “ "'““T 8 “ frOTn 
“ solution of concentration » i s 'p °, W ' ork «" , “* in “Ming 

osmotic pressures associated with the cn * v . lerc aml p a arc tho 
Jhe.net work done is‘ft" P£ TZv T*" 1 * 
defimtion of osmotic pressure w. l ’ foUows froni the 

volumes of liquid as separated hv ^ W ° WlsL ’ think of the two 

net effect of the transfer is to cLnJ?X." POrm0abIe membrano - The 
volumes to n, V/( V - dV) and in the tw ° 

™al. qnantitiJ'thes® arA qua . ^ 3 “ f 

and, ,f and „ a aro both n c ar i y eaual a “ d "» (1 ~ dV /V) 

centration could have been produced h ? tho r same cha »ges of con- 

ofsoiute from the solution of concentration ? ^" 8 ndV 

Since the osmotic pressure is Dronorf "i ^ tbat of conc entration 
we may conclude that * "* for dil «* solutions, 

(/>1 ~ P t )dV*± ( 7 q _ hTd y 
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by van t Hoff’s equation (5). If now we have a solution with a gradient 
of concentration dn/dx, it follows from this result that the work done 
in moving one molecule of solute a distance dx is 

8n J kT 
— dx. — 
ox n 

so that the force acting on one molecule of solute is kT/n dn/dx. We 
may suppose that the resistance experienced by a molecule moving 
through the liquid is proportional to the velocity, and we may estimate 
its order of magnitude by means of Stokes’ law, p. 154. This is no more 
than an “order of magnitude” estimate because the radius of the 
solute molecule will, at best, be only a few times larger than that of 
solvent molecules, so that the concept of viscosity is not strictly 
applicable. We may write 


kT dn 

n dx ' 


(15) 


where a is the effective radius of a molecule, rj the viscosity, and v the 
steady velocity of a molecule associated with a concentration gradient 
dn/dx. (We have the negative sign because the velocity of flow is 
towards the smaller concentration.) Suppose now that dn/dx is not 
constant. Then we consider the transfer of solute across two planes 
perpendicular to the x-axis, whose abscissae are x and x -j- dx. The 
number of molecules flowing per second into the volume cut off between 
these planes is n (x) v (x) per unit area across the plane at x, while 
n (x dx) v (x -f- dx) is the number per unit area flowing out of the 
volume across the plane at x -f- dx per second. Using equation (15) 
to determine vn at the points x and x -f dx, the net number of molecules 
leaving the volume is 

-3XSL perunit 

kT /d 2 n\ . 

= ~^{d?) dx P er un,t nrea - 

Since the volume cut off between unit area of these two planes is dx, 
the number of molecules leaving this volume in unit time can also be 
written — dx.dnldt. so that we may write finally 

dn kT c-n 
dt imaij dx 2 

I f we. insert numerical values le = 1-4 X 10 -16 ergs/degreo, T = 300 K, 
a ^ It) -8 cm., 7 ) = 10 -2 poise, we conclude that the constant in equation 
should be of the order of 10- 5 , which is of the order found experi¬ 
mentally in liquids. Equation (16) depends basically on the two 


area 


(16) 
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assumptions, that osmotic pressure is proportional to concentration 
and that resistance is of “frictional” type, that is proportional to 
velocity. These would have enabled us to derive equation (16) without 
knowledge of the constant, but the order of magnitude estimate that 
we are able to make is of interest. Equation (16) is sometimes known 
as Fick’s Law, and a similar equation governs any phenomenon in 
which a rate of transfer is proportional to a gradient. In particular, 
it applies to the conduction of heat, and the propagation of electro¬ 
magnetic waves in metals, and could have been applied to the diffusion 
of gases, treated in Chapter V (p. 128). Some methods of solving 
equation (16) are given in the Appendix (p. 298). 

Various ingenious methods of measuring the rate of diffusion in 
liquids have been devised. The most obvious method is to pour the 
pure liquid carefully on to the top of the solution, and then to follow 
the gradual penetration of the solute into the pure liquid. This can 
be done by chemical analysis, but this necessitates the withdrawal of 
small samples and consequent disturbances. A better plan is to use 
some optical method, such as following the change in refructive index, 
or with a solute such as sugar, the optical rotation, or, with a coloured 
solution, the growth in the intensity of an absorption lino. An 
ingemous idea, due to Kelvin, is to use a number of glass beads of different 
densities and observe the position of each as the experiment proceeds. 

his may be regarded as a sampling method, but the disturbances are 
very small. 


Yet another idea has been to use “00011110003 flow" methods 

specilfc'heats Tf” o” ” 6asuIcm ' ;n ' a of heat conductivity and 
^ 1 W \ had a bMkor ™ which pure solvent is kept 

solZ cart! f t0 P ° f “ voluma of solution, the quantity of 

diffuser vr' m “ “T WOUld b ° direC,1 y P r °P»rtio„al to the 
the geometr/ofth^fT*^ a PP aratus havo devised so that 
this Ta m lLf it W ,S P , re ° ,S0ly k, ' OWn (tho oasi6st "’ay of doing 

sSSSSEa^M =£ 
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Examples on Chapter VTTT 

1. Define what is meant by osmotic pressure. Outline the argument which 
leads to a connection between the osmotic pressure of a solution and the elevation 
of the boiling point. 

2. What significance do you attach to the fact that one gram-molecule of salt 
dissolved in a litre of water produces nearly twice as great a depression of the 
freezing point as does one gram-molecule of sugar? In what circumstances would 
you expect such a ratio to Ik* exactly two? 

3. Calculate the average ionic drift velocity associated with the electrolysis 
of a solution of sodium chloride containing 1 mol./litre at a current density of 
10 amp./cm. 2 . How would you attempt to detect a difference between the 
mobilities of the positive and negative ions? 

(Avogadro’s number = 6 x 10 23 mol./g.-mol., charge on the electron 
10 X 10~ lf coulomb.) 

4. l T se the method given in the Appendix to derive a solution of the diffusion 
equation in the form (p. 298) n = / (f) sin kx. 

Determine the form of/(/) and show how this solution can be used to estimate the 
rate at which a difference in concentration between two layers of solution disappears. 

5. Cive a critical account of the Debye-Huckel theory of strong electrolytes, 
pointing out the assumptions made and stating whether you consider any of them 
to be unjustified. 



CHAPTER IX 


SURFACE TENSION, ADSORPTION, AND ALLIED EFFECTS 
1. Introduction 

It has long been known that soap films behave in many ways like 
sheet rubber or other elastic membranes. Thus, (Fig. 78) if we mount 
a loop of thread on a frame, cover the frame with a soap film and then 
break the film inside the loop, the remaining film will pull the thread 
out into a perfect circle (the circle being the curve that has the 
largest area for a given perimeter), suggesting that the soap film tends 
to contract as much as possible. It is almost equally easy to show that 
the surface of pure water or other liquids behaves in a similar way, 
perhaps the most direct piece of evidence for this being the formation 
of drops on a tube, which, just before they break away, have the 
section shown in Fig. 79. On p. 184 we have indicated the theoretical 




, !v l ° X,StCnce , of , th,s strau S e Property of liquid surfaces. 
This explanation is mainly due to Thomas Young and Laplace, and 

the h h!! 8h S T° °! tho f 1 assumptions they made cannot now bo accepted,’ 

V 0 t0nsi0n being due to infc «rmolecular forces of 
comparatively short range is so sound physically that Laplaro’s work 

chanter ^ nLifications Yn tlds 

chapter we shall show how surface tension, latent heat, and the van 

oiit i r^L^x:;t,t o cha;L7ir^To“," ,, "'° Ro " s * thM ° ° f 
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2. Surface tension and surface energy. Angles of contact 

An experiment such as that illustrated in Fig. 78 suggests that we 
can associate the contraction of a surface with a decrease of potential 
energy, so that we are led to think of an energy per unit surface area. 
On the other hand, the existence of the hanging drop shown in Fig. 79 
suggests that surface tension is related directly to the force that is 
holding up the drop. If we consider the section of the drop at the 
height indicated by the dotted line in Fig. 79, the weight of the portion 
of the drop below this may be thought of as balanced by vertical forces 
acting tangentially to the surface of the neck. 

\\ e are thus led to think of any two elements of a liquid surface as 
exerting forces on one another across a line separating them, so that 
we arrive at the definition of surface tension as force per unit length of 
boundary line. It might be thought that these two definitions are 
equivalent, but this is not so. It is very often necessary to allow for a 
numerical difference between a force that is tending to produce a 
deformation and the energy change that is associated with the samo 
deformation. Strictly speaking, we ought to do this in discussing 
moduli of elasticity and elastic energies, but here the difference is not 
more than a few per cent., except for gases, and is generally neglected. 
There are, however, other physical situations in which this type of 
difference must be attended to, for example, the e.m.f. of a reversible 
electric cell may not correspond with the chemical energy consumed 
while it is working. For a full discussion of this point, the reader is 
referred to textbooks on thermodynamics or physical chemistry. 

Briefly, the essential physical point is that surface tension decreases 
with rising temperature. If so, then if a film were stretched adiabatically 
we can show that a drop in temperature would result, whereas, if we 
stretch it isothermally it will absorb heat from its surroundings. The 
change in energy-content of the film is then not precisely equal to 
the work done. We can investigate this quantitatively by means 
of the following simple thermodynamic cycle. The processes we 
invoke can actually be carried out, e.g. if we mount a soap-film on a 
frame with a movable boundary or if we mount such a frame just at 
the surface of one liquid and form another liquid film inside the frame 
(p. 256). The cycle we use is as follows:— 

(a) Stretch the film at a temperature 0. We suppose the increase 
of energy to be E per unit area. The work done in moving a boundary 
of length l through a distance x is l\lx, where 1\ is the surface tension, 
as defined above, at the temperature 0. The resulting increase in area 
is lx, so that the mechanical work done is Tfx, whereas the energy 
change is Efx, so that the heat absorbed must be (E 1 — T x )lx. 
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(6) Cool the film at constant area to a temperature 0 2 . No work is 
done, but heat C (8 1 — 0 2 ) is emitted, where C is the heat capacity of 
the film. 


(c) Allow the film to contract at a temperature 0 2 until its area is 
diminished by lx. The work done by the film is TJx, where T 2 is the 
surface tension at temperature 0 2 . 

(d) Heat the film at constant area to 0 l . No work is done, but heat 
C ( 61 — 0 2 ) is absorbed. 

Thus, the final result of our cycle is that heat {E t — r,) lx has been 
absorbed at the temperature 6 lt in return for which we have had a net 
amount of mechanical work ( T 2 — T,) lx done by the film. Such a 
cycle is reversible, and it therefore follows from the general theory of 
heat engines that 


i.e. 


Efficiency = 


Work done 

Heat absorbed at Temp. 0 l 



*■ 

*i 


In the limit, when 0, — 0 2 becomes very small, we have 



E — T = 


— 0 ~ 
d0 


( 2 ) 


A similar equation can be applied to elastic deformations if the 
moduli vary with temperature. If dTJdd is negative, E is numerically 
larger than T which means that a film stretched isothermally absorbs 
heat. It was for a long time thought that surface tension vanishes at 

f* Whi ? h the “*** and become 

identical, but Calendar s work on the critical behaviour of air-free 

x ater suggests that the surface tension really vanishes a little below 

this. J. E. Mayer s theoretical work on tho condensation of imperfect 

E 7S,: Very ! ikoIy that — thing may occur for othoJ 
liquids. A similar conclusion can bo drawn from tho well-known 

experiment in which a tubo containing liquid carbon dioxide is 

" y aTthe U s nti f m0Ui9CUS b0tWCCn H ^ id aad 'vtu: 

temperature, we should expect tho meniaeus to travil l Z to 
or bottom of the tube according to the total r t P 

Pteaeut, unless this correspoud/d £ £££ eTeafd^V ^ 

The angle of contact between liquids and solid* 1 

least one parameter bosidpti i-».n o,,r Clearly wo nood nt 

Of a liquid in the neighbourhood of 
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of a liquid surface in the neighbourhood of a solid depends on the ratio of 
the forces exerted on a molecule of liquid by the neighbouring regions 
of solid and liquid, and three possible situations are shown in Fig. 80. 
Fig. 80(o) shows what occurs when the solid attracts the liquid molecules 
very strongly the angle of contact is zero or very small, and we say 
that the liquid “wets” the solid. This occurs, for example, with very 
clean glass and water. I* ig. 80(6) shows a situation sometimes described 




(b) 

Fio. 80. 


(C) 


as “imperfect wetting”—that is to say that the liquid still tries to 
adhere to the solid, but there is a finite angle of contact. This often 
occurs with water and a glass surface covered with a trace of grease. 
The third possible situation is that of an obtuse angle of contact, 
shown in Fig. 80(c) which is usually described by saying that the 
liquid “does not wet” the solid, the classic example being mercury and 
glass. Recently it has been shown that certain chemicals, such as 
soaps, facilitate the wetting of solids by water (mainly by reducing the 





surface tension of the water and thus reducing the angle of contact). 
Various numerical measures of “wettability” of solids by liquids have 
been introduced, but they seem to be practically equivalent to specifying 
the angle of contact. It sometimes happens that the angle of contact 
is not a constant, thus it may depend on whether the liquid is advancing 
over the surface of the solid or receding from it (Fig. 81), and these two 
angles are sometimes known as the advancing and receding angles of 
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contact. This effect is particularly noticeable with mercury on glass, 
and is sometimes a source of trouble with mercury manometers, which, 
even when the glass is clean, seem to “stick” and fail to respond to 
small changes of pressure. For, in a capillary, a change in the angle of 
contact implies, as a geometrical necessity, a change in the curvature 
of the meniscus, which may correspond to pressures of several millimetres 
of mercury. We shall now determine the pressure-difference associated 
with a curved boundary surface. 


3. Pressure-differences associated with a curved liquid surface 

We shall apply the principle of virtual work (p. 12) to determine 
the relationship between the pressure-difference and the geometry of 
a curved surface. Let an element of surface A BCD (Fig. 82) be 
displaced in such a way that each element moves 
along the normal to the surface at that point a 
distance dl. Now we know from three-dimensional 
coordinate geometry that any sufficiently small 
element of surface can be described by means of 
two principal radii of curvature defined in the 
following way. If the direction of A B is properly 
chosen in the surface, and BC is at right angles 
to it, then the normals to the surface at A and C 
both intersect the normal at B, at O and O' 
respectively. O is then the centre of curvature of 
the arc AB and 0' that of the arc BC. 

If wo carry out a virtual displacement of each 
element of surface by dl along the normal, so 

W CUrvature stationary, 

let ABC D be the new position of A BCD. Work 

drawn, CZK ia l^STd* " ** 82 “ 

££_«, + <// 

AB 

we have” tU ° C6 " tr0 ° f ° f bo,h Similarly, if O B = ft , 



Fig. 82. 


*2 + di 

CD 
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The change of area is approximately 


A'B'.C'D' — A B CD = 


CD = AB.Cd[( 1 + jHl + g-l] 

^AB.CDdl^+~) +0W- 


\\ ork equal to 1 x change in area is done against the mechanical 
force of surface tension (we must suppose the change to take place 
adiabatically), and, by the principle of virtual work, the total 
mechanical work done during this imagined displacement must vanish 
to the first order in dl, that is 


i.r. 



Equation (3) applies if R l and R 2 are of the same sign, that is to sav 
if 0 and O' are on the same side of the element A BCD, and the sign of 
equation (3) shows us that we get the greater pressure on this side of 
the surface. Such surfaces, of which the sphere and ellipsoid are 
typical, are called synclastic. A second type of surface formed by 
soap films, called antidastic , is a surface like a saddle in which the 
principal centres of curvature arc on opposite sides of the element. 
The investigation can be repeated for such a surface, and we can show 
that equation (3) still holds provided that we consider It l and R 2 to 
be of opposite signs. If they are numerically equal, then there is no 
change in pressure across such a surface, otherwise the pressure change 
will be of a sign determined by the numerically smaller of /?,, R t . 
Subject to a suitable sign convention, equation (3) therefore holds 
universally. 

Equation (3) holds at any liquid-gas or liquid-liquid boundary, the 
appropriate value of T being used in each case. In a soap film, p — p 
represents the difference between the pressures in the gas and liquid, 
so that if, as is usually the case, the two surfaces of the film are nearly 
parallel, the pressure-difference across the whole film will be double 
that given by equation (3). We now consider some special forms of 
surface. 


(a) Spherical bubble or drop. —For each surface R l = R 2 = R, the 
radius of the bubble, and equation (3) gives us at once for the excess 
pressure inside the bubble the result 

2 T , 2 T 4 T m 

Pi ~ Pi ~ r + R R . 
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This result can be obtained, without resort to the general theory, 
by a very simple argument {Fig. 83). Consider the equilibrium of the 
right-hand half of the bubble, divided by a vertical diameter plane. The 
section of the bubble is a circle of radius R, and the total force holding 
the two halves of the bubble together is 2 T x 2 t tR (27 1 because there 
are two surfaces). This must be balanced by the force associated with 




Fio. 83. 


the excess pressure inside the bubble. The force on an element whose 
polar coordinates are ( R , 6) acts along a radius, that is, its horizontal 
component is (p z — p t ) cos 6dA, and the area of a ring-shaped element 
cut off between 0 and 6<10 is 277-. R<W. R sin 0. so that the total 
horizontal force on the right-hand half is 

fW 2 

(Vi - 7>i)J o cos 0.2 nR(W. R sin 0 = (p t — p 2 ), r R 2 , 


which has to be equated to the surface tension force \ttRT, giving us 
equation (4). For the excess pressure 
inside a drop of liquid, we should 
halve the abovo valuo bocause thero 
is only one boundary surface 

2 T 


Pi ~ Pi = 


R 


(5) 



Fio. 84. 


( 6 ) Calenoid soap films. —Such a 
film can be formed, e.g. between 
the mouths of two coaxial funnels (Fig. 84). If both sides of tho film 

it“XMt b ! atmo ?P horo . th °ro o»n be no pressuro-di(Terence across 
U so that the two principal radii of curvature are equal and opposite. 

our y ature “ re at O and a (Fig. 84), whore O is tho 
pomt where the normal at P cuts tho axis of the surface of revolution, 
ana u is tho centre of curvature of a piano section of tho curve. 
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Thus we must have OP = PO, that is, if y is expressed as a function 



using the known expressions for the radius of curvature, and the 
intercept of the normal on the x-axis. This gives us_ 



dy d 2 y 

dx dx 2 _i 

■Tgp'' 


Integrating, £ log -f- J = log ^ where a is a constant 

br 1 + db* “ ^ 

The general solution of which is 

!/ = b cosh j . ( 7 ) 

where 6 and c are constants. Equation (7) is the equation of a catenary , 
that is the curve in which a heavy chain hangs when suspended between 
two points. Such films connecting two funnels are usually known as 
catenoid films. If the radii are equal, we may, by symmetry, take 
the origin half-way between the funnels, and suppose that c is their 
distance apart. Then b is given by the equation R = b cosh (c/26), 
where R is the radius of one funnel. This equation does not have a 
solution for all values of R and c, the minimum possible value of R 
for a given value of c being given by 


R = -— cosh q 

2 1 ) 

where q is the solution of the equation x tanh x = 1. This result means 
that a catenoid film cannot be formed between two funnels that are more 
than a certain distance apart, so that such a film would certainly break 
if we drew them apart beyond this distance, however careful we were 
to avoid disturbances. This behaviour is similar to that of elastic 
instability which we discussed in Chapter IV, p. 103. We shall meet 
similar cases below, pp. 239, 240. 
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(c) Nearly cylindrical films .—The catenoid film is almost the only 
case that can be worked out without approximation. If there were a 
finite pressure-difference across the film, equation (3) gives us 



Pi — p 2 = constant 


and this becomes very much more difficult to integrate. However, if 
we suppose the pressure adjusted so that the film is nearly cylindrical, 
we can make the same approximation that we made in the theory of 
elasticity (p. 93), namely, we suppose that dy/dx can always be neglected 
compared with unity. In this case, we have 


d y _ 1 _ Pi - Pz 

dx 2 IJ 2 T ' 

We now make use of the fact that the film is nearly cylindrical, so that 
we may put y = R + z, where z is a small quantity whose square we 
neglect. Our equation then becomes, neglecting z* y 


1 ■ Pi-V i 
dx* R 2 R 2 T 


( 8 ) 


This equation is of the same form as the equation for the simple harmonic 
funoH^is^^ “ the Appendix < p - 4285 )- The complementary 


z = A cos 


(s) + Bsin (l) 


where A and D are constants. A particular solution is obviously 
2 _ if , iPi — Pi) R 2 

' 2 T ' so that tbe com plete solution of (8) is 

z = /? 4- ~ R ~ . / x \ n / xx 

+ , lT +^ cos ( R ) + -Osin (j { ) .(9) 

ttlis^T.Tth 1 “ nd f t0 b ° **"■««■* so that , = R 

at i " olad x , f the ,? m ' WUich W ° “V suppose to U 

o ana x — i. Wo ge t from these two conditions 

A = — R __ Pz\R 2 
, 2 T 

R = - ( l ~. 008 Wg P*)&\ 

V sin (IjR) )\ R + -) .(10) 

Equations (10) imply that BIA = tan (119 R\ ■*. 

verified that this implies dzldx = 0 at a -if f i t * fc ° nn eas,ly bo 

a maximum or minimum there . that 18 to &iy thafc 2 has 
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Differentiating equation (9) twice 



Putting x = and substituting for A and B from (10) we get 

(^-^[“(a)].<"> 

the second bracket being positive or negative according as cos 1/2R is 
positive or negative, i.e. according as l < ttR or > ttR. The solutions 
for l > 27 tR would imply a film that had several maxima and minima 
of z along its length, and can be ruled out on physical grounds. 
Similarly, in problems of elastic stability, p. 105, and whirling of shafts, 
p. 106, a solution which implies more than one turning point is not 
usually physically significant, because failure would have already 
occurred under less onerous conditions. 

Equation (11) enables one to deduce 
the following results:— 

(i) l < 77 R. dh/dx 2 positive, that 
is 2 a minimum at x = 1/ 2, im¬ 
plies p 2 — Px < 2T/R. An in¬ 
wardly bulging film has a smaller 
excess of pressure inside than 
the 2TIR corresponding to a 
cylindrical film. Similarly, an 
outwardly bulging film has a 
larger excess of pressure than the cylindrical film. 

(ii) / > nR. The above results are just reversed because of the 
change in sign of cos (1/2R). An outwardly bulging film has a 
smaller excess of pressure than a cylindrical film, which has in 
turn a smaller excess than an inwardly bulging film. 

From (i) and (ii) it is possible to deduce that a cylindrical film 
longer than its circumference would be unstable, for a small disturbance 
could convert it into the equivalent of a “bulged-in” and “bulged- 
out” film placed “end to end ”, each longer than half the circumference, 
and (ii) shows that the resulting pressure changes would tend to increase 
the bulgings. On the other hand, a film shorter than its circumference 
would by (i), be stable against such a disturbance. These conclusions 
were all experimentally verified by C. V. Boys. If two films of the same 
length, shorter than the half-circumference, are put into communication 
with one another, air passes to a concave film from one that is less 
concave, straight, or convex (Fig. 85), while, if the films are longer than 
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half the circumference, a concave film will close up , blowing air into a 
straight or convex one. 

A similar experiment carried out with spherical bubbles leads 
always to the smaller one closing up and expanding the large one, 

,o t“u sr in a spl,ericai bubwe is inversei7 pro > )ortio “ i 

stabTlitvTf U ! tS f ° n C J li ? driCa 1 i fiIms Lave an im Portant bearing on the 

of a d on (Z*7V* t,° al ?° St Certain that critical radius 

unstable n£ “ 7 the 1>oinfc at wkich the neck becomes 

whuch a‘iet bL? 7 ’ UOt L° WeVer * )y any meanS the ^ one, in 
Mluch a jet breaks up ,s shown m Fig. 86, transverse or “varicose” 

up completeTy^ntoT “ a ' on S the lc “gth until the jet breaks 

aid an almn ; I* 8 * f ° PS ° f ab ° Ut fche Mnie diameter as the jet, 

of the “neck?’ eq A s, nU T " 0M "- ^ Up of remains 

necks. A similar small drop, “Plateau’s spherule”, is often 



-served m the situation shown in Fig 79 I„ f 

viscosity opposes that of surface tension „n i ! J , 0t ’ tlle effect of 

viscosity that can form long thin filamcL ‘ S fluids of “«'> 

case, ’a li^w"n fqSibrium^ef gravity^” ^ Simplcst 

surfaces. Now the pressure in the * two ve rtical solid 

Po say, all along the dotted line which* f , C ^ be the same, 

pressure * in the atmosphere L ’ci^nt'" Th «° ** 

p just inside the liquid is (Fig. 87 ) ,)ressuro at fc ho point 

Pa ~ 2 r S[* + { d £)X l - 

of the free surface is'dotemTntdty' *° P ° ~ m ’ 80 that tho »q»»tiou 

^ fi + c^yr 3 _ W _ 

L \dxJ J 9 7 * —- constant . /i 9 v 

*• O. M„ T. -> 41 . ( 14 ) 

1G 
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We can integrate this once by multiplying through by dy/dx. The 
result is 

[■+(2)T - w -* ■* *.« 

(The expression in the bracket is — cos «/>, where ip is the angle the 
tangent to the curve makes with the ar-axis.) This could be integrated 
again in terms of elliptic integrals, but we can use an approximation 
that is suitable for regions where the surface is nearly flat. We consider 
only the first two terms of the expression in the bracket, neglecting 
(dy/dx)*. 

On this basis equation (13) may be written 



where a and 6 are new arbitrary constants. The solution of this is 

= cosh {(f)* (z-c)} . (15) 

The constants a and c depend on the choice of origin in relation to 
the surface, but the constant 6 is more difficult. For a liquid with a 
finite angle of contact with the wall, b could be chosen so that dy/dx 
had the corresponding value at the solid surface, but approximation (14) 
becomes useless in the neighbourhood of a solid whose angle of contact 
is zero or small because there dy/dx is large. We can determine the 
form of the surface in the immediate neighbourhood of the solid, by 
making the opposite approximation to (14), that is we neglect 1 in 
comparison with dy/dx. This gives 



2 T 


+ Ey + F < 



The constant G depends on the choice of origin, the constant F on the 
angle of contact (which determines dx/dy at the solid), while the constant 
R has to be determined indirectly from the conditions at the other 
boundary. One can get a sufficiently good answer in practice by 
using (16) in the neighbourhood of the solid boundaries, (15) in t le 
middle of the surface, and then “fitting together’* these two solutions 
choosing the constants, E and b which are not determined y t c 
choice of origin, and so are at our disposal, so that, at some intermedia e 
point, y and dy/dx are both continuous. (This process of fitting 
together” the solutions corresponding to two limiting cases is typica 
of mathematical physics.) 







CAPILLARY RISK 


2-13 

It will be scon, even in this simple case, that the calculation of the 
form of the meniscus is quite involved, and the calculation of the form 
of the meniscus in a cylindrical tube is even more so, although Bashforth 
and Adams have made tables which enable the form of axially sym¬ 
metrical menisci to be computed numerically in many cases The 
assumption usually made is that, for a zero angle of contact the shape 
can be regarded as a hemisphere, or, for a 
finite angle of contact, the appropriate spheri¬ 
cal cap. In very accurate work, data of Bash¬ 
forth and Adams can bo used to improve upon 
these assumptions. Fora zero angle of contact 
(Fig. 88), the rise to be expected can be 
calculated quite simply. If R j 3 the tube, the 
upward force is 2t tRT cos 0, where 0 is the 
angle of contact, and this is balanced by 

bottomoitht C ° !Um, ‘ ° f Wa ‘? rof '"!«*> * i» moiwurotl to ,bo 



Fio. sx. 


2 „*r _(.**+-«•)„ 


(17) 


so that the rise in the tube is known in terms of T. The mas., of liquid 

J 0 '° 1 ° bottom of the moniscus can bo cat imated 
LiJ A U ; geometrical argument if 0 is finite. 

X* *7 ! Rft n° ,,,0r ° ncour »‘« formulae for use 
hen Ii is not small compared with h. 


m 




T 



I 



h 



1 

1 

A 

1 


Fio. 80, 


o/ r r, ' rr ' !sur ' due <° of 

the form of n i r 1 t,mt of determining 

is possible , d . orod Wording to its curvature. It 

tension Ld vwur° nr " ,atlo “! l *P surface 

particular theory of liquids quite nnnl ^’ »nd«pondont of any 
osmotic pressure and vapour’ T d T ,ttood botw <*n 

the capillary rise experiment done und.fr a hell * T ° d ° I' 1 ' 8 ’ Wo ima tP'»o 

is present (Fig. 89). Thon if ,, f b 80 that on, y vapour 

surfaco, and that over Z ^flat 

leaving the liquid at the top of the tube ^ * , " mgmo n "^looulo 

P or the tube, transported to the bottom of 
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the tube, entering the liquid through the Hat surface, and then being 
carried up the tube to the top again, the net work done during this 
cycle being zero. Put in another way, we can say that the pressure 
on the liquid side of the meniscus is p 0 — pgh, where p is the density 
of liquid, and the term pgh allows for the height of the column 
of liquid. The pressure on the vapour side of the meniscus is 
Po a 9^ = Pi » "here a is the density of vapour. Since the liquid 
surface at A (Fig. 89) is Hat, the pressure is the same on both sides of it. 
Thus the difference in pressure on the two sides of the meniscus is 



2T 

(p — <ri gh = — . 

r 

. (18) 

But 

. a 'IT 

Pi = Po — a 9" = p .. 

p — a r 

.(19) 


As with osmotic pressure, this result should be corrected for the 
compressibilities of the gas (and liquid) when very long columns are 
involved. 

This formula was due to Kelvin and has been applied to a discussion 
of the effect of surface tension on the evaporation of drops. It is not 
altogether clear that this is justified, though the result is probably 
qualitatively correct. Apart from the difficulty that, for the effect 
on vapour pressure to become appreciable, the drop must be 10 -2 cm. 
or less in diameter, and the effects of compressibility of the vapour and 
liquid then become important, it is by no means obvious that these 
considerations apply to a convex liquid surface when they have been 
derived for a concave one. The Laplace theory of surface tension does 
make this extremely plausible, but it docs seem clear that some such 
justification is required. Very recently, a direct check of the Kelvin 
formula has been made by La RIer and Gruen, the method being to 
balance the increase of vapour pressure due to the curvature of small 
drops against the decrease of vapour pressure due to the presence of 
a dissolved solid. If a drop of solution is allowed tocome into equilibrium 
with pure solvent in bulk, via the vapour phase, it is not difficult to 
show that the equilibrium radius is uniquely determined by the quantity 
and nature of solute present in the drop. (Since the vapour is pure 
solvent, a change of radius of the drop implies a change of concentra¬ 
tion.) The reader is referred to the original paper for details. 

A simple argument, that gives much the same result as Kelvin s 
treatment, does exist. The energy associated with the surface 
of a drop of radius It is evidently SAttR 2 , while the energy needed to 
evaporate the drop is LA-nR 3 /3, where L is the latent heat per unit 
volume. Thus a small enough drop would evaporate spontaneously , the 





FORCES ON FLOATING BODIES 


245 


surface energy being sufficient for this. The critical radius is evidently 
3S/L, where L is to be expressed in ergs/cm. 3 , so that for water 

R _ 3 x 100 


1*2 x 10~ 8 cm. 


( 20 ) 


<H)0 x 4*2 x 10 7 ' 

which gives us an estimate of this critical size of drop. As will be seen. 
R is comparable with an atomic diameter, which is physically reasonable, 
and it also implies that, even if we have a considerably supersaturated 
vapour, a drop containing several molecules must bo formed before 
condensation can start. This is in line with the experimental facts 
about nuclei summarised in Chapter VII, p. 193. 

Very similar considerations can be applied to the growth of <r as or 
vapour bubldes in a liquid supersaturated with dissolved gas^or in 
a liquid under tension. For, suppose we have a gas-bubble of radius 
cm. 1 he pressure-difference across the surface is 2TIR ~ 2 x 10 s 
dynes/cm. 2 or 200 atmospheres. Thus a bubble of this size would 
collapse unless, eg there was a pressure in the bubble, or a tension in 

diffelTn 1 I 8 ' 0n thc othcr hand ’ if such a pressure- 

erence did exist, the bubble would expand rapidly. In this wav 

^f Ct a .? Uaht f tiVe understa,ld »ng. from a different angle, of the 
tensile strength and possibility of superheating of a liquid, already 

offline * n P i 1 1 92 ’ , Un ? ° f th ° re,ated phenomenon of the formation 
°0da wZ r f l °, f gns in li ‘l u,<l - 11 is «» >™>w„ that 

P I 0ver a 8olutlon of gas in liquids, formed at a pressure of 100 
atmospheres, can, with precautions, bo reduced to 1 atmosp W wfthou^ 

f= 0 t 0 h C r rn,lg - , PS** haV ° bce *‘ mado ’ witE 1 I success' 
spontaneous L'h! “ Z ^ " light b * to form 

prediction* afe in fain ^ellnZfZlfn’“ ml ‘ he 

Thi{Le?vZz!: , :::irri!Z i,, " ! ' j,,e ,o ^ *»«•<>».- 

bodies such os corks and straw. M °n sllrfacc of 1 liquid, or small 

towards the sides of the vess l’ “ 3U “ ^ “ ttr act one another, and travol 

this behaviour can be umW* 'a elenicutor > r onc * The reason for 

objects with vertical sides Tl * W ° COnsidor * for simplicity, two 

“wets” both [Fig. 90(a)! the CaSeS „ P 03s . ,bIe: the liquid 

angle of contact [Fig 90(6)1 thn V noitbcr ’ has an obtuso 

[Fig* 90(c)], l n Fig?.’90(a) anj ld , W f 1 t \ ono and not other 

liquid above the bottom of the meni J™ 8 ** v sI ? ow th ? t tho P ortio n of 

of calculating horizon J wT S 0 " 11 ° f ? P th ° P Ur P 036 

famihar argument in hydrostatics whLh k* 8 Similar ^ fche 

yarostatics, which shows, by considering the 




246 


SURFACE TENSION, ADSORPTION, AND ALLIED EFFECTS 


equilibrium of a prism-shaped volume of liquid, that the pressure in a 
liquid is the same in all directions.) 

Consider the equilibrium of the portion of liquid whose section is 
ABC, Fig. 90(a). The horizontal forces acting on a portion of length / 
are — 77, due to the surface tension acting along the line through A 
perpendicular to the paper, the pressure of the atmosphere, which 
acts over the curved surface whose section is AB, the sum of the 
horizontal components of the force due to this is simply ]> a .l.BC, 
and these are to be together equal to the horizontal component of the 
force exerted by the left-hand body on this portion of liquid. This 
force is then (p a . BC — 1) l. By Newton’s third law this is also equal 
to the force exerted by the portion of liquid on the left-hand body, 
but this is just what we should calculate for the force acting on the 
body if we supposed the liquid continued horizontally right up to the 

surface of the body as shown 
in Fig. 90(a), the term Tl 
representing the effect of sur¬ 
face tension acting horizontally, 
while the term p a .BC.l is just 
the extra force that would 
result from the pressure of the 
atmosphere on the area BC.1 
which would be exposed by the 
removal of the meniscus. We 
can apply the same argument 
to the meniscus between the 
two bodies, and we notice that 
the argument still holds even if 
the angle of contact is finite. 
An exactly similar argument applies in Fig. 90(6). In both these figures 
the terms 77 have no resultant effect, because they are the same over 
the left and right of the bodies. The hydrostatic pressures differ because 
C and D are at different heights on the two sides. The pressures at 
C and D would be atmospheric if the menisci were suppressed, and the 
following considerations will be on this basis. In both figures, let C' 
bo the point at the same level as C. 

In Fig. 90(a) the hydrostatic pressures are equal on both sides of 
the left-hand body everywhere below the line CC', but above C we 
have the atmospheric pressure, while above C' we have a hydrostatic 
pressure that is less than the atmosphere until we reach D, where it 
becomes equal to atmospheric. Thus the bodies are forced together. 

In Fig. 90(6), we have the atmospheric pressure on both sides of the 
left-hand body everywhere altove the line CC’, but, between C' and D 
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the pressure is atmospheric as it is at C, whereas below C the hydro¬ 
static pressure becomes greater than the atmospheric. Thus again the 
bodies are forced together. 

In Fig. 90(c), we can suppress the menisci on the outside edges of 
the two bodies and still calculate the horizontal forces correctly, but 
we cannot do this for the inside menisci because the surface of the 
water is never horizontal. We can, however, modify the argument 
already given, and show by the same method that we can calculate 
the correct forces if we replace the actual surface not by the dotted line 
in Fig. 90(c), but by the sloping tangent to this surface. There is now 
little difference in the hydrostatic pressures on the two sides of the left- 
hand body, but there is a difference in the surface tension forces, because 
the force on the left of the left-hand body is acting horizontally, while 
that on the right of the left-hand body acts at an angle to the 
horizontal. Thus the forces are not in equilibrium, and the bodies are 
forced apart. 

These considerations can be verified in a beautiful way by a simple 
experiment. We may float balls of cork and paraffin wax on the 
surface of water and the sides of the vessel attract the cork balls and 
repel the paraffin wax ones. If now we “crown the bowl”, i.e. fill it 
so full that the upper surface becomes convex instead of concave, we 
shall produce the same form of surface near the walls as we should 
get if the water did not wet them. The cork balls then leave for the 
middle of the vessel, while the paraffin balls are attracted to the sides. 


4. Methods of measuring surface tension 

We may distinguish a number of different cases: 

of e g ' ° f S ° ap solution * that can bo studied in the absence 

(6) The surface of a pure liquid. 

(c) The surface of a contaminated liquid. 

(d) The interface between two liquids in bulk. 

in ar ° T i,able tUat aro not P ossibIe ^r a liquid 

optLltethod"^ 30 ra ^ US ^ 

m“he mfoU~he^ P» (« the nJl 

cf making one arm nearly horironM) ““ i,lCr °" S ° d ^ ““ d ° Vice 

withthickneas. ° f «■**« tension 

1ms may be mveatrgatod by an apparatus similar 
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to that shown in Fig. 85, in which we begin with two nearly straight 
ilms and a lows one to drain naturally but keep the other one thick 
(wlnch can be done by passing an electric current up it). (This is an 
instance of the phenomenon of cataphoresis, or the relative motion of 
.quid and suspended particles that occurs if an electric field is applied 
o colloidal solutions. The reader is referred to textbooks of physical 
chemistry for a discussion of the phenomenon, which may be traced 
to the fact that colloidal particles are usually electrically charged.) 
I he thickness of the film that is allowed to drain can be followed by 
optical interference methods, and any variation in the surface tension 
is revealed by a change in pressure inside the film, and a consequent 
change of shape of the nearly cylindrical films. 

In practice, it is found that, as long as the film has a thickness 
comparable with the wavelength of visible light (~5 x lO" 5 cm.) the 
change in surface tension is extremely small, the experiment described 
above enabling an upper limit of i per cent, to be put on it. If the 
film is allowed to drain further, “black spots” suddenly appear on it, 
and finally the whole film becomes black by reflected light. 

Once the film becomes thinner than a quarter of the wavelength 
of light, it is no longer capable of showing interference colours and it is 
necessary to resort to other methods of measuring the thickness. This 
has been done by various methods, for example, by measuring the 
electrical resistance of a black film or by forming a large number of 
such films in a tube, and measuring the combined optical thickness of 
them all by a Jamin interferometer. (The reader is referred to text¬ 
books of light for a description of this instrument.) The thickness of a 
black film is generally accepted to be in the neighbourhood of 
1-2 x 10 -c cm. with some evidence that a film of half this thickness is 
also possible. These figures are consistent with the black film being 
either one or two molecules thick, the soap molecules lying with their 
lengths perpendicular to the film. A fatty acid consists of a long 
hydrocarbon chain, containing 15-20 CH 2 groups and ending in a COOII 
group, while, in a soap, the hydrogen in the OH group is replaced by a 
metal. Since the distance between carbon atoms in a hydrocarbon 
chain is known, from X-ray evidence, to be between 3 and 4 x 10 _8 cm., 
it will be seen that the observed thickness of a black film is consistent 
with its soap molecules being arranged lengthwise in this way. 

The surface tension does not diminish steadily as the thickness of 
the film decreases, instead the behaviour is probablv that shown 
schematically in Fig. 01, in which surface tension T is plotted against 
thickness of film t. For thicknesses above those corresponding to the 
point P, the tension hardly changes with thickness. The interpreta¬ 
tion of this is that, for a sufficiently thick film, the two surfaces act 



THIN' SOAP FILMS 


249 


independently of one another. As the thickness diminishes, there must 
come a time when this ceases to be true and there is probably a range 
of thicknesses for which pulling out the film weakens it (the region 
PQ in Fig. 91). Such a region cannot, however, be experimentally 
realised, just as regions such us FG and LM (Fig. 74, p. 192) cannot 
be realised in a condensing van der Waals’ gas. 

If this region where dT'dt was positive continued right down to the 
origin, there would evidently be no possibility of a stable film of thick¬ 
ness less than that corresponding to P, because any portion of film 
falling below this thickness would be dragged out indefinitely by the 
larger constant tension in the surrounding thicker film. It is indeed an 
observed fact that films of a thickness between that of the black film 
(~ 10~ 6 cm.) and that of the coloured films (about 10" 5 cm. and 
upwards) cannot be realised experimentally, and, moreover, that in a 
coloured film with “black spots” there is a sharp dividing line at the 
edges of the black spots, not a gradual change over intermediate thick¬ 



nesses These facts can be explained if we suppose that the variation 
ot surface tension with thickness is as shown iu Fig. 91, the portion 
representing a stable region corresponding to the black film 
ide point R corresponds to the thickness of black film that can be in 
equilibrium with the thicker coloured films, because tho tensions are 
e same, whereas the range of thicknesses between Q and S would corre¬ 
spond to possible stable thicknesses of a film that was entirely black 
Tho ranges OS and QP would be unstable. 

black™ 0SS ™“ d trcnd of curvc “rt»inly explains tho existence of 
of f ®Tf , com P“ re «>° proposed model with the behaviour 
of a van dor Waals’ liquid already referred to (p. 192) in which tho 

*>' <Wr is positive, caniot helped 

S in 5 ' n ° may als ° com P aro il with behaviour of a 
steo specimen when stressed beyond its yield-point, whore the stross- 

a further horizonta ! for a time, but is succeeded 

at its yield • t P w 10n ' so . that tlle specimen does not break aotually 
its yield-point, but can bo extended considerably further (p. 76). 
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Such a model is not, however, very satisfying unless we can suggest 
some plausible explanation for such peculiar behaviour of T as a 
function of t. This can be done. Studies of unimolecular films (see 
p. 256) of fatty acids on the surface of water do suggest that the long 
paraffin chains cannot enter the water structure without thoroughly 
disturbing it, and breaking up a great many of the hydrogen bonds 
(p. 207) that link neighbouring water molecules together. We know 
that paraffins themselves (hydrocarbon chains without a COOH group) 
are almost completely insoluble in water, which, as we have seen from 
the theory of solutions (p. 219) implies that work would have to be done 
to mix up these two types of molecule. However, the COOH group is 
capable of forming hydrogen bonds with water molecules, and indeed, 
the lower fatty acids, and their salts with the alkali metals, have only a 
short hydrocarbon chain and dissolve in water freely. The picture that 
one forms of a thin soap film is then shown in Fig. 92, the hydrocarbon 
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chains “standing out” from the water surface, while the COONa 
groups, supposing that we have a sodium soap, are interspersed with 
water molecules. Now, if the film is thick, the two sides will have no 
influence on one another. This will correspond to the region to the 
right of P in Fig. 91. As the film becomes thinner, the COONa groups 
on the two sides will come within one another’s influence, and, if there 
is a strong attraction between them, one can understand the diminution 
of work necessary to stretch the film. This stage corresponds to the 
region PQ in Fig. 91. When the COONa groups come nearly into 
contact, the film cannot be extended further without pulling the soap 
molecules apart sideways, and this involves either separating the long 
hydrocarbon chains, or else separating neighbouring COONa groups 
or both, and this will require work, and in this way it is possible to 
understand the existence of the portion QRS of the curve. Tins 
corresponds to the most usual type of “black” film, but, in some 
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cases, such as sodium oleate, a film one molecule thick can apparently 

also exist, and, if so, there would be another region of negative dTjdt 
between S and O in Fig. 91. 

(' b ) Surface tension of pure liquids .—In much of the early work on 
surface tension, the importance of really clean conditions was not 
realised. It is now known that a film of grease as little as one molecule 
thick can have a noticeable influence on surface tension Thus if 
the oil molecules are of the order of 10-« cm. long, 1 c.c. of oil would 
cover 100 square metres of water with such a film. It is the fact that 
such a thin film produces a noticeable effect on surface tension that 
enables waves at sea to be stilled by quite moderate quantities of oil. 
The damping effect is believed to be due, not so much to the wind 
being prevented from “taking hold” of the water, but to the fact that 
if the surface tension is a function of the thickness of the oil layer the 
work done in stretching out a surface against surface tension will’ not 
necessarily all be recovered when the surface contracts again, as it 
would be with a pure liquid with fixed b 

surface tension. 

Plainly the weight of oil required 
to contaminate the surfaces of water 
in an ordinary piece of laboratory 
apparatus is very small indeed (of the 
order of a microgram), and could easily 
come from, e.g., a finger touching the 
surface. It is a comparatively simple 
matter to clean grease from metal and 
glass apparatus; what is less easy is 

to remove it from the surface of the liquid. Mercury can h* ^ 

y chemica 1 treatment, but almost the only way to remove grease from 
water is to “scrape” the surface with a piece of metal chined™ 

covered with paraffin wax. which piles the grease up in front of it ^nd 
leaves a clean surface behind. * U<1 

suZ! ° Utl r d “ b r ° n ° ° f th ° Simplest methoda of measuring 
surface tension, the capillary rise method (p. 243) in which it is only 

necessary to measure the rise and the bore of the tube. As we have 

Spit;t t od. ,nea8ureracnt of the “ 8i ° ° f “ * *> mo 

A second very direct method is due to Jaeger, who measured the 

excess pressure needed to blow bubbles in the liquid from a vertica jet 

It is sometimes assumed that the bubble will break off as soon ns the 

excess pressure corresponds to the value 2277? where 7? V 

radius ofthe point of the jot. For fFii? 931 it ii 18 tllG outer 

considerations that in both Figs 93f a l and q•*/ \ th ^v rom ■geometrical 

m *igs. Jd(o) and 93(c) the radius of the bubbto 
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is larger, and the excess pressure inside it therefore smaller, than is the 
case for the perfect hemisphere, so that if we apply a constant pressure 
sufficient to produce a hemisphere it will expand to larger and larger 
radii until it becomes unstable and breaks off. In practice there is 
some uncertainty about the absolute value of T, because gravity 
distorts the bubble from the truly hemispherical shape. (Bashforth 
and Adams' tables can be applied here to compute the true shape of 
the bubble.) This method is therefore used chiefly as a rapid means of 
comparing surface tensions (particularly in investigating the change of 
surface tension with temperature). It has the advantage that a 
freshly formed liquid surface is usually cleaner than an old one. 

Another very direct method, due to Wilhelmy, is to measure, by a 
balance or torsion balance, the force necessary to drag a vertical metal 
plate [Fig. 94(a)] away from the surface. When the plate is about 
to leave the surface the force acting on it, provided that the angle of 
contact is zero, is Tl, where l is the total length of the liquid line on the 

plate, and allowance is made, if 
necessary, for the liquid displaced by 
that portion of the plate below the 
original free surface. Some workers 
have used a horizontal plate, for 
which the theory is a little more 
complicated [Fig. 94(6)]. We con¬ 
sider the equilibrium of the portion 
of liquid whose section is ABCD. 
The horizontal forces acting on it 
are 2T per unit length acting along the lines through C and D (again 
provided that the angle of contact is zero), the atmospheric pressure 
acting over the arc CD, the corresponding horizontal force being 
p 0 d per unit length, where p 0 is the atmospheric pressure and d is the 
depth AB, and the force acting across AB. The pressure at a depth 
y above B is p 0 — gpy, so that the total horizontal force across AB is 

(Po ~ 9P9 ) d, J = Po d ~ hP9 d * 

so that our condition for equilibrium is 

\pgd l = T (1 + cos 6), 

where 9 is the angle of contact at D. The pressure-difference between 
the top and bottom of the plate is 

Po ~ (Po — P9 d ) = P9 d 

= V2T(\ + cos 6) pg . (21) 

so that the corresponding force is given by this pressure-difference 


t 



(Q) 
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multiplied by the area of the plate. Other workers have used a flat 
ring instead of a plate, for which the theory is very similar. 

It will be noticed that we obtained the result without having to 
calculate the shape of the meniscus CD explicitly. 

A method on a similar principle, which is due to Quincke, is to 
measure the dimensions of bubbles and drops. Let Fig. 95(a) represent 
a section by a plane through the axis of a drop of mercury on a glass 
surface. If the drop is large enough, the pressure in the liquid at A 
is the same as that of the atmosphere, if this is not so we can apply a 
correction 2 T/R, where R is the radius of curvature at A. The 
horizontal forces acting on a portion of liquid whose section is ABE 
and whose thickness perpendicular to the paper is dt consist of the 
hydrostatic pressure across AE, the corresponding force being 


A 




(/></ + 2 Tljr + IpgP) dt, where l = AE, the forco Tdt due to the surface 
tens,on along the line through A perpendicular to the paper and the 
atmospheric pressure acting over the curved surface AB, the corre- 

iiCr g oA“!,„7M 8 80 that wc «“ «1'"- 

277 

T== It + \PfP . ( 22 ) 

71 /i , 2 r/i 

r ( I + cos *)=^_ +iw ; |8 . (23) 

and It is Idy" * BpWm »‘£ 
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For liquids which wet glass we can vary the method by using a 
bubble under a clock-glass [Fig. 95(6)]. We can apply formulae such 
as (22) or (23), but we now consider the equilibrium of sections such as 
BDCE, which means that h and l have to be measured from D and not 
from A. Further, 6 has to be replaced by the angle the surface of the 
liquid at B or C makes with the horizontal. This is not quite the same 
as the true angle of contact. In practice, the points A and E can be 
located readily with a vertical travelling microscope, AD is determined 
geometrically from the curvature of the clock glass and the diameter 
BC of the circle of contact of the liquid with the glass. Here again, we 
are able to deduce the surface tension without a complete theory of the 
profile of the surface, which w’ould be difficult to work out. 

Another method, also used by Quincke and Lord Rayleigh, involves 
measuring the weight of a drop that forms slowly on the end of a tube 
(Fig. 79). One might at first sight think that we can write simply 
mg = 277 aT, where a is the outer radius of the tube, by considering 
that the drop is held up by the surface tension acting all round the 
circle of radius a. This, however, is only a rough approximation, and 
is in error for the following reasons:— 

(i) Not all of the liquid shown in Fig. 79 forms the actual drop, 
some of it being left behind. 

(ii) The boundary surface of the drop is not vertical at its junction 
with the tube. 

(iii) In practice, the weight of the drop is determined by counting 
the number which fall in a given time, and then weighing the 
liquid. Thus, essentially, the experiment is a dynamical one, 
the complete theory of which is likely to be difficult. 

The form of result to be expected if the rate of formation is kept 
slow can, however, be predicted by dimensional analysis (see Chapter X). 
Let m be the mass of a drop. We seek a relation between m and 
these quantities: the surface tension T , the acceleration of gravity g, 
the density p, and the outer radius of the tube a. The inner radius 
is unlikely to have any very great effect. We seek relations of the type 
T n pPgYa*m< = constant. The dimensions of the quantities are 

T — Force per unit length = [3/] [ T]~ 2 . 

([T], as usual, represents the manner in which the unit of time 
enters, and is not to be confused with T.) 

g = [L] [ T ]- 2 
m = [M] 
a =[L] 

p = m wr* 
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By equating indices of [.)/] [L] and [T] to zero, we conclude that 
the following two dimensionless quantities can be built up out of the 
above five variables: 

Taj mg and pa 3 jin 

so that the most general possible relationship involving only these 
variables, see p. 278, is 

Ta fpa?\ 

— =/(■— ) . (24) 

The form of the function / was determined by Harkins and Brown by 
experiments on a number of liquids of known surface tension, and they 
further established that the form of the function / was the same for 
four very dissimilar liquids, water, benzene, carbon tetrachloride, and 
ethylene dibromide. Thus, the essential soundness of the assumptions 
on which the dimensional analysis was based seem to be confirmed, and 

the method can be used with confidence for measuring unknown surface 
tensions. 

It is also possible to arrive, by dimensional arguments, at a relation¬ 
ship between the surface tension of a drop and its time of oscillation 
about the spherical form. A related, practically equivalent problem, 
is the relation between the wavelength of the varicose oscillations of a 
jet, and its radius, and the density and rate of flow of the liquid. 
For a detailed theory of the oscillations of a spherical drop under surface 
tension, the reader is referred to Lamb’s Hydrodynamics , but the 
dimensional argument is here extremely simple. Tho period t, of 
oscillation of tho drop, supposing that it is small enough for the effect 
of gravity to be neglected, is likely to depend only on the surface tension 

i , the radma of the drop a, and its density p, and, by seeking a relation 
of the type 

/ = Constant x T a pPa Y , 

\vc find that the only possible one is 

t — Constant x 


J‘-f . ( 25 ) 

the complete theory giving the value n/V 2 for the constant. 

te iir Ct,C \ th ° tim ° ° f 0scillation of a dr °P> of radius small enough 
te exist as a sphere, t.e. for surface tension forces to bo largo compared 

mined^rect ( Tr t * measured directly, but it can be doter- 

Z ftfi? I T n rT ing th0 profil ° of a i efc i U8t bof ora it breaks 

of t^ 8 r« 86 'a EVlden y th ° penod of oscillation of a drop, of tho size 

of £e diBtencT; nfc ° Whkh th ° j6t br0aks U P* is given by tho ratio 
velocit° f th ? 8inUOsitie3 of the jet and tho 


VA i. * ftr , . . . --wuuusiues oi me lot 

veloejty with which they advance and both these quantities 

determined, e.g. from a series of cinema pictures of the jot. 


can bo 
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Another dynamic method is by the measurement of the speed of 
propagation of ripples. The theory of this is given on p. 166, the 
formula being 


277 T ^ gX 
Xp 2 t 7 



and for short wavelengths the second term is small compared with the 
first. In the method devised by Lord Rayleigh the ripples are produced 
by an electrically driven tuning fork of known frequency with a stylus 
dipping into the liquid. A shutter is driven in synchronism with the 
fork, so that the ripples are illuminated stroboscopicallv, and therefore 
present an apparently stationary pattern. The wavelength of the 
ripples can be measured by projecting their stroboscopic image on to a 
screen with a known magnification, and measuring the distance between 
maxima. The wavelength and frequency being known, V can be 
determined and substituted into equation (26). 


(c) The surface tension of contaminated liquid surfaces .—We are 

very often interested in the effect of 
contamination of a liquid surface, e.g. 
by grease. Most of the static methods 
we have described above can be applied 
safely, but it would not be really sound 
to apply the dynamic methods we have 
described, or, at least, we should not 
necessarily expect them to give the 
same results as the static methods, 
because of the possibility that, e.g. in the ripple method, the grease film 
is of different thickness at the crests and troughs. However, in some 
of the static methods we have described, it might be a difficult matter 
to decide exactlv how much contamination is actually present. 

Accordingly, much of the modern work on surface contamination 
is based on a method due essentially to Miss Pockels and Lord Rayleigh. 
In principle, what is done is to work with liquid in a trough or frame¬ 
work whose area is exactly known, but with one side movable (Fig. 96). 
If we start with a clean surface, we can contaminate it with a known 
small quantity of grease dissolved in a solvent such as carbon- 
tetrachloride or benzene which evaporates rapidly. The area covered 
by the grease can be varied at will by moving the barrier A (Fig. 96) 
along the surface when it will heap up the grease on one side and leave 
a clean surface on the other. (Light ligaments of metal foil, B and C, 
can be used to prevent the escape of grease round the corners.) The 
force needed to push A to the left can be measured by, e.g., a torsion 
balance. The force on A will almost always be to the right, which 
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implies that the surface tension is diminished by contamination. We 
can also measure the surface tension within the barrier, e.g. bv 
\\ llhelmy s method. Fig. 96, however, suggests an alternative inter¬ 
pretation (equally valid) of the force on the movable side. Instead of 
saying that the surface tension of water is modified by contamination 
we may equally well say that the observed force on A represents a 
two-dimensional analogue of pressure exerted by the film due to 
the impact of grease molecules on the barriers. As we diminish the 
contaminated area, a number of interesting changes occur in the 
structure of the film. The force on the movable side is very small 

**. , ere ) s eoou gh grease to form a unimolecular film. ' Before 
this, the molecules are probably moving about the surface independ- 
enth or m small clusters, and we may call such a film “gaseous” 

slowlv ! ‘ lT' ar yCr , is f ° rmcd the 5Urface tension decreases 

slouh. As we compress the film further, more and more layers 

a soiiT U ’ I 1 "'/ WG r n , a , Uy FeaCh a sta S e when thc behaves 'like 
a solid, and shows folds and buckles up instead of increasing in 

(d) The surface tension of liquid interfaces .—A knowledge of the 
surface tension of liquid-liquid interface's is e*utTwhS one is 
cussing', c.^., the spreading of liquids over one another. Most of the 

formed by one of the liquids i„ the other iosiead of in T S 
can measure the dimensions of a drop of one linin' 1 f i A ® Uin ’ 
the other. It is necessary to modifv he f ' . und «™~* 

allow for the finite densitv of the 1, • for ™ ulao appropriately to 

but this usually prtln^m diffiX Ind" ^ ^ * f — 1 * 

density, should bo replaced by the d’iff 1 ^ re< l lurcs fc bat p, the 

we prepare two liquids of „eaHv >,‘ C ° ° f ** two If 

phenomena as the formation of ciro C<1Ua i ®“ S, * I0S wo can study such 
on a very large scale The A T ‘ tho break-ofT of the “neck” 

nearly the same, aniline being 0 ^TghTly 0 deTsor U at n ro "T* VMy 
wlule ,t is slightly lighter than water near loTc Thus Tf uT!'™’ 

of aniline and water is allowed to cool th„ i 1J ‘us, if a hot mixture 

— are oqua,. heeauso the J ??£££ 

17 
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tension is the same as for an air surface, but the effect of gravity is 
much diminished. 

(e) Direct measurement of angles of contact.—It is possible to estimate 
an angle ot contact approximately from a comparison of two methods 
of measuring the surface tension, one of them independent of the 
angle of contact, such as the weight of drop method, the other 
dependent on it. However, the results are always rather uncertain, 
and it does seem that there is a significant difference in the measured 
angle, according to whether it is measured in advancing or receding 
conditions, and at what relative velocity. 

The first direct measurement seems to have been due to Gay-Lussac, 
who gradually filled up a spherical glass flask with mercury until the 
meniscus was accurately plane. This can be judged by eye very 
accurately. A very simple method was used by Adam, who placed 
the material in the liquid in the form of a plane slab, the angle being 
continually adjusted until the neighbouring surface was flat. A more 
refined method was to lower a cylinder progressively into the liquid 
until the meniscus, viewed by an optical method, was seen to be 
accurately flat. By rotating the cylinder slowly, it was possible to 
detect any difference between the advancing and receding contact 
angles, and to investigate the effect of changing the relative velocity. 
The results revealed a fairly smooth dependence on the velocity, but 
showed clearly that angle of contact is something that depends on 
many factors, and, like such a quantity as the magnetic permeability 
of iron, cannot always be made to assume a precise value merely by 
refining the methods and precautions of measurement. 

5. The spreading of liquids over one another. Surface tension of solutions 

In Fig. 97 we see the situation to be expected if we have one liquid 
that docs not spread over the other. The line through O, where the 
three liquids meet, is subject to the three forces, Tr, T 2 , T 12 per unit 
length, corresponding to the surface tensions of the free surfaces of 
liquids 1 and 2 and the surface tension of the interface, respectively. 
If such equilibrium were possible, we should be able to draw a triangle 
of forces (Fig. 97), the three sides proportional to the three tensions. 
Such a triangle is called Neu?nann's triangle , but few, if any, cases seem 
to be known in which it can be drawn, in other words, one of these 
tensions is nearly always larger than the sum of the other two. This 
means that one liquid nearly always spreads over the surface of the 
other. 

Some of the higher paraffins, such as are found in crude petroleum, 
do seem to remain on the surface of water in the form of lenses, without 
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spreading over the surface, but with other liquids, such as benzene 
winch appear to behave in this way, what has really happened is that 
a very thin layer of benzene has first spread over the water, and this 
thin layer can then remain in equilibrium with the rest of the benzene 
which collects on the surface in the form of lenses. Hardy distinguishes 
between primary spreading, the initial formation of the thin layer 
winch may occur by flow along the surface, or via the vapour phase 
and secondary spreading , the spreading of one liquid to form a uniform 
layer over the other. Other cases in which there is apparently no 

SUCl ; aS Wa ^ f P ,a * ed ou thc “"free of mercury, are accounted 
for by the contamination of one of the surfaces. If mercury is really 
tree ot grease, water spreads quite easily over it. 

Surface tension of solutions .-An empirical rule which has been 
verified in quite a number of cases is due to Antonow. It states that 

ie condition * 12 - | S, - S 2 \ holds for two liquid phases which are 

% 

B 



i ^ :rtite othor <Md - 

there are well-defined maxinm • • components. Sometimes 

~ - ££ - ir 

the same is true of some oManS*** K . nilses its 8Urfuco tension and 

ttsurfa^ ST* S’i: 1 ^ ff^ 

s«'S=“'«*.'5a3 
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The results of measurement of surface tension of solutions are hard 
to interpret theoretically, because, not only is it almost certain that the 
density of a pure liquid varies rapidly in the neighbourhood of a surface, 
but we also have to consider the possibility that the concentration of 
solute may also change here. Indeed, if we have a solute that increases 
the surface tension, the surface energy will be decreased if we transfer 
some of the solute from the surface layer to the body of the liquid. 
Conversely, a solute that lowers the surface tension would tend to reach 
a higher concentration in the surface layer. (This of course does not 
mean that nearly all the solute will collect in the surface layer, because 
such an occurrence would be prevented by diffusion.) The equilibrium 
between the surface layer and a bulk solution was considered thermo¬ 
dynamically by Gibbs, and the reader is referred to textbooks of chemical 
thermodynamics for details. 

The above reasoning shows, and experiment confirms, that dissolving 
a substance in a liquid may lower the surface tension very appreciably 
but cannot raise it to any great extent because raising the surface 


tension weakens the concentration near the surface. So-called “ wetting 
agents” are usually molecules chemically similar to soaps, and they 
really act by causing a marked reduction in the surface tension of 
water to values of the order of 25 dynes/cm., as compared with the 


value of over 70 dynes/cm. characteristic of pure water, thus making 
it easier for the liquid to enter narrow channels and cracks. 


6. The Laplace theory of surface tension and allied effects 

We shall now develop the consequences of the two main assumptions 
of Thomas Young and Laplace, namely, that a liquid-vapour boundary 
can be safely treated as abrupt and that the forces between molecules 
may be considered to be of short effective range. The assumption of 
an abrupt boundary is certainly not correct, and van der Waals 
made attempts to improve it. It seems likely that the transition 
is virtually complete within a few atomic distances, so that the inac¬ 
curacies introduced by the cruder assumption are probably not serious. 

The second postulate is qualitatively correct, for it is known that, 
for molecules without a permanent electric moment, the forces between 
them fall off at least as fast as the inverse seventh power (p. 188). 
For the present, we shall leave the precise form of the interaction 
unspecified. We suppose that the attraction of an infinite flat plate o 
liquid on a molecule at a distance z above it is given by the function 0 (z) 
(Fig 98) This function will be practically independent of the thickness 
of the plate, as long as it is large compared with the effective distance 
of molecular interaction, which we may denote by e. AN e now calculate 
the force per unit area acting across the plane dividing the two portions 
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A and B of the liquid. The force exerted by A on a layer of thick¬ 
ness dz is Nifj (z) <Iz per unit area, where N is" the number"of molecules 
per unit volume. Thus, the force exerted by A on the whole portion B is 


• 1 ' 

A’I ^ <A (-) per unit area. 


This we may identify with the correcting term a/V 2 in the van der 
Waals’ equation, the so-called “intrinsic pressure”. We now ask 
what is the work required to pull away a plate of liquid of small thickness 
6 from the liquid, and carry it away to infinity. This is 


* y 

A’Sj ^ 0 ( 2 ) (h per unit area. 


A 

Fio. 98, 


Now, for a thin plate, the work necessary to remove one molecule from 
it is proportional to the thickness of the plate, that is to S, so that the 
work done m breaking up this plate into individual molecules is propor¬ 
tional to the number of molecules, and to the work done in removing 
one, that is to 8 2 , which may be neglected in comparison with S. We 
thus get a second interpretation of the 
integral of 0 ( 2 ), namely, this integral, in ~ P 
suitable units, represents the latent heat of 
evaporation. & £ 

A third interpretation of the funct ion 0 ( 2 ) -—*-- 

can be obtained ns follows. We suppose the 
whole of portion B of the liquid removed to 

infinity, against the attraction exerted on it by A. The result of such 
an operation ,s simply to create two new liquid surfaces. We divide 

rernnv \° lnt ° h ° ri *° ntal s,ices as h ^T G , and suppose them 
removed one by one to infinity against the attraction of A. We need 

the work r ' “ tlract i onR bc ' mt " tba various slicM of because 

oinrilr “ B '“ n these is recovered when the various slices are 

hi Slte dfr a a l a,n 0t T1,us ,ha "'“ rk <lono in removing 

the slice dz to infinity against the attraction of A is 

f 0° 

iVf/zj ^ 0 (x) dx per unit area. 

So jhat the work done in removing the whole of B out of the in fluonce 

f c° r co 

J 0 I - ^ ^ <ljc per un ‘ fc area - 
Integrating by parts, we see that 

Work/Unit area = “ # « [a W + J # . 
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Now, the first term vanishes at z = 0, ami also at 2 = 00 (because in 
the latter case the upper and lower limits of the integral are the 
same), so that we have finally 

f 00 

Work/Unit area = iV 1 zip ( 2 ) dz 

Jo 

and the surface tension is just half this because two new surfaces of 
unit area are created by this work, so that our final results arc 



These results were the basis of the historic attempt by Thomas Young 
to estimate the range of intennolccular forces, for, if we suppose that 
ip ( 2 ) is inappreciable for z greater than the value c, but positive for all 
smaller values, we arrive at the conclusion 


or 



N I* 00 



2 TV 
L ’ 


For water we have T = 70 dynes/cm. and L = 600 X 4-2 x 10 7 ergs/g., 
so that c > 6 X 10 -9 cm., while we should get very similar values for 
other liquids. This estimate is of the correct order of magnitude. 
Another important result that Laplace deduced was that the assumption 
of a definite “cut-off” of the function ip ( 2 ) at 2 = c, enabled him to 
prove that the excess pressure inside a curved surface of radius R 
could be represented by the expression 2 T/R that we obtained by 
other means on p. 237. 

We now believe that intermolecular forces fall off according to a 
power law, probably r -7 at large distances (p. 188), which, as we shall 
see in a moment, leads to the conclusion that ip ( 2 ) should behave as 
z~*, which cannot be represented properly by any function with a finite 
cut-off. We therefore omit Laplace’s proof. 

To make further progress, we must assume some definite form for 
ip ( 2 ). To do this we suppose that the slab of liquid A contains i\ 
molecules per unit volume, arranged in a completely random manner, 
and we calculate W ( 2 ), the mutual potential energy of this slab and a 
single molecule at a distance 2 . We suppose the mutual potential 
energy of two molecules to be — C\r* for r > r 0 and positive infinite 
for r < r 0 . As we have seen (p. 188) there is theoretical justification 
for the inverse sixth power law of attraction, while it is clearly 
necessary to introduce a repulsive term to explain the stability of 
liquids and solids. Thus, our model of “attracting rigid spheres” is 
the crudest that has any hope of representing physical reality. 
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To calculate IF (s), we divide the slab A up (Fig. 99) by cylinders 
whose axes pass through the molecule at a distance z from A. Consider 
now an element of volume cut oft" between two such cylinders of radii 
x and x + dx and lying between two planes at distances y and y -f dy 
below the top surface of A. The volume of such an elemeut is 2 rrxdydx, 
and the distance r of each point in it from P is nearly equal to 
[(2 + y) 2 + so that the mutual potential energy of the molecules 
within the clement of volume and the molecule at P is 

2nC N xdydx 
~ [(* + y? + **]"* 2 > r °' 

since there are N molecules per unit volume in the slab. Integrating, 
we have for IF ( 2 ) the result 


W (z) ~ — 2 tt CN 


I* co [*oo 

Jo Jo 


xdxdy 


CN 


IT 


[(2 + yf + x 2 ] 3 


r, 2* 2 r « 


= -f co:<r 0 . 

Differentiating, we have for 0 (z) the result CNtt^z* (z > r 0 ), it being 
understood that the molecule cannot 
approach closer to the slab than r 0 , so 
that integrals involving 0 (z) are to be 
taken with this as a lower limit. Sub¬ 
stituting this result in equation (27) we 
find 

L __ CN*tt CN n -n 

y - •• * — 


6r;J 





This time, by comparing L and T, we 

get an estimate, not for c, the range 

of the attractive forces, ns Young 

supposed, but for r 0 , the radius of the 

hard coro” of our molecules. For 

most liquids TV/L is of the order of 

10-« cin., which is in accord with what is known about atomic 

diameters. Hammick, by a more elementary argumont, deduced a 

similar proportionality between L/V and T/r 0t but with a different 

numerical factor, and showed that it is obeyed by a numbor of 

substances. However, any such relation is a consoquonco of the very 

simple law of force we have assumed and would not hold in the moro 

general case e.g . if wo supposed that tho repulsive field is also governed 
by a power-law. b 

It will be noticed that our final result for L/V contains the factor 
iv , so that tho Laplace theory of surfaco tension really loads to an 
approximation of the same typo as that obtained by van dor Waals 
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for a gas (p. 191), in which the correction to the pressure is also 
proportional to A 72 . Our work clearly shows the origin of such a 
variation—when calculating \V (z) or ifj ( z ) we supposed the molecules 
in the slab to be distributed in random fashion. Actually, the approach 
of our single molecule must modify this distribution somewhat, attract¬ 
ing the molecules in the slab towards itself, and this effect would give 
rise to correcting terms involving higher powers of N, as are known 
to be present in a dense assembly. 

Another serious criticism is that the changes in temperature resulting 
from the processes considered by Laplace ought to be taken into 
account if we imagine them carried out adiabatically. It is therefore 
not clear whether «// ( 2 ) is related to surface tension, surface energy, or 
to some intermediate function. 

7. Variation of surface tension with temperature. The parachor 

The surface tension of liquids invariably decreases as the temperature 
rises. This is because, as we approach the critical temperatures, the 
liquid and vapour phases become more and more alike. The decrease 
is usually fairly smooth and slow, so that it can be represented by a 
linear law over considerable ranges of temperature. A number of 
empirical formulae have been proposed to represent this variation, but 
the only one that we shall consider is that due to Macleod. 1 his is 

t = c (p, — Pv y 

where C is a constant for each substance and p t and p v are the densities 
of liquid and vapour respectively. This relation was shown by Fowler, 
by a further development of the Laplace type of theory of surface 
tension, to be theoretically of the form to be expected in the immediate 
neighbourhood of the critical point. However, he was unable to say 
over what range of temperatures such a relation might be expected 
to be valid, so that the fact that it is experimentally valid at room 
temperature must still be regarded as empirical. 

This relation is of interest from another point of view, since it led 
Sugden to argue that, since M/pi might be regarded as a rough measure 
of the volume of a molecule of substance, M being the molecular weight, 

the quantity MT*/(p, — p v ) might be regarded as a better measure 
of molecular volume since it is independent of temperature over a fair y 
wide range. This volume is to be computed for each substance at 
a temperature such that T takes a standard value (say unity). 
This quantity, expressed in suitable units, was named by Sugden the 
parachor , and he was able to show that, if suitable values were assigned 
to each kind of atom, the parachor for a molecule could be predicted 
with good accuracy merely by adding up the values for the constituent 
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atoms. In certain cases, such as the existence of, double bonds of 
ethylene or of semi-polar type, a triple bond, or a benzene ring, it was 
necessary to make a special allowance over and above the contributions 
of the individual atoms, but it was shown that this could nearly always 
be done consistently. Thus the parachor could be used as a means of 
deciding whether or not certain special types of structure are present- 
in an organic compound and thus of deciding between various proposed 
structural formulae. 

The physical meaning of this speculation is by no means clear, but 
its successes were too striking to be dismissed as purely accidental. 
The method would hardly be used to-day as a means of deciding between 
two or more possible structures of an organic compound, because at 
least two better and more precise methods are now available, namely 
X-ray analysis, which has now been brought to a stage at which 
characteristic features such as the benzene ring can actually be mapped 
out and recognised, and infra-red spectroscopy, for it has been shown 
that certain absorption bands are associated with definite structural 
features of an organic molecule. 


8. The concept of association in a liquid 

We developed the Laplace theory of surface tension on the basis 
that the molecules of a liquid could be regarded us independent units, 
with interaction forces of “central” type, that is to say, acting between 
the molecules ns a whole rather than between specific parts of tho 
molecule. Now it has long been known that such an idea cannot bo 
entirely correct, for example, it cannot bo correct for molecules such as 
ketones or nitrobenzene, which possess localised dipoles by virtue of 
their C=0 or N0 2 groups, which would result in a localised directional 
type of interaction that cannot ho represented by a force between the 
centres of gravity of the molecules. Later on, the discovery 
of hydrogen bonds showed that neighbouring molecules could actually 
be linked together by a hydrogen atom between, e.g ., two oxygen 

Gradually a distinction has come to be drawn between “associated ” 

"I . 7";«^ciated” liquids, mainly on empirical grounds. Tho 
physica! distinction between the two is quite sound, but it is a matter 

wav r in?'/ a mt *• , WaS 1 arrived Qt in an “rtremoly tentative 
way. L quids were considered to bo “ normal ” if they obeyed certain 

empirical rules, for most of which no theoretical basis was known nor 

tbaTtho lZnt°r . A f“° n8 SUCh rUlCS We may menti °“ bouton’s rule 

mtltiph, of Z i r Vap ° t ; ls T on ° f liquids is nearly the same 

multiple of .to boiling point), tho empirical relation of Rivards and 

Matthews (that T0 3 = Constant, whore 0 is tho compressibility), and 
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the observation of Bennet and Mitchell [that surface energy, as distinct 
from surface tension (see p. 232), is constant over a wide range of 
temperatures]. Among arguments of a similar “intuitive” type 
we may mention the fact that water and the alcohols have very high 
boiling points, compared with other liquids of equal molecular weights, 
which again suggests that such liquids are behaving as if they were 
composed of double or treble molecules. 

We can only put it on record that the concept of “association” was 
arrived at in this empirical way, and remark that these intuitive 
arguments proved satisfactory. It is possible to divide associated liquids 
into types, according to the number of points on each molecule at which 
these effective “ links ” can be formed. If there is only one, as in the 
ordinary alcohols, the process of association must stop when we have 
double molecules that can perhaps be broken apart fairly easily. If 
there are two such points, then we should expect the molecules to form 
either rings or open chains. The ring-like aggregates will behave like 
large molecules, but the open chains may lead to high viscosity. (The 
increase in viscosity of liquid sulphur when heated is probably due to 
the break-down of rings into open chains.) The third possibility is 
that there may be more than two possible points on a molecule where 
links can be formed, in which case the linkages will bind the whole 
liquid loosely together, the classic example of such a liquid being water. 
In ice there may be as many as four hydrogen bonds per molecule, 
in liquid water the average number varies between two and three. 
Thus there is no strict meaning in speaking of the “effective molecular 
weight” of water, or in thinking of it as made up of “double” and 
“treble” molecules. 

9. The surface tension of solids 

The development of the Laplace theory of surface tension of liquids, 
and the fact that it leads to acceptable physical conclusions, prompts 
us to ask whether similar calculations cannot be made for solids. Such 
calculations have been attempted for the alkali halides, and for some 
other crystals which have a simple structure, so that the mathematics do 
not become too difficult. They lead to the conclusions that the surface 
tension of a solid is undoubtedly a real phenomenon; that numerical 
values of hundreds, or even thousands, of dynes per centimetre are 
quite possible, and that the effects might appear in various ways, such 
as a contraction of the lattice distance near the surface. Evidence 
for such an efTect has, in fact, been found in the alkali halides and in 
magnesium oxide, in very thin metal foils, such as silver and gold, and 
in the cleavage of thin sheets of mica (the lattice distances of which 
sometimes change after cleavage), and it has even been possible to 
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obtain a few estimates of surface tension by such means, but results are 
scanty. 

It is as well to point out at this stage that the surface tension of 
solids has nothing directly to do with the existence of a finite angle of 
contact between liquid and solid and no analogy with Neumann’s 
triangle is possible. For (Fig. 100) the angle of contact, is evidently 
determined by the equilibrium of a typical molecule at P, under the 
combined action of the surface tension of the liquid T h and of the 
attractions of the clean part of the surface PR and of the part PQ, 
covered with liquid. The surface tension of the solid itself may 
possibly have altered the lattice structure near the surface, but. it 
cannot exert any direct influence on the contact angle. It is, however, 
quite possible for the apparently dry part of the surface, 

PR, to be covered by an invisible film of liquid. r 

10. Adsorption of gases and liquids on solids 

We have already pointed out that the properties of 
liquids can bo profoundly altered by the presence of 
monomolecular layers of certain substances. It has 
become clear in recent years that the same is true of 
solids, and, in some cases, with even more startling 
results. It has been known for some time that the 
thermionic emission of electrons from heated metals Fio. 100 . 
is greatly affected by the presence of such films, 
but more recently, it has been found that the frictional properties of 
metals are also very much affected. Two pieces of metal under 
ordinary laboratory conditions slide over one another with a certain 
amount of friction, but do not “seize up” unless they get vory hot. 
On the other hand, if clean metal surfaces are brought together in a 
vacuum, they usually adhere most tenaciously, and, if they are forcibly 
pulled apart, portions of each surface are dragged away. Freshly 
formed surfaces of lead will “seize up” even in air. Again, Roberts, 
investigating the behaviour of certain metals, found that their accom¬ 
modation coefficient (p. 134) was very much smaller when the metal 
was clean than when it was covered with ono or more layers of gas, 

^ act cou ld be used to follow the process of 

building up sucli layers. 

Adsorption of gases by solids is the main factor in the performance 

°JL 8 °^ ca/a ^* te such as divided metals. In a few cases, tho 

effect of catalysts can bo accounted for by the formation and break-up 
of loose chemical compounds, and in ono or two others, such as spongy 
platinum, hydrogen can not only bo adsorbed on tho surface, but it 
can form a solution” m tho interior as well, but in most casos, tho 
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reactions almost certainly take place on the solid surfaces themselves. 
One particularly interesting case is the adsorption of hydrogen. On 
most solids there are a definite number of “adsorption sites” on which 
an atom or molecule of the gas may rest. For hydrogen, on some 
metals, the attraction is so strong that the hydrogen molecule breaks 
up and is adsorbed as two separate atoms, being unable to adsorb as 
a molecule because its length does not correspond with the distance 
between two adsorption sites. This means that an adsorbed layer of 
hydrogen consists, in effect, of free atomic hydrogen, which is very 
much more active chemically than ordinary hydrogen. The “poison¬ 
ing” of catalysts, caused by traces of impurities such as arsenic, is 
brought about by the adsorption of impurity atoms, which prevents 
the adsorption of atoms of the reacting gases. Very small quantities 
of impurity may be sufficient to cover all the active sites. 

The theory of adsorption on a solid has been developed by a number 
of workers. For an adsorbed film to form at all, it is necessary that the 
binding energy between the solid and an adsorbed molecule or atom 
should be several times kT, where k is Boltzmann’s constant, otherwise 


the film would be thrown off by thermal agitation. (Indeed, the most 
effective way of removing adsorbed layers from a metal is to heat it in 
a vacuum to as high a temperature as possible.) An energy of kT per 
molecule corresponds to approximately (>00 calories per mole at room 
temperature. Adsorption energies on a clean surface are usually of 
the order of thousands of calories per mole, so that adsorption is very 
sensitive to temperature. A well-known example of this is the behaviour 
of charcoal, which adsorbs enormous quantities of gas at room tem¬ 
perature, while, if cooled by liquid air, it continues to adsorb gases 
down to pressures of a small fraction of a millimetre of mercury, so 
that it is used extensively in the production of high vacua. On the 
other hand, nearly all this adsorbed gas can be removed by heating the 
charcoal to redness. This naturally leads to the study of the relations 
between the quantity of gas adsorbed on a surface, and the pressure 


and temperature. 

We may distinguish between two types of film, one being the so- 
called mobile film, in which the adsorbed atoms or molecules are bound 
to the surface, but are nevertheless free to move parallel to it. This 
may be thought of as a two-dimensional analogue of a liquid or gas. 
Langmuir suggested that, on any crystalline surface such as a metal, 
there are definite positions in the lattice at which gas atoms can be 
adsorbed easily, these adsorption sites lying between the atoms of the 
crystal. On any given surface, we may suppose that there are a definite 
number of adsorption sites, and that the film is complete when they 
are nearly all filled. (It may then be possible for a second layer to 
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form on top of the first, but we shall not consider this question here.) 
Thus we distinguish between mobile and immobile films according to 
the behaviour of the adsorbed atoms actually on the sites. Once an 
atom has been adsorbed it may be an easy matter for it to travel to a 

• mf 

neighbouring site, or, on the other hand, it may be so tightly bound to 
that site that the only processes that we need consider are the adsorption 
of an atom or molecule directly from the gas phase and the converse 
process of evaporation of the adsorbed atom from the site back into the 
gas phase. A film of this type we describe as immobile. 

An adsorbed film may be thought of as an assembly of occupied 
and empty adsorption sites, and can be treated theoretically by an 
appropriate adaptation of a theory that has been applied to many other 
problems, such as binary solutions and alloys, to the “hole'’ model of 
liquids, and to problems such as magnetism, where we need only 
consider a comparatively small number of energy-levels associated 
with each atom. The simplest assumption that wo can make in the 
adsorption problem is that the adsorption energy on a site is independent 
of whether neighbouring sites are occupied or empty. We can then 
derive the dependence of 0 , the fraction of adsorption sites occupied, 
on the pressure and temperature of the adsorbed gas by a very simple 
argument, due to Langmuir. For, if wo have a gas at a pressure P 
and temperature T, the number of molecules of mass m striking unit 
area of the solid per second is P('2irmhT)i (p. 125). The number 
that are adsorbed per second is proportional to the product of this 
and the number of vacant sites .V(l — 0), where A’ is the total number 
ot sites. The number that leave the filled sites per second is propor¬ 
tional to NO, and otherwise depends only on the temperature and tho 
adsorption energy. We get equilibrium when tho number of atoms 
that evaporate from tho filled sites is equal to the number that are 
adsorbed on the empty sites per second, which gives us 

A \T) e = Y(T) ( 1 - 6 ) P.&nmkT)* 

where X(T)0 is tho rate of evaporation of molecules from filled sites, 
whilo Y(T) is the probability that a molcculo striking an empty site 
will remain there. Wo may thus conclude that 

\~0 =PA ^ T ) . m 

where A(l) is a function of the temperature. Fowler showed that 
this equation, and tho form of A (T), can be deduced from statistical 
mechanics without having to resort to tho “kinetic” typo of argument. 
Equation (28) is usually known ns Langmuir's adsorption isotherm 
and it applies oqunlly to mobile and immobile films. 




270 


SURFACE TENSION, ADSORPTION, AND ALLIED EFFECTS 


lo test this equation it is necessary to measure 6, the fraction of 
sites adsorbed, as a function of gas pressure. This can be done in 
various ways, of which we may mention the straightforward one of 
admitting known quantities of gas to the apparatus in successive small 
steps, and comparing the actual pressures attained with those to be 
expected if all the gas remained unadsorbed. Other methods, described 
in detail by Roberts, consist of measurihg the accommodation coefficient 
(p. 134), of an inert gas such as neon, which is very much smaller on 
a bare surface than on one covered with adsorbed gas, and of measur- 
ing the \ olta contact potential difference between the metal being 
studied and a filament being run at a high temperature, so that it may 
be considered to be bare. It is also possible to measure the adsorption 
energy for various values of 6. This can be done by having the 
adsorbing metal in the form of a wire and measuring the rises in 
temperature (by the change in its electrical resistance) as successive 
charges of gas are introduced. The reader is referred to Roberts, 
Some Problems in Adsorption for details. 

Analysis of such results shows that the Lang- 
x • x • x muir theory is often inadequate to explain the 

# x # x # facts, because, as one might expect, there is 

usually a definite interaction energy between 
x • x • x adsorbed atoms on neighbouring sites, which may 

m x . K # be e * t ^ ier attractive or repulsive, in addition to 

the energy gained through the attraction be- 


Fio. 101. 


tween the atoms and sites. If we take the 


repulsive case first (atoms disliking being on neigh¬ 
bouring sites) it will be seen that we can quite easily decide whether 
our film is mobile or immobile, by measuring the adsorption energy as 
a function of 0. For, if we have a mobile film and the adsorption 
sites arc arranged in a square lattice (Fig. 101), the state of lowest 
energy for 0 = 4 will be that in which occupied sites are represented 
by crosses. Thus, for 0 <h it is always possible to find arrangements 
for which no two neighbouring sites are occupied. Thus, in this region, 
the adsorption energy should be nearly independent of the number of 
sites occupied. Once we have 6 > 4, we must begin filling some of 
the sites represented by dots in Fig. 101, so that the effect of inter¬ 
actions between neighbours now has to be considered. Thus, we might 
expect an abrupt change in the measured adsorption energy as 0 
passes through the value 4, this energy jumping from the value 
appropriate to a site whose neighbours are unoccupied to that for 
a site whose neighbours are all occupied. A more careful discussion 
shows that thermal agitation tends, as one might expect, to “ round 
off the corners” of this predicted discontinuity. 
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For au immobile film, the predicted behaviour is entirely different. 
The molecules of gas strike the metal in random fashion, and we 
suppose that they either leave the metal or remain on the sites they 
strike. Thus, the arrangement of adsorbed atoms and empty sites is a 
random one for all values of 8 , and this means that the probability 
that any specified site is occupied is proportional to 8, so that, if we 
consider the group of four sites surrounding any particular site, the 
expected number of neighbours is 48, and the interaction energy when 
a new atom is adsorbed is also proportional to 8. Thus, for an immobile 
film, the measured adsorption energy should decrease linearly as 0 
increases. This is what is found in practice for films of hydrogen on 



tungsten and enables one to conclude that such films must be regarded 
as iminobilo. 

Since the interaction energy between a gas atom, or molecule, and 
the solid surface must be fairly large for the film to be stable at all, 
one would naturally expect the immobile type of film to bo tho most 
common. This seems to be so in practice, though certain large 
organic molecules form mobile films, and so does oxygen on tungsten 
at high temperatures. 

The alternative assumption of attractive forces between adsorbed 
atoms leads to results of equal interest. In Fig. 102 wo sketch Fowler’s 
theoretical curves of log p as a function of 8, for various values of the 
ratm w/hT where w is a measure of tho change in potential energy 
caused by bringing two adsorbed atoms from non-neighbouring to 
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neighbouring sites, (w positive implies repulsive forces, w negative 
attractive forces. w zero corresponds to Langmuir’s adsorption 
isotherm.) In all cases we let P* be the pressure corresponding to 
0 = \. Then curve AOB represents the case of w positive, COD 
Langmuir’s adsorption isotherm, and EOF and GHKOLMN two 
curves for which xc is negative. Here we have the possibility of three 
values of 6 corresponding to the same value of P, which will occur for 
sufficiently low temperatures, in just the same way as in the van der 
Waals' gas. EOF, which has a horizontal tangent, corresponds to 
the van der Waals’ critical isotherm. For lower temperatures than 
this we deduce the result that if the pressure is slowly increased from 
zero, 0 will at first assume small values and follow the variation of P, 
and will then, at a certain value of P, suddenly jump to a value of nearly 
unity. Further investigation shows that the equilibrium isotherm is 
GHOMN, but that the portions UK and ML are metastable and can 
be actually realised if the experiments are carefully done. 

This phenomenon is called critical adsorption and was observed by 

Cockcroft for cadmium vapour adsorbed 
on copper. As the vapour pressure is 
increased, the adsorption is at first small, 
but, at a certain critical pressure, the 
first layer is nearly filled up and this 
permits further layers to form so that 
the cadmium then deposits in bulk. 
Isotherms with discontinuities of the type 
predicted by Fowler’s theory have also 
been found for hydrogen on palladium, but here the hydrogen actually 
penetrates the metallic lattice itself, so that the problem is no longer 
a surface one, but is, strictly speaking, a problem in the theory of 
solutions. 
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11. Friction and Lubrication 

The first serious attempt to account for the phenomenon of friction 
seems to have been due to Coulomb, who suggested that it was due to 
the interlocking of surface asperities in a manner similar to the mesh¬ 
ing of teeth of gear wheels (Fig. 103). Such an explanation certainly 
accounts for the main observed facts, such as the law that the force of 
friction is proportional to the force pressing the surfaces together, and 
also that it is practically independent of the area of contact. Both of 
these results can be understood if we merely suppose that, in order to 
disengage the “teeth” from one another, it is necessary to lift up the 
upper body slightly as well as moving it sideways. The work done 
in lifting the body up the inclined planes would be lost as heat when it 
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again falls into a position with the “teeth” closely interlocked. This 
idea seems to have been accepted for nearly a century, and has been super¬ 
seded only comparatively recently, when information on the behaviour 
of solids under carefully controlled conditions became available, due to 
the work of Hardy and, more recently, of Bowden and his collaborators. 

The explanation now accepted runs on somewhat different lines. 
It is known from interferometric and other evidence that the surface 
of a crystal is never molecularly smooth, even if the most careful 
polishing methods arc used, so that two solids placed one above the 
other really only “touch” at a comparatively small number of points. 
At these points of contact the pressure is very high, and the crystals 
will yield, elastically and plastically, until the areas of contact’ have 
increased and the pressure has fallen to a value at which yielding 
ceases. The total area of contact is then nearly proportional to the total 
force pressing the surfaces together and, at least until this force becomes 
very large, is nearly independent of the total area of the crystal faces. 
The effect of increasing the force pressing the 
surfaces together is merely to enlarge the areas of 
contact and possibly to produce others (Fig. 104). 

To account for the observed fact that friction 
is proportional to normal reaction it is necessary 
to assume that the adhesive forces are propor¬ 
tional to the area of contact. Now we have 
already mentioned (p. 267) that metals under 
clean conditions adhere to one another so 
tenaciously that tearing them apart results in 

pieces being dragged out of one surface by the other, so it is very 
reasonable that the total adhesion between the “peaks” in Fig 104 
snould be proportional simply to the area of contact, the force pressing 

e surfaces together only affecting these forces by determining the 
area of contact. * 

nnnk! le P J? blon ;. f lesse «ing friction is therefore that of keeping the 
fll n ii 16 u° U S ° Ut ° f contact as far as possible, and of lessening 
lubrlr" 1 etWCeU th0m if CO,ltact is "‘Stable. This is done by 
rr°V nd T. mUSt CO,,sider two quite distinct problems, namely, 

and tl,:r° n °r f | th ° 0,1 ° r ° ther lubricant wit, ‘ the surfaces of metals, 
are flood J ,gn M°i ^ run in co,ldifci «“ "here the surfaces 

sure ” in wl^h th ° sitliatioi ‘ of “-treme pres- 

with the lnhS h “I ,0n ? 80 SOVore that the rnotal reacts chemically 

with the lubricant, has also been studied. 

was fiL SC pon^ qUCS , ti ? n « teftlly a pr ° blo,n in hydrodynamics, which 

t Y , Reyn ° ldS - H ° Sh ° w0d thQt * if hearings are 
P P y designed, it can bo arranged that the solid surfacos can, whilo 

O. M. f T. 
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iu relative motion, be kept out of contact with one another by films of 
lubricant of appreciable thickness. The basic principle of design of 
such bearings is that the moving surfaces must not be exactly parallel 
but, instead, slightly inclined towards one another. In such circum¬ 
stances, Reynolds predicted, and the prediction has been verified in 
practice, that the fluid films should, when sheared rapidly, be capable 
of supporting the heavy pressures associated with a shaft “floating” in 
a journal bearing. 

An entirely different set of problems arises when we consider the 
mutual sliding of two solid surfaces with only a trace of lubricant 
between them. The peaks of the solid surfaces can be prevented 
from seizing up in two main ways. We can either interpose bodies 
such as graphite, which can be sheared extremely easily, or we may 
form adsorbed films with bodies such as soaps or fatty oils such as 
castor oil. As we have seen, such molecules have chemically active 
ends, which can “anchor” themselves firmly to other surfaces, while 
the paraffin chains will stand out nearly normally. Thus, instead of 
having to reckon with the cohesion between the bare solids, we have 
instead that between the chemically inactive paraffin chains. On the 
other hand, a purely inert oil, consisting of a mixture of paraffins, is 
unable to “anchor” itself to the exposed peaks of the solid surface in 
this way, and there is correspondingly greater likelihood of bare peaks 
coming together. In this way it is possible to understand that castor 
oil is often a more efficient lubricant than a mineral oil of comparable 
viscosity. Under severe conditions, the best lubricant may be a solid 
whose crystals shear easily. 

rnr • 

Yet another requirement commonly arises, that of keeping the 
surface cool, for example, cutting tools on a lathe or the pistons of a 
car engine. High temperatures are undesirable for many reasons, 
“seizing-up” is favoured, the temper of steel may be destroyed, and 
the lubricant decomposed chemically. It will be seen that the choice 
of a lubricant is quite a difficult problem, and an “oil” or “grease” 
that is designed for a particular function may be a careful blend of 
several constituents. 
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Examples on Chapter IX 

1. Obtain an estimate of the radius of a drop of water such that its surface 
energy is equal to the heat required to convert it to vapour. How is this result 
modified if the drop is formed on an ion with ono electronic charge? Comment 
on the significance of your result in determining the behaviour of a Wilson cloud 
chamber. 

(Surface energy of water 100 ergs/em. 1 . Total heat required to vaporise water 
at room temperature, 600 eal./g. Electronic charge, 4-8 X 10” 10 electro¬ 
static units.) 

(Hint.—The electrostatic energy of a sphere of radius r cm. with a charge of e 
electrostatic units is j c 2 /r.) 

2. Estimate the rise of temperature if a soap-film of mean thickness 10“* era. 
and specific heat 1 caloric per gram per degree is allowed to collapse. (Surface 
tension of soap solution 25 dynes/cm.) 

3. Explain how it is possible for a soap-bubble to be stable although the thick¬ 
ness of its wall varies from place to place. 

4. A soap-bubble is blown on the end of a capillary tube and is then allowed to 
contract. Assuming that the rato at which unit volume of air escapes is propor¬ 
tional to the excess pressure, derive a relation between the radius of the bubble 
and the time. Find also how' the radius varies if the free end of tho capillary is 
connected to a largo bottle in which tho pressure is maintuimxl constant. 

5. A film, whose thickness may bo taken as uniform, is formod on a horizontal 
circular ring. Sot up the differential equation determining its profile taking the 
effect of gravity into account, assuming that tho deflection is everywhere small, 
and honco show that tho profilo is a parabola. 

(Hint.—Consider tho equilibrium of a circular portion of tho film under tho 
action of its weight and tho surface tension acting round its edge.) 



CHAPTER X 

DIMENSIONAL METHODS. DYNAMIC SIMILARITY 
1. Introduction 

Dimensional analysis amounts to the systematic exploitation of a 
certain common-sense principle of physics, which limits very severe!v 
the possible forms of an acceptable physical statement. The principle 
is, without any doubt, correct, and it often enables a great deal of 
information to be gained about a phenomenon for which no quantitative 
theory exists. (An outstanding example of the power of dimensional 
analysis is the treatment of thermal convection. See Roberts, Heat and 
Thermodynamics.) However, the very simplicity of the reasoning seems 
to excite a sort of unconscious suspicion, and the whole method is not 
infrequently the subject of utterly barren controversy. In the author’s 
opinion, much of the misunderstanding has arisen from a failure to 
separate the process of dimensional analysis into two quite distinct 
stages, which are related to one another in the same way as are the 
premises and conclusion of a logical argument. 

2. Description of the process 

The initial step is to decide what are the main physical magnitudes 
that are likely to be connected by a theoretical formula with the 
particular physical magnitude that we are interested in. This can 
never be decided rigorously, because any physical quantity is obviously 
affected to a minor extent by countless others, and it is necessary to 
confine oneself to those of major importance. (Dimensional analysis 
ceases to give results of any real value when more than about six 
variables are involved.) The process of deciding which variables are 
likely to be relevant differs for each problem, and cannot be precisely 
defined. It may involve, e.g. 

(a) “Order of magnitude” calculations to show that the influence 
of certain quantities is negligible. 

(h) Argument by analogy from other theories. 

(c) Showing that two quantities, e.g. two lengths, can enter the final 
result only as e.g. a product or ratio. 

(d) Physical insight and “horse-sense”. 

Once the premiss has been made, the conclusion follows as a rigorous 
consequence of the fact that the only acceptable format for a physical 

27»l 
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statement is one that remains (rue whatever (he units employed. For 
example, if we chose to substitute solar for sidereal days in our measure¬ 
ments of time, both sides of any permissible physical equation must 
either be unaffected, or else must both be multiplied by the same 
factor. Similarly, our units of length and mass are entirely arbitrary, 
and changes in them cannot affect the physical content of an equation. 
These facts enable us to determine all possible types of formula that 
are logically consistent with a given physical premiss. (It sometimes 
happens that no such formula can be found, in which case the premiss 
must be wrong.) We use the conventional notation to exhibit in what 
way changes in the units affect the numerical values of our various 
physical magnitudes. Thus we write 

Velocity = Length per unit time = f/L) [TJ -1 

Momentum = Mass x Velocity = [ v l/] [L] [T] -1 . 

Kinetic Energy = Mass x (Velocity) 2 = [il/] [Z.] 2 [2 T ] -2 

Force = Mass x Acceleration = [M] [/,] [TJ-s, e tc. 

Since equations of this type arc only meant to exhibit the indices 
of M, L, and T, it is unnecessary to introduce multiplying constants. 
To illustrate the process, we shall now work through three simple cases, 
giving the reasoning in full. 


(a) Period of simple pendulum T.— Possible variables, m mass of 
bob, l length, g acceleration of gravity. 

Premiss. T=f(ni > l,g), where / is an unknown function. Any 
function that occurs in physics can be expressed as a power series for 

at least part of its range, so we write / = Em a l p <j Y where the summation 
is to be over all values of a, p, and y that give the correct dimensions. 

Comparison of indices.— For each term of / we must have 

m = [M] a [L] p 

This is satisfied only if a = 0, p = k, y = - |, so that the function / 
reduces to a single term, because no other set of values of a, p y is 
consistent with the premiss. 

Conclusion . The only possible formula consistent with (he premiss is 

r « v''-.(I) 


\ b) Period of pendulum with large spherical bob.— Possible variables 
m, l, g, and r (radius of bob). 


Premiss .— 
Write 


T =/(»*, 1,9, r). 

/= i7m a /Vr S . 
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Comparison of indices .—For each term we must have 

IT) = [£/ [L] r [ T r 2 r [if. 

This is satisfied if a = 0, y = — p 8 = \. 

Any value of 8 is therefore possible if the appropriate value of P 
is taken with it. This means that dimensional considerations do not 
suffice to fix the possible type of formula uniquely. We might have 

e -9- T = -^ (^ ) (/)' terms is of the correct 

dimensions, so also is the sum of these two terms. The most general 
result consistent with the premiss is a sum of all possible types of 
term that are dimensionally correct, that is, it involves an unknown 
function. The function /therefore takes the form 

6 (1 h °\l/ 

where the r§’s are constants that cannot be determined by dimensional 
considerations. We may write this sum as 

r = ' /l Ai) 

which is equivalent to the assumption of an arbitrary function <f> of r//, 
whose form is left undetermined by dimensional considerations. 

Conclusion .—The most general possible formula consistent with 
the premiss is 

r -^H) . 

where <f> is an arbitrary function. 


( 2 ) 


(c) Force F on a sphere of radius a , moving steadily through a liquid 
with velocity v. —Possible variables a, v, p (density of liquid), g (viscosity 
of liquid). 

Premiss. — F = /(a, v, p, g) = Ea n t ^p Y g 8 . 

Comparison of indices. —For each term we must have 

[il/J [L] ( T]~* = [L) a [L] p [T} p [il/] y [L]' V W S \L]* [T]~ 8 . 

One of the four indices may be chosen arbitrarily, but the others are 
then fixed. We have a = P = 2 — 8, y = 1 — 8. The function / 
therefore takes the form 

f 

= ' ,oV ' s (^) 

where <f> is an arbitrary function. 
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Conclusion. —The most general possible formula consistent with 
the premiss is 



where d> is arbitrary. 

The discussion of these three cases illustrates the various types of 
conclusion that, can be reached by a dimensional argument. If not all 
the relevant variables are included in the premiss the conclusion will 
often (but not always) be that the indices cannot be chosen in a 
manner consistent with the above principles, so that no physical 
formula of the kind postulated is possible. A second type of con¬ 
clusion is illustrated by case (a). Here there is only one type of 
physical formula that is consistent with the premiss. The third 
type of conclusion is illustrated by cases (b) and (c). Here the nature 
of possible formulae is determined except for an arbitrary function. 
The argument of such a function will invariably be a dimensionless 
constant, that is to say, a physical quantity whose value is independent 
of the units employed. Such a quantity may be simply the ratio of 
two like quantities, such as two lengths or two velocities, as in case 
(6), or it may be built up as a product of several dimensional quantities 
as in case (c). It can be verified that the quantity pav/rj, usually known 
as the Reynolds number, is indeed dimensionless. 

The principle that we are invoking can be expressed in a slightly 
different way as follows: Divide both sides of equation (3) by pa'-v* 
so that it becomes 



which can also be written 

£ih° . 1,1 

where 0 is an arbitrary function of the two variables, both of which 
are, as is easily verified, dimensionless, so that our physical relation 
has become an arbitrary functional relationship between two dimensionless 
variables. Thus, our process of dimensional analysis can bo described 
in a concise, but rather formal, manner thus:— 

(«) Decido what variables are likely to enter the physical relation 
sought. Write down the dimensions of each. 

(6) Writo down all the dimensionless quantities that can bo formed 
by multiplying powers (not necessarily positive or intogral) of 
these variables. (The procoss of “comparison of indices” that 
we have used above ensures that this is done in a systematic 
way, so that no such quantities are missed.) 
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(c) The proposed physical equation must then be expressible 
as a functional relationship involving one or more of these 
dimensionless quantities (through which alone dimensional 
quantities can enter the equation). 


3. Model experiments. The concept of dynamic similarity 

It is a well-known fact that a scale model of a machine very often 
does not work in the same way as the machine itself. As an obvious 
example of the type of difficulty that constantly arises, consider what 
happens if all the linear dimensions of a framework or girder are 
increased n times. Then all the volumes, and therefore weights, are 
increased by a factor a 3 , but the cross-sectional areas are only increased 
by a factor a 2 , so that the stresses (forces per unit area) are increased 
by a factor a on scaling up. Since yield stresses depend mainly on the 
nature of the material, it is quite possible that the model has a con¬ 
siderable factor of safety, and yet the stresses in the full-sized structure 
may be dangerously high. This kind of consideration is a potent 
factor in limiting the possible sizes of animals (particularly birds ami 
insects, because the energy expended in flying increases much more 
rapidly than does the volume of the animal as the dimensions are 
increased). 

One possible way of dealing with the problem of designing a frame¬ 
work from a model would be to choose deliberately a material for the 
model whose elastic moduli and yield stress were approximately 
1/wth of those of the material used in the actual framework itself. 
A second, less practical, possibility would be to use for the model a 
material n times as dense, but with the same elastic constants. A 
designer’s work consists, first, of deciding what factors are likely to be 
most important in the design, secondly, of building the model in such 
a way that it gives as true a representation as possible of the effect of 
these factors, even if this implies a departure from strict scaling down. 
These two stages are closely parallel to the process of dimensional 
analysis that we have already outlined—we first decide which physical 
parameters are the most important in influencing the working of the 
machine, then we form these into dimensionless quantities by the 
process of comparing indices already described, and finally we try to 
arrange matters so that as many as possible of these dimensionless 
quantities are the same in the model as they are in the actual device. 
If this can be achieved for all the relevant dimensionless quantities, 
then we have the condition of dynamic similarity, and only then can wc 
expect the behaviour of the model to be a small-scale reproduction of 
that of the machine. Dynamical similarity can sometimes be achieved 
quite easily, but when several parameters are involved considerable 



DYNAMIC SIMILARITY 


281 


ingenuity may be required, or the achievement may even be theoretical!v 
impossible. 

These considerations can be illustrated by the problems involved 
in model experiments on the resistance of ships. The following are the 
parameters likely to be involved. 

The linear dimensions of the model.—The ratios of all the linear 
dimensions arc non-dimensional quantities, but they can all be 
reproduced by building the model to scale and loading it so that the 
depth of the keel below the surface is also to scale. Let a be one of 
these linear dimensions (say the length of the ship or model). 

The density p, and the viscosity 77, of the water or other liquid 
used. 

The velocity v, with which the model or ship travels. 

The acceleration of gravity g. (This enters because, in addition to 
the resistance associated with the motion of a body through an 
unlimited fluid, one has also to consider the formation of waves at 
the free surface.) 

The force F pushing the model or ship along. 

The discussion of case (c), p. 278, shows us that two of the non- 
dimensional quantities that can be formed from these six physical 
variables are F/pa 2 ir, which we may call the reduced force, and the 
Reynolds number R = pav/ij. A third non-dimensional number is 
u 2 /<7«, sometimes known as Froudo’s number. The reader can satisfy 
himself by a little experimenting that no other non-dimensional 
quantity can bo built up from the six physical variables that we have 
mentioned, or, more precisely, that any other non-dimensional quantity 
depending only on these variables can be expressed in terms of the 
three that we have already found. 

Let us suppose that the linear dimensions of the model are to bo 
1 t 1 those of the ship. It at once becomes obvious that perfect 
dynamical similarity cannot in practice be attained. Lot us consider 
the possibilities associated with the five other physical variables 
enumerated, the scale of the model having been decided. 

9 cannot bo varied significantly without travelling to another 


fmn ° ann0t b ? Varicd 40 aUy groat cxtent - Very few liquids, apart 
om mercury, havo densities as great as 2 or as small as * g./cm. 3 . 

liouLnlj 0 in ^ e . aSed , t0 a “y desircd «tei»t »>y using” more viscous 
liquids, and could bo reduced by a small factor by heating the water 
or by using a more mobile liquid. 

v and F can be varied within vory wide limits. 
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By choosiug v for the model to be n ~^ of its value for the ship we 
can make Froude’s number the same for both. If we then choose F 
for the model to be » -3 of its value for the ship, the reduced force is 
the same for both. To make the Reynolds number the same for both 

the ratio 77 /p for the model would have to be n~* of its value for full scale. 
If 7 i is of the order of 100, this is obviously quite impracticable. It 
would, however, be possible to make Reynolds number the same for 
both if we were prepared to accept a discrepancy in Froude’s number. 
For this the model would have to travel n times as fast as the full- 


scale ship, 77 being constant. We thus see that, even in this comparatively 
simple case, true dynamical similarity is not, in practice, attainable. 
To get over this difficulty, the resistance of ships is divided into “wave¬ 
making resistance” (controlled almost entirely by Froude’s number) 
and “skin resistance” (controlled by Reynolds number). Instead 
of assuming an absolutely arbitrary function the assumption is made that 
these two contributions to the resistance can simply be added together. 


The most general possible result is 


= <f>(—\ M where <f> i 
\ V 9°/ 


is an 


arbitrary function. Instead of this we assume: 



If this is correct it may be possible to determine f l and / 2 separately 
from the model experiments and then scale them up separately. If, for 
example, one was investigating a region of velocities for which the 
skin resistance was shown to be negligible, one could plot the graph of 
reduced force against Froude’s number from the model experiments, 
and then use this graph for the full-scale ship with confidence. This 
situation would be one of approximate dymamical similarity. 

It will be seen that these dimensional considerations are of very 
great help to physicists and engineers, and they are, in fact, indispensable 
In dealing with such questions as the design of wind-tunnels and m 
determining the proper velocities and pressures of air needed to 
reproduce a given set of conditions adequately on the model scale. 
They are, however, no substitute for physical insight, tor example, 
in the question of resistance of ships already discussed, there is no 
a priori reason why the surface tension should not be a significant 
parameter. (We know, for example, that it is significant m the 
formation by the wind of waves at sea.) If it were significant in this 
context, we should have vet another similarity relation to satisfy, an 
we cannot satisfy those we already have. However, an order o 
magnitude” calculation quickly disposes of the idea that surface tensi 
can have any direct bearing on the resistance of a ship. 
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4. The checking of physical equations. Special systems of units 

The reader will probably be familiar with the use of dimensional 
methods in checking the development of a physical theory as it proceeds. 
This is distinct from the applications we have just been discussing, in 
which we develop the most general possible form of a physical relation 
consistent with certain prior assumptions. We consider now the 
development of a particular theory from the initial assumptions to the 
final formula that is to be compared with experiment. It must be 
verified that the initial assumptions, the intermediate steps, and the 
final conclusion are all dimensionally correct. This serves not only 
the mundane purpose of checking the algebra, but helps one to appreciate 
the physical significance of the theory. Again, it is sometimes of 
assistance in the analysis of experimental results. It often happens 
that, within the accuracy of the experiment, two or more functions of 
entirely different mathematical form will represent the data equally 
well. If, for example, we were proposing to express the relation between 
two physical quantities A’ and Y by means of some relation like X = A Y’\ 
we could determine the dimensions of the quantity A, and ask ourselves 
whether it was likely to be physically significant. If no interpretation 
of it suggested itself, it might be advisable to look for some other form 
of equation. However, it does sometimes happen that a physical 
quantity has dimensions whose interpretation is not obvious. Consider, 
for example, the gravitational constant G. From Newton’s inverse- 
square law of force, the reader will easily verify that G has dimensions 
[A/] -1 [Z,] 3 [T] -2 although no obvious interpretation of this fact suggests 
itself, in spite of the fundamental nature of the law in question. 

Relationships such as the one we have just mentioned often occur 
in physics, for example, we write the law of uuiformly accelerated 
motion in the form: S = u 0 t hft 2 , whereas, to express it as a relation 
between dimensionless quantities, one would have to write, e.g., 
S/ugt = 1 -f- ft/2u 0 . The cocilicients of t and t 2 appearing in the first 
presentation of this equation are not independent of the units employed 
and are consequently often known as dimensional consiants y but the 
constants (1 and £) appearing in the second form of the equation are 
pure numbers. Unfortunately, certain systems of units aro introduced 
from time to time which are so chosen that certain constantly occurring 
quantities, e.g . the gravitational constant or the velocity of light, are 
unity, so that they can be omitted from the physical equations in which 
they occur. This saves both writing and computational work, but some¬ 
times obscures the physical meaning of an equation, and deprives us of 
the possibility of making dimensional checks. This can bo avoided 
y writing the equations in their correct dimonsional form, including 
even magnitudes that are numerically equal to unity, but, if this is 
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(lone, much of the advantage of such “rational” systems disappears. 
•Such units are admirably suited to the process of determining the 
numerical consequences of a definitely accepted theory, but they are 
apt to confuse the issue alarmingly if they are used during the process 
ot developing a new one. These objections do not apply to the process 
of expressing an equation in non-dimensional form, i.e. as a relation 
between two or more dimensionless quantities, but only to the use 
of units which lead to dimensional constants which have a numerical 
value of unity. The dangers of such a proceeding should be obvious, 
but they have been emphasised because they have led distinguished 
workers into committing errors. 
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Examples on Chapter X 


1. On the assumption that the velocity of waves on the surface of water depends 
only on the depth of water, the wavelength, the acceleration of gravity, the density 
and the surface tension, determine the most general possible formula connecting 
these quantities. 

2. Surface tension can be determined by timing the |K*riod of the oscillations 
of a small drop of liquid about its equilibrium spherical form. Suggest a formula. 

3. Suggest a formula for the variation of velocity of propagation of 
sound of finite amplitude in a gas, on the assumption that it depends only on 
the amplitude, density, pressure, and wavelength. 


4. Determine a formula for the relationship between the maximum bending 
moment O in a beam of square section, the total load IT, the unsupported length /, 
the side of the square sections, and Young’s modulus Y, on the assumptions that 
no other modulus of elasticity is effectively concerned, and that If’ and / only 
enter the result through the product 117. 


5. Suggest a formula for the maximum possible height of a flagstaff, considered 
to be of uniform radius a, that will not buckle under its own weight, assuming that 
the other variables concerned are Young s modulus Y and the density p. W hy 
is it reasonable that the ultimate breaking stress of the material should be absent 
from the formula? 


6. Derive a formula giving a relationship between the mass of a planet, the 
gravitational constant, the period of the orbit of a satellite, and the mean radius 
of that orbit. Why, and in what circumstances, is it correct to omit the mass of 
the satellite from the formula? 
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We derive here a number of results required in the text. Thev 
have been collected in one place, both because some of the derivations 
are rather long, and also because they are used many times in this 
book and all have a large number of applications in various other 
branches of physics not treated in this book. 


1. The damped simple harmonic oscillator 

To fix our ideas, consider a particle of mass in, attached by a spring 
to a fixed point, which we may take as the origin, and suppose that the 
force on it is inp z r directed towards the origin, where r is the displacement 
from the equilibrium position. Let it be subject also to a frictional 
force proportional to its velocity, which will always tend to decrease 
this velocity. Let this force he k dr'pit. Then, by Newton's second 
law, the equation of motion is 

d 2 r dr 

m ; U 2 =~ k <{f - »*P t *+ F (0. (1) 

where the first two terms on the right-hand side have already been 
described, and F (/) represents any other force acting on the particle 
due to external causes. 


(a) The case of no external applied force. Free oscillations. —If 
F (0 — 0, equation (1) becomes 




This is a differential equation for x which is linear, i.e. it is a linear 
function of x and its differential coefficients. Such equations are 
considered in textbooks on differential equations. They huve the 
important property that, if two functions x, (/), x 2 (t) satisfy such an 
equation separately, then it will also be satisfied by Ax t (/) Bx 2 (t), 
where A and B are constants independent of t and x, as can easily bo 
verified by substitution. Also, the general theory of differential 
equations shows that an equation involving no differential coefficients 
of x beyond the second lias, as its most general possible solution, an 
expression containing oxactly two quantities such ns A and B that 
can be chosen at will. Equation (2) can therefore bo solved completely 
u we can dotermmo two distinct solutions, x t (t) and x 2 (/). This can 
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always be clone if, as in equation (2), the coefficients of x, -r— and —, 

at dl 2 

are independent of t. To do this, assume as a trial solution x = e qt . 
Substituting in equation (2), we see that it will be satisfied if 



which will be true for the following two values of q: 




We thus see that we have two distinct solutions of (2), except in the 
special case p = k/2m, which we will consider in a moment. It is 
convenient to consider separately the cases k > 2 mp and k < 2 mp. 


(i) k > 2 mp. The over-damped oscillator. — In this case, both q t 
and q 2 are real. Since k is an essentially positive quantity q 2 is negative 
«/, is also negative because (t?J4m 2 — p 2 )^ is numerically less than 
k/2m. The complete solution is therefore 

x = Ae q i l -f- Be q t l . (•!) 

This corresponds to the particle “creeping back" exponentially to its 
equilibrium position after being displaced. A and B are not determined 
by the equation of motion itself, but can be found, e.g. if the position 
and velocity of the particle are known at some definite time (say l = 0). 
For then we have x = A -f- B, dxjdt = Aq t -f- Bq 2 , which enables 
A and B to be determined. If the particle is just displaced and 
released, so that dx/dt = 0, x, the displacement, approaches the origin 
asymptotically with time from one side. If the particle is displaced 
and then projected towards the origin, it may pass through the origin 
and overshoot it once, but will then approach it asymptotically from 
the other side. 

(ii) k < 2mp. —In this case q x and q 2 are complex conjugate 
quantities. (4) still satisfies (2) formally, but we require a solution in 
real form for physical applications. Solution (4) is real if A and B 
are also complex conjugate quantities, which we may write as 
h(C ± iD) where C and D are real. Let us write n 2 = p 2 — k 2 /im , 

so that equation (3) becomes J = ± in - k/2m. Substituting these 

72 

values in (4) we get, simplifying and using Demoivre s theorem, 

x = e -w/im ((7 cos ,u + D sin nt) . (°) 

It can be verified by substitution that this satisfies (2) for any values of 
C and D and is therefore an alternative form of the general solution. 






DAMPED HARMONIC OSCILLATIONS 


287 


This solution corresponds to a damped simple harmonic oscillation, 
representing sinusoidal oscillations which decay with time because of 
the factor The quantity in the brackets will repeat itself at 

intervals of time corresponding to increases of nt by 2-, Itt, etc. In 
particular, it will attain the value zero twice in each such interval, so 
that, if the particle is displaced and then released, it will pass through 
the origin infinitely many times before finally coming to rest there. 
As in case (i), C and D can be determined from a knowledge of x and 
dxjdt at any instant. 

It can be verified by substitution that the particle will pass 
through the origin whenever l is given by t — t x rir/n, where f t is 
the time of the first transit., i.e. the smallest solution of the equation 
C cos til -f- D sin nt = 0, and r is a positive integer. Its periodic time 
is thus 



which, if k is small compared with tnp, can be written 


k 2 


r=-(i + -V„ + 

p \ Sm*p- 


) 


( 6 ) 


Now 2ir/p is the periodic time that the oscillations of the particle would 
have if thero were no damping, and it will thus be seen that the effect 
of the damping is not only a progressive reduction of amplitude, but 
also a slight lengthening of the periodic time. These two effects are 
connected by equation (6). 

It is customary to express the decay of oscillations by means of the 
logarithmic decrement , which is the logarithm (to base e) of tho ratio of 
two successive maxima on opposite sides of the origin. We have already 
seen that successive zeros of x are spacod by time intervals of n/n, and, 
provided that k/mp is small compared with unity, successive maxima 
of x are also spaced by this interval. This statement is not quite true, 
because tho turning-points of expression (5) are not precisely the same 
as tho maxima of the expression (C cos nt + D sin nt), but it is a 
sufficiently good approximation as long as k/mp is small. During the 
time rr/n, tho amplitude of tho oscillation decays by tho factor 
exp (kn/2mn) from (5), or, if 8 is tho logarithmic decrement, we may 
write 




Very often, e.g. in a pendulum experiment, wo require tho “ ideal ” period 
27r/p that wo should get if there were no damping. Tho process of 
determining it is then— 

A. To determine the actual period 27 t/h. 
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B. Io determine S by a comparison of successive maxima, or, if the 
damping is slight, by measuring the decrease of amplitude after 
say, 10 or 100 swings. 

C. The correcting factor is then 1 + k 2 /8m 2 p 2 =z= 1 + from (7). 

(iii) I he case k = 2 mp ('"critical damping"). —In this case q l = q 2 
ami we only get one solution of equation (2). The complete solution 
can. however, be found as a limiting case of equation (5) as the damping 
is gradually increased, for k -> 2mp implies n -> 0. Now, as 6 -* 0, 
we know that cos 6 —*■ 1 and sin Q—>0, which suggests that the 
limiting form of (5) is 

x —> (C + Dnt). 

The first term corresponds to our known solution, and the second term 
suggests that we try x = te~ llrlm for a second solution, and we can 
verify by actual substitution that it is a solution. We thus have 

x = (C -f- D’t) . (8) 

as our complete solution in this limiting case. The properties of this 
solution are similar to those of case (i) already discussed. The final 
result is an exponential creep towards the origin, with the possibility 
of one “overshoot” but not more. 

A result of some interest can be deduced for this case. Let us 
suppose that we arc in a position to vary the damping k, but not the 
natural period 'In/p. (For example, the damping of a moving coil 
galvanometer depends on the external circuit, but the natural period 
cannot easily be altered, as it depends only on the suspension and the 
moment of inertia of the moving parts.) Then, if we draw our particle 
aside a distance x and then release it, we can define a time, say t l00 , at 
and after which the particle is never more than at a distance O-Olx 
from the origin. Then this time, for a fixed natural period "1-nip, is 
a minimum when k corresponds to critical damping. Expressed more 
loosely, critical damping corresponds to the most rapid “settling 
down” of x to its equilibrium value. If the damping is made smaller, 
the equilibrium point is constantly overshot, if it is made larger, the 
“creep” towards equilibrium is unnecessarily slow. We omit the 
proof of this result, as it is lengthy, though quite straightforward. 
The figure 0-01 has been chosen arbitrarily—an analogous result is 
true for any other number <1. 

(l>) The effect of an external disturbance. Forced oscillations — 
Equation (1) can l>e solved for any variation of external force with 
time. The reader is referred to treatises on differential equations for 
descriptions of various methods of doing this. We notice first of all 
that, if we can determine any solution of equation (1), say x = x 0 (t), 




FORCED OSCILLATIONS 


239 


tlie equation will also be satisfied by x = x 0 ( t) -f Ae Q i‘ -f- Be q i‘, 
where q l and q z are given by (3). This result is a consequence of 
the linearity of equation (1), that is, because x and its derivatives only 
appear linearly, and never as powers or products. Thus, to solve 
equation (1), it is sufficient to find one particular solution, sometimes 
known as a particular integral, and add to that the general solution of 
equation (2) in the form (4), (5), or (7) as appropriate. This solution 
is usually referred to as the complementary function of (1). The 
complete solution now involves two constants that can be varied in¬ 
dependently, and is thus the most general solution possible. The onlv 
case that we shall consider in detail is that of an applied force that varies 
sinusoidally with time, so that we may put F (t) = F 0 cos tut. We 
shall see later, when considering Fourier’s theorem (p. 291), that the 
solution for any form of F (/) likely to occur in practice could, in 
principle, be inferred from this one. Equation (1) may now be written 

d 2 x kdx F 0 

,-*+ ~ j- +p*x = u cos t . (9) 

at- m at m ' 

We look for a particular solution of (9) of the form 

x = X 0 cos ( Uit — y) — X 0 cos y cos wt -f A' 0 sin y sin wt . .. (10) 

Substituting this in equation (9) and equating coefficients of cose ot, 
and sin to/, wo find that (10) is a possible solution of (9) provided that 




Feu 2 -!-* 

Ml* J 


, tan y = 




The most general solution of (9) is now obtained by adding the com¬ 
plementary function (4), (5), or (7) to (10). Solution (10) behaves in 
quite a different way from the complementary function, because the 
latter always contains an exponential damping factor for finite k, and 
therefore becomes unimportant for sufficiently long times. Solution 
(10) thus represents the steady response of the particlo to an oscillating 
force and is usually known ns the forced oscillation. This solution is 
independent of the initial conditions at / = 0. The complementary 
function contains two arbitrary constants, which havo to be determined 
from the initial conditions, and represents the free oscillations of the 
particle, which could occur oven if there were no force F (/) at all. 
If a sinusoidal forco is suddenly applied at / = 0 wo shall havo to take 
account of both free and forced oscillations. After a time the free 
oscillations die away, and only the forced oscillations persist. In many 
problems only the forced oscillations are of interest but in others the 

ti™ °!? 1 ! t, ° nS hftV0 to be considered. Because of thoir decay with 
time, the terms corresponding to the free oscillations are often known 


p. o. M., T. 
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The constant A' 0 in equation (11) is plotted as a function of the forcing 
frequency to/277- in Fig. 105, together with the variation of y. It will 
be seen that, as the forcing frequency increases so does y, which means 
that the forced oscillations are lagging behind the force causing them. 
When to = p, tan y is infinite so that y is 7r/2. As a* is increased still 
further, y increases, approaching a value of tt as to becomes very large. 
By differentiation it can be shown that A' 0 is a maximum when 

u,2 = pl ~^ . <l2) 

and that the value of A’ 0 is then approximately equal to F 0 jkp. Thus 
the height of the maximum value of A' 0 is inversely proportional to the 
damping. The occurrence of the maximum is called resonance , and 
the corresponding period of F ( t) is then nearly equal to 277 /p, the period 
of free oscillation if there were no damping. Strictly speaking, the 



three quantities: period of free oscillation with damping, period of 
free oscillation without damping, and period of forced oscillation at 
resonance, are distinct from one another, but the differences between 
them are not large unless the system is heavily damped. 

The effects of non-linearity in the oscillation equation. There are 
two main ways in which equation (1) may fail to describe the facts, 
when the oscillations become of large amplitude. The frictional force 
may no longer be proportional to the velocity, and the restoring or elastic 
force may depend on the displacement in some non-linear fashion. 
Equation (1) will almost always be valid at sufficiently low amplitudes 
of oscillation, and its solution can therefore always be used as a first 
approximation. The appearance of non-linear terms in the differential 
equation gives rise to two main types of effect. First, the resonance 
curve may be modified—in particular, discontinuities may appear in it 
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and the response to a sinusoidal disturbance, F 0 cos a>t, may not be 
unique, but may depend on the initial conditions, or on whether we 
have approached u> from the direction of higher or of lower frequencies. 
Secondly, if two forcing oscillations of periods 2-cu, and 2tt[<o 2 are 
separately applied, in the linear case, each disturbance produces its 
own forced oscillation just as if lhe other were not there, but in the non¬ 
linear case, not only is the amplitude of each forced oscillation affected 
by that of the other, but we also get a whole set of new forced oscillations, 
with periods such as 2ir/K ~ 2ir/(cu I + ct> 2 ), 2 tt/(2ou, + o> 2 ), etc., 
which are not present at all in the linear case, these being known 
sometimes as combination tones. The reader is referred to textbooks 

on sound and on valve-oscillators for a detailed discussion of these 
effects. 

2. Fourier’s theorem 

This theorem states that, subject to certain conditions which are 
almost always fulfilled by functions of physical interest, any function 
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tho^o™—° 1 thftt rCpeata ‘ tSclf in nn intorv al T can bo expressed in 
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r= 1 \ 
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(13) 


buttof.mrH IP “? UOt ° ,Jy 10 or,linur y "well-behaved” functions. 

tinnbflT i “ S n SUOh “ 8 tho8< ‘ ahown in Fi «' 100 ' which possess discon- 
“ “ d ‘‘^rp comers”. Indeed, the only types of "common” 
unction to which the theory does not apply are those liko sin(l/x) 

h h ° 8Clll '' tM ever part of the range of x or functions 
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like tan x which liave infinities. W e shall now show how the coefficients 
a r , b r can be determined if f(t) is given. We shall not attempt a formal 
proof of the possibility of an expansion such as (13), which is a difficult 
problem of pure mathematics, but we shall show that, assumitig the 
possibility of such an expansion, the coefficients a r , b r can be uniquely 
determined. The proof depends on the fact that, if r and s are positive 
integers or zero, the integrals 

I*2w 

J cos rd sin sd dd = 0 . ( 14 ) 

all vanish, while the integrals 

|*2rr r->n 

Cra = J cos rd cos sd (16 and S„ = J sin rd sin sd dd ... (15) 

vanish unless r = s, in which case they take the value it except that 
C 1 oo = 2 tt and iSqq = 0. The relations (14) and (15) may be summed 
up in words by saying that, if we select two different functions from the 
set 1, cos d, sin d, cos 2d, sin 2d . . . and multiply them together, the 
result of an integration from 0 to 2m is zero. This result is easily proved 
by expressing, e.g., cos rd cos sd as £ cos (r -f- s) d -f £ cos (r — s) d, 
both of which terms when integrated contribute nothing to the integral 
C rs , except in the special case when r = s. Sets of functions that 
have this property (that when two distinct members are multiplied 
together and integrated over a certain domain the result vanishes), 
are said to form an orthogonal set. A great many such sets of functions 
are known, and play a fundamental part in modern mathematical 
physics. The process of solving a problem by the use of orthogonal 
functions is usually the following: 


(a) Select an orthogonal set of functions that individually satisfy 
the boundary conditions. 

(b) Substitute such a series as (13) into the differential equation. 


(c) Make use of the fact that nearly all of the integrals like (14) 
and (15) vanish. 

To determine the coefficient a r in equation (13), multiply both sides 
of it by cos (2rrrtl T) and integrate from t = 0 to t = T. Then, assuming 
the possibility of integrating the series on the left term by term, the 
only term that survives on the left-hand side is 



so that we have 



(16) 
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Similarly, 

b,= T fo /(/)Sm . (17) 

If we integrate equation (13) as it stands, all tlie terms on the left- 
vanish except that involving o 0 , and we have 

2 f r 

"° = rj o ,u> 

so that equation (10) is also true when r = 0. [This is the point of 

using instead of o 0 in equation (13).] The integrals occurring in 

(10) and (17) are to be interpreted iu the following way. If/(/) can be 

represented by the same algebraic expression throughout the range 

0 <* < T, they are ordinary integrals. If, however,/(f) is such a 
function as 

/(')==/. o </<2 

T T 

/(') = 2 ’ 2 <t<T ’ 



the graph of which is shown in Fig. 107, then equation (16) would 
nave to be interpreted as 


2 CTI 2 

a '~~ 'A o 


(ItttL \ 2 

03 (."r ) dt + T 


I 


T 

— cos 
TI2 2 


/27 rrt\ 


tho range of integration being broken at each point at which the 
algebraic form of/(/) changes. 

eJntTT 113 t0 detorraine and K in oases where an 

pansion such as (13) is possible, and, os we have mentioned, this is 

dLlV ^! r5 ' 86 Cll3S ° f functions . «™> though they may have 

MerenZ rh " ■ * “ P COnMra ” 11 is —% P-miJble to 

Wtion K . “ ne3 ( l S) term ^ torm wh °" il represents a •' smooth " 
unc ion but care b required in the neighbourhood of a - sharp 

cauTbo made ^ ,?“ g ' y emphasised that, if sneli an expansion 

* senes (13) is not merely an approximation to /(<), 
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but, can be made to differ from it by as little as we please, by taking 
enough terms of the series, and, at an actual discontinuity, the sum of 
the series usually converges to the mean of the values on the two sides 
of the discontinuity. 

Half-range Fourier series. —So far we have supposed / (t) to have a 
period T, and to be known throughout one period. Let us now suppose 
that in the first instance we only specify the form of/ (t) between t = 0 
and l = \ T. We cannot now determine the a, and b T because expres¬ 
sions (1G) and (17) assume knowledge of/ (') over the whole of a period. 
Plainly, we can make any assumption we like about the behaviour of 
f (!) between t = \T and t = T. To each of these assumptions corre¬ 
sponds a different set of the coefficients a r and b r , and we thus have the 
possibility of having two or more trigonometrical expansions such as (13), 
all of which have exactly the same form between t = 0 and l = \T, that is, 



2 2 



Fig. 108. 


two quite different functions can coincide over a finite range of the variable. 
(Such behaviour can be proved to be impossible for two functions 
represented by ordinary power series expansions.) It is, however, not 
possible for two functions to coincide over the whole of the funda 
mental period T. Put in another way, if a function is known to 
vanish over the whole of the fundamental period, it can be forma y 
proved that all its a r and b r must vanish, a result that is suggeste 
by equations (1G) and (17). 

In Fig. 108 we illustrate two special ways of “completing the 
function/(0, that is specified to have the form f(t) = t over the range 
0 < t < 7’/2. Fig. 108(a) represents the function 

f(t)=t, 0<t<T/2; f(t) = T-t, r/2 </ < T .. (18) 

while Fig. 108(6) represents the function 

/(/) = /, 0 <t< 772; /(/)=/- T, T/2<t <T... (19) 
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In each case, the behaviour of / (/) for values of t outside the range 
between 0 and T is specified by the requirement that f (l T) = f (/). 
It can easily be verified that the function represented by (18) consists 
entirely of a series of cosines, all the integrals for b r vanishing, while 
for the function represented by (19), all the integrals for a r vanish. 
Put iu another way, we have “filled in” the missing half-period in (18), 
in such a way that the complete function is even in l, and is unaffected 
by replacing t by — l, which is just the property of the cosine functions, 
while in (19) the “filling in” has been done in such a way that/(/) is 
an odd function, whose sign is changed with that of t, which is a property 
of all sine functions. For this reason, series such as those representing 
functions (18) and (19) are known as half-range cosine and half-range 
sine series respectively. It can easily be verified that the two sets of 
functions 1, cos0, cos 26, cos 30..., and sin 0, sin 20, sin 30..., each 
form orthogonal sets if the range of integration is 0 = 0 to 0 = 77-, so 
that cither set can be used to express an arbitrary function of 0 over 
such a range. [The coefficients are determined by integrals like 
(16) or (17), but over the range 0 = 0 —> 7r.] Over this range of 
integration, sine and cosine functions are not orthogonal to one another. 

It very often happens that one is interested only in the values of a 
function over a finite range of values of the variable, for example, if 
we are considering the vibrations of a string of length l. As wo shall 
see below (Art. 3) it is very often helpful to express the function 
representing the displacement of the string as a Fourier series. The 
exact type of series that we choose depends on the boundary conditions 
at the ends of the range. For example, iu discussing the oscillations of a 
string fixed at the points x = 0 and x = l, wo should uso the functions 
sin (r7rx/l), each of which also satisfies these boundary conditions, 
that is to say we should use a half-range sine series. A half-range 
cosine series would bo applicable, e.g. to the problem of finding a velocity 
potential <f> (see Chapter VI, p. 156), for a fluid confined between rigid 
surfaces at x = 0 and x = l, the appropriate boundary conditions 
being d<f>/dx = 0 at these points. Thus, wo have two distinct types of 
physical situation in which the use of Fourier analysis may be helpful. 

(а) To represent a function that is known to bo periodic in tho 

variable (usually the time variablo). We expand as a full-ran^o 
series. 

(б) To represent a function that is of physical intorost only for a 
certain range of values of the variablo. We oxpand, usually as a 
half-range or similar typo of series whoso fundamental period is 
some simple multiple, usually one, two, or four, of the rango of tho 
variable in question. We usually work with a sorios, each term of 
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which satisfies the boundary conditions separately. In application (a) 
the main property of interest is the periodic property of sines and 
cosines, in application (6) it is the orthogonal property that we want, 
and here other sets of orthogonal functions are very often used, the 
precise choice depending on the boundary conditions. 


3. Application of Fourier analysis to the wave equation 

To illustrate these considerations we shall consider the equation of 
plane waves, or the one-dimensional wave equation, which is 


c 2 p _ 1 c-p 
car c 2 cC- 



This has been met several times in this book, for example, it governs 
the propagation of sound, p. 156, and also of compressional and shear 
waves in a solid, pp. 107, 108. A similar equation occurs in many 
other physical contexts outside the scope of this book, and, in fact, 
seems to govern, to a first approximation, very many of the processes 
where a reversible conversion of energy, e.g. from kinetic into poten¬ 
tial, is involved. We shall now illustrate the method by considering 
a simple example, explaining each step in detail. We shall suppose 
that p represents the excess pressure in a sound-wave, and that p is to 
vanish at x = 0 and x = 1. This is practically the problem of sound 
in an air column, of length l, with open ends. 

The steps in the argument arc as follows:— 

(a) At any instant any physically reasonable function satisfying these 
boundary conditions at x = 0 and x = l can be expanded, qua function 
of x, as a half-range sine series. In particular this is true of p, thus 
we may put 

p = £b, sin ( r ”). (21) 

This is simply a mathematical fact. 

(b) At any other instant, a similar expansion of p can be performed, 
but the b r 's will now have changed. That is, the variation of p as a 
function of time and distance can be fully described if, in equation (21), 
we allow the b r ’s to be functions of the time and not simply constants. 
[Any variation of p with x is fully looked after at each instant, by the 
functions sin (rrrx/l), so that it is not necessary to allow the b r 's to 
vary with x as well as with f.] 

(c) So far we have assumed only that p is some physically reasonable 
function of the variables x and t satisfying the boundary conditions, 
and we have not used equation (20). Substituting expression (21) 
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into equation (20), (this may need justification because it implies 
term-by-term differentiation of an infinite series), we get, remembering 
that b r is independent of x, 


Pp _ 1 d y = r(_ ^ 

Sz 2 C* dt 2 r \ I- 


1 <IV> r 

Ti l 2 


) sin (JY) ■ • C 2 ' 2 ) 


This equation has to hold for all values of t, and for all values of x 
between 0 and l, which means that the right-hand side of equation (22) 
is a Fourier series representing a null-function, and the general theory 
of such series shows that this is possible only if each of the coefficients 
of sin (r7rx/l) vanishes separately. This means 


d~b r 

dt 2 



•> n o 

r*7T-C~ 





C23) 


The gcueral solution of this equation is 


K = B, CCS iff) + C, sin (^) 

where B r and C r are arbitrary constants. The full solution of (20), 
the most general one that satisfies these boundary conditions, is 
therefore 




+ c, S i„('r)>dx) 


Vtts \ 


• • 



and the problem is reduced to that of determining the constants B r 
and C r . These cannot be found from the differential equation, but must 
be determined from the initial conditions or other data. Expression (24) 
represents a superposition of waves, of frequencies which are integral 
multiples of c/2/, all propagated with a velocity c. 

We shall consider two typical possibilities. 


. (’) TVe might be given the values of p and dp/dt as functions of x at a 
tune l == 0—that is to say we arc to determine the subsequent motion 
of the air, given conditions at t = 0. At / = 0 we have from (24) 


Pt-o = Z B r sin( T — 

r \ l 


/rirx\ 


SL 


= z 

o r 


me 


C r sin (-p*) .. (25) 


. at * to determine B r and C T we have simply to expand p, _ 0 and 
half-range sine series in x by the process outlined in Art. 2 
a ove. Substitution of these values in equation (24) then gives the 
complete answer to the problom. 


(u) We might be given the value of p as a function of time at some 
•tymtie position t n the pipe, x = a (say). This case might arise if we 
imagined an organ pipe being blown in a particular way. Wo notice 
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from (24) that, at any point in the pipe, p is a periodic function of the 
time, the period being 2 l/c, which is simply the time sound takes to 
travel twice the length of the pipe. (The physical meaning of this is 
that we may apply any pressures we like during this time 2 l/c, but 
that the subsequent history is controlled by reflections of the sound¬ 
waves at the ends of the pipe.) If we were given the variation of p 
at x = x 0 over one period, we could expand it as a Fourier series in 
t with this period, then the coefficients B, and C r can be obtained by 
putting x — x 0 in equation (24) and comparing coefficients. 

If we were considering the problem of a pipe with a closed end at 
x = 0 and an open end at x = l, the boundary conditions would be 
dpl&x = 0 at x = 0 and p = 0 at x = l. Our method could be applied 
here too, but we should have to use in our z-expansion a set of functions 
that satisfied these boundary conditions individually. Such a set is 

f (2r -f 1) ttz\ 

cos I -—-I — r being an integer or zero. 


A series consisting of an expansion in terms of such functions we might 
almost call a “quarter-range” Fourier series, because x has to be 
increased by 4/ before one of these terms repeats itself. It can be 
shown that these functions form an orthogonal set for integration over 
the range i = 0 to x = /, so that the calculation of the coefficients can 
proceed in a way quite analogous to that indicated in equations (14) or 

(15). 


4. Application of Fourier analysis to the diffusion equation 

On pp. 128, 228 we saw that diffusion in gases and liquids is governed 
by the law: rate of flow oc concentration gradient, which on p. 228 is 
shown to imply the equation 


d-c _dc 

X fa* ~ dl 



where A is a constant. 

A similar equation governs the conduction of heat, the propagation 
of electromagnetic waves in metals and the propagation of vortices in a 
liquid or gas flowing past a solid boundary (p. 152). Quite generally, 
an equation of this kind seems to govern dissipative processes, whereas 
the wave-equation governs reversible processes of energy conversion. 
Equation (25) can be solved by Fourier analysis in the same way as the 
wave-equation. The most usual problem that arises with diffusion is 
this. We are given a certain initial distribution of concentration, and 
wish to determine its subsequent behaviour as a function of x and t. 
Again, we may suppose that we are concerned with a vessel of length I, 
but that there is no physical reason why the concentration c should 
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satisfy any particular boundary conditions at x = 0 and x = I. This 
would occur, e.g.> if the boundary were porous at x = 0 and x = l. If 

c'c 

it were impermeable wc should have to have = 0 at .r — 0 and x = / 

because the flow at these points would have to he zero, and we should 
then have to expand c as a half-range cosine series in (xjl), because each 
term of such a series satisfies this boundary condition. For the former 
problem, we use an ordinary Fourier series in x which represents any 
function defined only in a finite range of the variable, rather than one 
that satisfies definite boundary conditions at the end of the range. 
Having decided this, we are led, by reasoning quite similar to that used 
in discussing equation (20), to seek a solution of (25) in the form 

c = + 27|^a, cos [ 27T { r -) 4- b, sin (“y* ) J .C- 7 > 


where the variation of c with time is allowed for by making the a'a 
and b's functions of t, but not of x. Inserting (26) in (25), and applying 
the same result that there is no Fourier expansion of a null function, 
we get the following set of differential equations for the and u 
corresponding set for the b r :— 


da r 4fr 2 r 2 A , 

^ + -pT “r = 0 lin<l 




The solution of these equations is 

4rrV»At 

u r = Aje , b r = B,e /3 , a 0 -- Constant 

where A r and B r are constants, so that the full solution of (25) is 

An'r'M _ 

c = + 2? 13 jj-Jr cos ( -}_ B r sill ( -J- )J • • C“ !) ) 

If we are given the distribution of c as a function of x at t — 0, 
(29) shows us that a 0 , A r , B r aro just the Fourier coefficients of this 
distribution. The form of the exponential decay factors shows us 
that the rato of decay increases rapidly with r, which means that a 
distribution of concentration that varies rapidly with changing x 
equalises itself more quickly than one that only varies slowly with x. 
As t becomes large, the only torm that survives is the £a 0 , which means 
that tho concentration has equalised itself. Equation (29) is of most 
use for relatively large values of t, and it may become almost useless 
for small t because a great many terms then have to bo considered. 

arious other methods of solving tho diffusion equation have boon 
< evised to deal with the case where t is small, but wc shall not discuss 
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them here. It is also possible to get solutions that are periodic in the 
time. These are of considerable interest in the thermal and electro¬ 
magnetic applications of equation (26), but are scarcely relevant to the 
diffusion problem. 

The process that we have used in solving equations (20) and (26), 
in which a set of orthogonal functions is used to enable us to reduce 
the solution of a partial differential equation to the problem of solving 
a set of ordinary differential equations is called the method of separation 
of variables, and it is probably the most important method of dealing 
with the partial differential equations of mathematical physics. It is 
applicable only to linear equations, but very many of the problems of 
mathematical physics are either inherently linear, as in much of electro¬ 
magnetic theory, or can be made linear to a first approximation, as in 
acoustics. 


5. The evaluation of certain integrals which occur in the kinetic theory 
of gases 

In any discussion of transport properties of gases, it is necessary 
to average certain quantities over all possible values of molecular 
velocities, although it is sometimes possible to get correct results by 
making the incorrect assumption that all the molecules are moving 
at the same mean speed. The integrals usually wanted are of the type 

/ oo 

c n e~^ dc, 

0 


where n is an integer, usually not very large, and q is a constant, 
usually m/2/cT in kinetic theory applications. We notice that l n is 
elementary for n = 1. Put c 2 = x, dx = 2 ede, so that 

J co rx> 1 

ce~ qe ‘ dc = it e~ qt dx — —. 
o JO 


Differentiate both sides of this equation with respect to q 


djj 

dq 

a 2 /, 

dq 2 
Cq 3 


J 

I 

■J 


oo 

0 

00 


c . c 2 e~ q< ^ (Ic — L 


c^e-^ dc = L 


oo 


f 

c 1 e~ q ^ dc = 1 7 



This process of differentiating the integrand to obtain a new integral is 
known as “differentiation under the integral sign”. It is valid under 
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conditions very similar to those that permit ns to differentiate an 
infinite series term by term. 

To evaluate /„ when n is even, we proceed as follows: We have 

J 'oo fx> 

er->‘~ dc = e-'"~ dff. 

0 J «► 

where g is another independent variable. 

) ’cc [' ■-jo 

| dr dg, 

0 J 0 


the conditions for multiplying integrals being almost identical with 
those for multiplying two series term by term. (It is permissible here 
because both integrals are absolutely convergent.) To evaluate / 0 2 , we 
put c = rcos0, g = r sin 6, and the domain in which c and g may 
separately take any value between 0 and oo is simply that in which 
r may run from 0 to co and 6 from 0 to w/2. 


The element of area is rdrdO , so that (Fig. 100) 


_ r°° m 

J 0 J 0 

7T f°° 

= 2jo' 


rdrdde 


l . _■» ‘‘ r ** 

4, 


So that 




To justify this change of variables we have 
to show that it makes no difference to the 


Fio. 109. 


integral. Now, if c and g run from 0 to R, the domain of integration 


is a square, whereas if we let r run from 0 to R and 0 from 0 to w/2, 
the domain is a quadrant of a circle (Fig. 100). We shall set an 
upper limit to the error arising through omitting tho crescent-shaped 
urea ABCD, and show that this error tends to zero for large R. 

For r sufficiently large (> r 0 , say), the function re"' 41 is a decreasing 
function of r, so that if R is taken greater than this previously assigned 
value r 0 , the integrand is larger on tho arc CDA than it is anywhere 
else in the area ABCD. Thus, we shall certainly overestimate tho error 
if we replace the area ABCD by the value IR 3 and tho integrand by 
its maximum value in this area which is Re ^and multiply these 
two together. The error < which 0 as -> oo.' Thus, 

our evaluation of I 0 is complete, and by differentiating it with respect 
to q wo may obtain in succession / 2 , / 4 , / 9 , etc.. 
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As an example of the application of these integrals we shall compare 
the root mean square and the true mean speeds of molecules subject to 
a Maxwellian distribution. 

For, according to Maxwell’s assumptions, the number of molecules 
having a total velocity between c and c -f- dc is proportional (p. 117) to 

c-e—i^ dc, where q = tn/2kT. 

Thus, the average total velocity in such an assembly is 


c 


I 


GO 


dc 


_J 0 


r 


c 2 e ~' JcS dc 



On the other hand, the average of the square of the velocity is 



J 

J 


GO 

0 

GO 


c^e-^dc 


c^e-^dc 





Thus the root mean square and the mean speeds differ by a factor 
( 377 / 8 )- for such a distribution, a difference of nearly 10 per cent. 
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EXAMINATION QUESTIONS 


X.S.T. = Cambridge Natural Sciences Tripos. 

X.8.P. = Cambridge Preliminary Examination in Natural Sciences. 

J I.S.T. = Cambridge Mechanical Sciences Tripos. 

B.Sc. (Gen.) = London General Examination for B.Se. 

B.Sc. (Spec.) = London Special Examination for B.Sc. 

1. Explain what is meant by the “dimensions” of a physical quantity and 
find the dimensions of (a) the coefficient of viscosity, and (/>) the gravitational 
constant ( Q ). 

On the assumption that the flow of liquid in a tubo becomes turbulent at some 
critical velocity V which depends only on the viscosity -q. the density of the liquid p 
and the radius of the tube r, find how V varies with these other quantities. 

X.S.T.,1. 

2. Discuss critically our reasons for believing that the gravitational attraction 
between two point masses obeys tho inverse-square law. 

Show that tho gravitational force duo to the earth may be calculated as though 
all its mass wore concentrated at its centre. Emphasise the assumptions that 
you make. X.S.T., I. 

3. A long rectangular slab of glass of depth a, width 6, and Young’s modulus Y 

is bent in tho plane containing a by the application of equal and opposite couples G 

applied at its ends. Show that it is bent into an arc of a circle and calculate its 
radiu9. 

A flat piece of glass is placed on tho upper surface of tho bent piece and inter¬ 
ference fringos arc observed with light of wavelength A. Show how Young’s 
modulus can bo deduced by using observations on these fringes to determine tho 
radius of curvature of tho bent slab in tho main plane of bonding. X.S.T., /. 

4. Donvo from kinetic theory an expression for tho thermal conductivity of 
a gas. If the thermal conductivity of helium at N.T.P. is 3 X 10'* cal. 

sec - , dcg,~\ what is (a) tho velocity, and (l>) tho moan frvo path of a helium 
atom? Tho specific heat at constant volume is 0 75 cal. g." 1 deg.- 1 . Tho 
density of mercury is 13 0 g. cm.-*, tho density of helium at N.T.P. is 

1-8 x 10-g. o«n.-. * X.S.T.,1. 

5. Explain tho principlo of cquipartition of energy showing tho conditions 
under which tho principlo applies. 

Dosoribo briefly the most important cases whore tho predictions from tho 
principlo do not agrco with experiment. In one of these cases show how tho 
iscropanoy has boon accounted for by modern theory. X.S.T., II. 

0. A gas is enclosed in a cylinder with a piston which moves out slowly with 
niform velocity. On tho assumption that tho velocities of tho gas molecules 

am sX^ rP °!lf \ CUlQr d 1 ir ? ctions oro at °* ch rqual, and that tho molecules 

P which roooil from tho moving piston elastically, show that the total 
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change dE in the kinetic energy E of the molecules is related to the change d V 
of the volume V by the relation 

3 dE __ __ d V 
2 E ~ V 

and show that this is consistent with the usual expression p Y y = constant, 
y having the value appropriate to the simple gas model here assumed. 

Comment on what would happen (a) if the molecules were polyatomic and 
(b) if the velocity of the piston were greater than the molecular velocities. 

N.S.T., II. 

7. Give an account of recent work on friction. N.S.T., II. 

S. A beam of length l is encastorcd at one end and is in contact with a rigid 
support at the other end. 

Show that the greatest sagging bending moment set up in the beam, as a load 
ir travels slowly along it, occurs when the load is at a distance J/(3 — V 4 3) from 
the encastorcd end. M.S.T., /. 

9. A strut has a length 21 and is pin-jointed at its ends. For one-half of its 

length it has a cross-section with a moment of inertia /, the other half is of largo 
section and can be treated as rigid. Show that the buckling load P for the stmt 
is given by al -j- tan al = 0, where a 2 = P/EI . /. 

10. A llexible belt of total mass M and length (n + 2) d passes round two 
solid cylinders, each of the same mass M and diameter d. The cylinders are then 
placed on a plane inclined at an angle of 30° to the horizontal. Find their velocity 
1 sec. after release. 

It can be assumod that the belt does not slip over the cylinders or over the 
plane, and that the friction between the cylinders at their point of contact is 
negligible. M.S.T., /. 

11. The resultant force R resisting the motion of a projcctilo in earth is given 
by R = A (a + bv 2 ) when A is the cross-sectional area of the projectile, v its 
velocity, and a and b are constants. 

Find expressions giving 

(i) the distance penetrated in terms of tho mass and area of the projoctile, 
its initial and final velocities, and the constants a and b ; 

(ii) the time of penetration in terms of the same quantities. For a certain material, 

a has the value 3-33 X 10* poundals/sq. ft and 6 has the value 

30 poundal-scc. 2 /ft 4 . Determine the delay necessary in tho action of 
a fuse to produce detonation of a 500-lb. bomb of diameter 12 in. after 

a penetration of 15 ft, if it strikes with a velocity of 1,000 ft/sec. 

M.S.T., /. 

12. A homogeneous sphere of radius a is projected along a rough horizontal 

piano with velocity u, and angular velocity 6u/a in direction opposite to that 
required for rolling. Find an expression for the time taken for tho sphere 

to return to its starting point, and the velocity with which it docs so. if tho 

coefficient of friction is p. M.S.T. , I. 

13. Enunciate Raoult’s law and show how it explains (a) tho elevation in the 

boiling point of a dilute solution, and (6) the composition of the vapour phase in 
equilibrium with a binary liquid mixture which obeys the law. X.S.T., /. 



EXAMINATION QUESTIONS 


305 


14. Describe an accurate method of measuring the coefficient of viscosit v of 

a gas, deriving from first principles the formula neoded to determine the coefficient 
from the quantities observed. X.S.T., I. 

Io. Obtain an expression for the vapour pressure over a curved liquid surface, 
ami explain in detail the phenomenon of "bumping” during boiling. X.S.T.. I. 

10. Relations between quantities obtained by means of a very simple picture 
of the processes involved are often of great assistance in the study of physical 
phenomena. Discuss this statement, illustrating your answer by reference to the 
behaviour of a gas at ordinary temperatures and pressures. (Assume that there 
arc no forces between the molecules except at a collision, but that the molecules 
are of finite* size.) V S T I 

17. Explain clearly what is moant by surface tension and surface energy. B\* 
tho use of thermodynamic arguments deduce a relation between theso quantities, 
being careful to describe the physical meaning of each stop in tho theory. 

X.S.T., I. 

15. Describe how the velocity of sound in a gas varies with temperature, 

pressure, and frequency. What information on the molecular structure of the gas 
maj- be obtained from measurements of these variations? X.S.T., II. 

10. Discuss tho assumptions that have to be made about tho properties of 
materials in constructing a theory of elasticity and develop tho argument to show 
that two elastic constants servo to define the behaviour of an isotropic solid. 

Give a critical description of the theories developed to account for the proix-rties 
ol materials whose stross-strain curve is non-linear. X.S.I1. 

co.istant < (0) )ar0 ,nothods of measuring the gravitational 

Assuming that tho moon describes a circular orbit of radius 3-S x 10 s km. 
v fn .'k u 27 0 dayS> and that Tita » Ascribes a circular orbit of radius 
Saturn ° ^ ab ° Ut Satl,m 1,1 18 da - Vs * co,1 ‘P a ro tho masses of the eartli and 

X.S.T.,1. 

of a 2 Uquid! Crib ° ^ aCCUfQte m0th ° d f ° r ,ueasurin e bulk modulus of elasticity 

»ud p “;°o f r."«SV ™” ip,<> * thM ,b ° of Vo ^ on ' a Mi ° f ” - . . 

x.s.r ., /. 

MbZJii corr ” 1 " , ° ra “ u '' irai » r » 

P ^u ro DiaCUSS <ll,aliUtiV ° ly th ° fl ° W of through tubes as a function of 

of ifngtht m.'Tnd'radi^Hf 00 “V* t °“ I>craturo of 15 ° C - « connected by a tube 
pressure in tho whole' systemTs* ho °" nssum P tion thrtt thc 

neglected, calculate tho /clocitv with wT 1^1 mtormo,ocu,ar eollisions may be 
olso tho equilibrium pressure in fh h .?! C g “ stroom8 i,lt ° tho tube. Find 
2 cm* (measured at 15° C. and 700 tamper ** a mt ° ° f 

p“o m , X t . 107 “** <log -' 1 ' A.N.r„ //. 

20 
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24. Explain the connection between g, the acceleration due to gravity at the 
earth’s surface, and O the gravitational constant. 

Calculate the ratio of the mean densities of the earth and the sun from the 
following approximate figures: 

Angular diameter of sun seen from earth = 

Length of 1 of latitude on earth’s surface = 100 km. 

One terrestrial year = 10 7,5 sec. 

g = 1,000 cm. sec." 2 . X.S.P., /. 

25. To what extent do you consider Newton's second and third laws of motion 
to be fundamental laws? Show how they lead to the principle of conservation 
of momentum in a collision between two bodies. 

A nucleus, of mass 20 atomic mass units, is moving with a velocity of 
5 x 10 9 cm. sec." 1 when it breaks into two parts with an energy release of 10” 4 erg. 
The heavier fragment has mass 16 units and is emitted at 90° to the original line 
of flight. Find the velocity of the lighter fragment. 

(1 atomic mass unit = 1*6 x 10~ 24 g.) X.S.P., /. 

26. Define the terms surface tension and surface energy and explain, without 

detailed analysis, why a soap-film gets cooler when it is stretched. (live the 
theory and experimental details of a method for studying the variation of surface 
tension of a liquid with temperature, and indicate graphically or analytically the 
kind of result you would expect. X.S.P /. 


27. Derive Bernoulli's equation, 

pip + gz + kv* — constant 

for a noil-viscous, incompressible fluid in streamline motion. Show how one can 
base on this result the design of simple devices for measuring (a) flow velocity, 
(b) volume rate of flow of water in a pipe. X.S.P ., /. 


28. Show that the gravitational attraction of a thin uniform spherical shell of 
material on a point mass placed anywhere within the shell is zero. 

Assume the earth to be a perfect sphere, and that the density of the material 
is a function only of the distance from the centre of the sphere. Show that, for 
the case where the density decreases linearly with distance from the centre, the 
attraction of the earth on a point mass in a vertical mino shaft is independent of 
the depth provided that the density at the surface of the sphere is J the density 
at the centre and that the depth of the mine is small compared with the earth s 
radius. Rotation of the earth is to be neglected. • 


•>9 Bv considering the motion of n particle on the heavy rim of a wheel other- 
wise light, which is rotating rapidly about an axis through its centre and Perpen¬ 
dicular to its plane, explain qualitatively why a couple applied porpondn. lar 
that axis will cause the wheel to precess about an ax.s 

axis of rotation of the wheel and the axis of the couple. Hence or othcrn.se, 
show that the couple O is given by the relation C = 7-0. where / is the momen 
of inertia of the wheel. is the angular velocity of rotat.on of the wheel, and .. 

t k C Descri be mlo ^rae^Lalapplieat ion of the gyroscope, emphasising any 

lions of a simple rotating wheel gyroscope which make it suitable for t ic aPP^a ^ 

you describe. 
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tho !!; J hc ,,at sprins is attached sued * whool 

the outer end being fixed to the framework to which the (frictionless) bearings of 

-r r zl ir ssr „r d s r 

33 -- - 

If the wheel is a disc 10 cm. in diameter wei«hine 1 mvi „ ,1 
by the spring 10.000 dyne cm. per radian deflection and tfc. T ? "‘T*' 

of amplitude S.OOO <1,™ c„, and at what r„a,„„„ y doc, Z “ccurT' V^'T 
31. What is meant by a perfectly clastic siibstinre’ „.i f , 

nia ^rial3 differ from a perfectly elastic substance ? ' Wy * pmctical 

zizz 

OyJo Y ZX = 2 * 10 ' = dy "° «<*■«* modulu, _ , x 

be calculated f r „„I pX^nh. T? to * .. 

by methods not involving wave motion ? mod,um wh,ch «“» *>° measured 

How would you find experimental.; tho velocity of sound a.ong a metal bar! 

behave exactly ast '^'rfect glT^ Sh^To^"'!, V'f a ° aCtUal 8<w do ° 3 , ‘» t 

the kinetic theory, illustrating your answer bv dori!^' aV,OUr , ,s account «l for by 
by an elementary method. ^ riving van dor Wools’ equation 

negb g fbr^ i» known _ 

pressure of v « 0 atmosphere, and tho same ton. JS T°J ° atmos l»horcs. At a 

And at this and lower pressures tho rn T h ° VO,,lmo “ 2, «.000 cui » 

appreciable error. Obtain an approximate vaLlT/tll *5“ ,H ' rfcCt gas "ithout 

°f gas on tho assumption that Avogadro’s numbo h ° d,amotor of » molecule 
gram-molecule. ° ros number 1S f, x 10 =» molecules per 

State what you undcnUml u,_ ^ A.iS.7 1 ,, /. 

the phenomena associated with vapour t " W? " W * 

thecy of matter explaining <«) how uETfixJj“ Ur ndp ° ,nt ° ftho 
of vapour in contact with a liquid is maintain^ , ? ft COnstant Pressure 

perature, (c) tho effect of introducing a Z^et ***? ° f ° hang0 of 
liquid and vapour. 1 1 fifts lnto 1,10 volume containing the 

Liquid morcury at 0° (’ i fl • , . 

of cro^-soction 5 sq. cm. ‘immcdiSv “1 a r hi *J , y-°~cuatcd vertical cylinder 

the linmVI * S a aurfheo nTair C ° Utllot ^ 

tho liquid surface arc condonsed and Lnn » . ’ thot n,orc «ry atoms leaving 

It is found that 3 g. of liS rotUrn lo tho ^uid mercury surfaw 

approx,nute value of tho vapour proJuwTnf™P°rato m one hour. Calculate an 

(Moan velocity of morcurv v P ° f morcur y at ^ C. 

• mercury vapour atoms at 0= C. = 0.000 cm. see.-*., 


r - O. M., T. 


X.S.T., I, 
20 * 
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35. Give an account, without mathematical details, of the characteristic 

behaviour of resonant systems, drawing examples from as wide as possible a ran^e 
of physical phenomena. N.S.P ., //. 

36. Show that Poisson’s ratio for an elastic solid must lie between A and — 1. 
For a certain material the velocity of longitudinal waves is greater in an 

unbounded medium than in a thin rod by the factor x'6/5. Determine the possible 
values of Poisson’s ratio. N.S.P ., II. 


37. Discuss the justification for speaking of the “size’' of a neutral atom or 
molecule. Describe three ways, as widely different as possible, by which 
molecular diameters can be estimated. Quote or derive anv relevant formulae. 

N.S.P., II. 


38. Show to what extent the crystal structure may determine the strength and 
other mechanical properties of solids. 

Review other factors which must be taken into account in the theoretical 
treatment of the problem of the mechanical properties of solids, and discus3 one 
of these factors in detail. N.S.T ., II. 


30. In HcyPs method of measuring the constant of gravitation O, two rigidly- 
linked spheres are suspended by a torsion fibre, and oscillate in the gravitational 
field of two fixed spheres. Discuss from first principles how .you would realise 
this method in practice, paying particular attention to the choice of dimensions 
and materials of all parts of the apparatus, and to the difficulties you would 
expect to encounter. 


X.S.T., II. 


40. Discuss the importance of the concept of mean free path in the kinetic 
t heory of gases. 

Give an account of methods of producing and measuring very low pressures, 

paying particular attention to the practical limitations of each method you ^scribe. 

A .o. 7., II. 


41. Give a general account of what may bo learnt from measurements at sea 
of <j, the acceleration due to gravity, and indicate the accuracy necessary to give 

useful information. , . 

Explain why, even in a perfectly calm sea, the apparent value 
a moving submarine differs from the tn.o value and indicate how 
may be estimated. 

42. What methods arc available for calculating the tray in which sound waves 
of finite amplitude am propagated in a medium in which the vc oc.ty of sound 
varies as the nth power of tho density. Such a medium is initially at rest in a 
rieid pipe; outline a practicable computation procedure for determining 
propagaUori of disturbances produced in the medium a. a result of a prescribed 

notion of a piston at ono end. Derive any equations you 

At what stage, if any, would you expect your process 
modifications of procedure would enable you to fo ov> - NST 

turbance beyond that stage? 

4.3 Discuss the analysis of a non-periodic function into sinusoidal components 
and give an account of some applications of such an analysis to p lysica ^ ^ ^ 



EXAMINATION QUESTIONS 


309 


r i 44 ' ,? e , n ^° an °' :|>rCision for tLo torsional rigidity of «a hollow circular cylinder 
oi length l, internal radius a, and external radius l>. 

A propeller shaft has to possess a certain torsional rigidity. Find what per¬ 
centage of material can bo saved by making the shaft hollow instead of solid, if 
the internal radius of the hollow shaft is half the external radius. X.S.T., II. 

45. Give some account of the methods used in making a gravitational survey. 

X.S.T., II. 

rot 4 to ‘?°'* n r St » ,rinciples that th ° (’ acting on a rigid body free to 

incrtK ofTl I » ' lX,S I s gi ' Cn by ° = Wnm where / is the moment of 
intrtia of the body about the axis and 0 is tho angular velocity of the bodv. 

unirindT. l f of moment of inertia ML'- about its axis is allowed to 

cel a d t I Bn - V ’ y .’ f l, ‘° ra<IiUS ° f * h ° ««'» t*o acceleration of tho 

the “ , t T° ,, m t!,rCads - Im,icato » solution, the form which 

the equations of motion would take if tho mass of the thread were not negligible! 

X.S.T., /. 

h.hril' < T ,VC a " . aeco,mt of thc ,nain f'atun-s of sliding friction, and the effect of 
h.bncants in reducing friction between sliding surfaces 

that if cmn'e TTn rOUnd a fiXOd cy,indcr BO ^ complete turns. Show 

“ her „ J , ,0 r P0 lu '“ by » for “ moot bo applied ,I 

rope »d ' y U„<l"r P '° '' |,inS " b "’° " ” “ f ^lion between 

'° ' Um «“ »»o completo ton, 

-V. s. T., I. 

hinotic "hX/’of ^ by ™"'°^ bM«l on the 

whenever it ttpproachcs „th“n"’ f™'* the boom 

«o.Whe reduction in inten.it, i the *£.* b^TT^S? ~ ^ 

[Avogadro’s number = 0 06 x lo» (g.-mol.)-.] N S J1 ^ 

how it inn, b0 „e„ s „reoi for a 

requiredto trtbTe^reLZto “T * —. f “' * -pie o „ 

the limit of its swing, .ire " ifddcih "f • ?' , th ° bod >’ 

derive, as shortly as possible the anr. I V tC< back to ,fs or, K‘nal position. 

if original positfon! angU,ar Vdoc,l * r of ,ho body n sit |>a&*ca through 

‘•ensity Pi . ThoTurfa^ tension^"of theft^dfa 9 7 ^ ° f * liqUid ° f 

noodle is 0. Derive expressions from wh. » « ’ *' 7 ‘° ans, ° ° f contact with tho 
the liquid surface could bo found fAn oxnl T dwtan0 °. ° f th ° ,u>od *»'8 axis from 

not bo given.) I 8 there any sense’in vh r I Tr" f ° r tUis dist * n °o need 
of thc liquid displaced ? * I,,ch th ° W0, « ht of tho "eedlo is equal to that 

X.S. /*.. /. 
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51. Provo that the motion of the centre of gravity of a rigid body under 
external forces can be determined by supposing that the mass of the body is 
concentrated at the centre of gravity and that the forces are acting there. 

By considering the case of rotation about the axis OZ, with all the external 
forces perpendicular to this axis, establish the principle of conservation of angular 
momentum. 

A piece of uniform metal wire is bent into a circle of radius a and is supported 
so that it can rotate about a horizontal axis at right angles to its piano, passing 
through the centre. An arc of length / is cut from the circle. Find the period 
of small osc illations about the position of equilibrium. B.Sc. (Gen.). 

52. Explain how to find Young’s modulus for copper provided in the form of 
(n) a wire about 20 cm. long and about 1 mm. radius, and (b) a rod of about 
1 m. long and of rectangular cross-section about 2 cm.xO-5 cm. Give experi¬ 
mental details in both eases and an account of the theory in one of them. 

B.Sc. (Gen.). 

53. A capillary tube of length / and radius a is fixed vertically through the base 
of an upright vessel. Water in the vessel is maintained at depth h while it flows 
through the tube. Find the rate of flow through the tube in cubic centimetres 
per second, assuming that the water leaves the tube with small velocity, the length 
of the tube in the water being /'. 

Explain how this result can be applied in viscosity measurements. 

B.Sc . (Gen.). 

54. Derive the expression for the bending moment of a beam bent in the form 
of an are of radius R. 

A light rod is held horizontally at one end and carries a load at the other. 

It is of circular section but varying radius. Find an expression for the stress at 
the surface of the rod in terms of the load, radius r of the section, and distance d 
from the loaded end. 

Show that this surface stress is constant all along the rod provided that r is 
proportional to e/1, and discuss a possible application of this result. B.Sc. (Gen.). 

55. Describe how the coefficient of viscosity of a liquid can be determined by 

the method of flow through a narrow tube. Derive the formula required for the 
determination. B.Sc. (Gen.). 

50. Give an account of the work of Andrews on the investigation of the pressure- 
volume relation of fluids, e.g. carbon dioxide. Discuss the agreement of the 
experimental results with the equation of state proposed by van der Waals. 

B.Sc. (Gen.). 

57. Describe a convenient method for the investigation of the variation of 
surface tension with temperature. 

Two plane rectangular glass plates are hinged at one edge. They are placed 
with this edge vertical and the lower horizontal edges in water to a small depth. 

If the sides of the plate are long and their inclination very small, determine the 
shape of the curve made against each plate by the water surface between them. 

B.Sc. (Gen.). 

58. Define the four ordinary elastic constants of a homogeneous solid. 

If Young’s modulus for a specimen of copper is 1-23X 10 13 dynes/cm. 1 and tie- 
modulus of rigidity is 4-55 xlO u dynes/cm. 2 find Poisson’s ratio for the metal, 
deducing the necessary formulae. B.Sc. (Gen.). 
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59. How would 3 T ou devise and carry out an experiment to ascertain whether 
the presence of air in contact with the surface affects the surface tension of water? 

In general, docs the nature of the fluid in contac t with the surfaco make any 
difference to the surface tension? B Sc (Gen ) 

60. A solid sphere of radius r is hung ns a pendulum by a light flexible wire 
the centre of the sphere being distant l from the point of suspension. Find, from 
first principles, an expression for tho error in the period made by assuming that the 
mass of the sphere can be considered as concentrated at its centre. 

If tho diameter of the sphere is O H, what is the approximate percentage 

< ' rror? B.Sc. (Gen.). 

01. A couple C, applied statically to the lower end of a wire whoso upper end 
is fixed twists it through <£ degrees. Another wire of tho same material, twice as 
ong and twice as thick as the first wire, carries at its lower end a disc of metal of 
densdy p radius r. and thickness d. rigidly attached so that its axis coincides with 
that of the wire. Find an expression for the time period of the oscillations of the 
•Use. Any formulae used should be proved. B.Sc. (Q rn j 

62. Define shcarinj strain. Describe and explain, with illustrative diagrams 
two ways in which it may bo produced. 

A metal tube, I m. long anil of internal and external radii 4-0 cm. and 
4- cm. respectively is clamped at one end. Find the magnitude of the couple 
which must bo applied to tho other end to twist it through 30*. Derivo tho 
expression used in the calculation. The modulus of rigidity of the motal is 2-5 x 10“ 

<IynC3/Cm - ’ l*.Sc. (Gen.). 

63. Discuss tho motion of a particle in a central attractive field of force which 
varies according to the inverse-square law. Explain how tho form of tho path 

“" p,yi " 8 yo,,r ““ - 1 "~ »'* 

if.eye. (cypcc.). 

,,oi,aofari f T T Wfc princip,0s * an ° X I >rcssio, ‘ for th *> depression at tho mid- 

' , T r r m m T P ° r Unit ,0ngth * loadod at tho co » tro and supported 

At tho ends on knife edges at tho samo level. 

when 1 t t ho°ioTis 0f 8 lmh,T m | find tho P^iod of small oscillations 

then released 8 % **» position of equilibrium and 

B.Sc. (Spec.). 

—‘ h ° ip “— 

ffpy*—2T (I —cos ip) 

— - - 

Un f rmUla b ” »PPliod to dotormi.* tho s „ rfo «, 


B.Sc. (Spec.). 


<»> b “" - - -““r 
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• ' briefly the details of the process of producing a very high vacuum 

a vessel of about 1 I.tre capacity starting at atmospheric pressure and explain 

action of a diffus.on pump as fully as you can. Illustrate both parts of your 
answer by d.agrams. 

68. Give an account of the measurement of very low pressures. B.Sc. (Spec.). 


6J. A particle which is in motion under the action of a force directed towards a 
. outre and proportional to its distance from it is in a medium producing a resistive 

force proportional to the velocity and is, in addition, acted upon by a simple 
harmonic force. 

Investigate the nature of the motion from the instant of application of the 
simple harmonic force. Consider the response of the particle to the force and show 
how the resistive force may be determined. Give examples of the application of 
this problem. n Sc (Spec , 


70. A particle of mass m, initially at rest, is acted on by a constant force fm 
and by a resisting force mkx where z is the velocity of the particle at a distance r 
from the origin. Derive expressions for (a) the terminal velocity acquired, 
(b) the velocity at a time t after application of the force, (r) the distance travelled 
by the particle in this time. 

Examine the case when the constant force is replaced by a sinusoidal force 
tnA sin pi. 

An oil drop, of density 0 03 g. cm.” 3 and radius 10” 1 cm. and carrying a 
charge of e e.s.u., is driven vertically upwards through air of density 
0 0013 g. cm.” 3 by an electric field of 2,000 V. cm.” 1 with a constant velocity 
of 0 030 cm. see.” 3 . Calculate the magnitude of e, being given that the viscosity 
of air is 181 x 10”* g. cm." 1 sec." 1 . B.Sc. (Spec.). 


71. A light uniform cylindrical rod, 100 cm. long and 1 cm. diameter, is supported 
symmetrically on two knife edges 30 cm. apart in a horizontal plane. Equal masses 
of 1 kg. arc suspended from the centre and ends of the rod. Calculate (a) the 
depressions at the centre point and at the ends of the rod, (6) the strain energy 
stored in the rod. Young’s modulus of the material of the rod is 
10 X 10 10 dynes cm." 2 . B.Sc. (Spec.). 


72. Give the theory and practical details of a method of determining Poisson’s 

ratio for glass by measurements of interference fringes. B.Sc. (Spec.). 

73. Liquid flows in stream-lino motion in a horizontal tube of length / and 

internal radius a. Derive an expression for the volume passing in unit time duo 
to an effective pressure-difference p between the ends of the tube. Show that, it a 
cylindrical coaxial rod of radius a/2 and length / is inserted into the tube, tho rate 
of flow is reduced by about 88 per cent, for the samo pressure-difference between 
the ends. BS c. (Spec.). 

74. Give a brief account of the principal methods of determining Avogadro’s 
number and describe in detail one method based on Brownian motion in liquids. 

B.Sc. (Spec.). 


73. Give an account of the techniques employed in the production and measure¬ 
ment of very high pressures. B.Sc. (Spec.). 
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7(i. Assuming that the molecules of a gas are all moving with a random velocitv 
c and that there are .V molecules per c.c. derive an expression for the mean free 
path of a molecule. 

Deduce an expression for the viscosity of a gas in terms of the mean free path of 
a molecule and discuss the dependence of the viscosity on pressure and temperature. 

B.Sr. (Spa*.). 

77. Derive an expression for the difference in the saturation pressure of water 
vapour over a spherical surface and a plane surface. 

Discuss the theory of drop formation in a Wilson cloud chamber. 

B.Sc. (Spec.). 

7$. Write down the equation of motion for a particle under a restoring force 
proportional to the displacement from a fixed point, a resistance equal to k y, velocity 
and an external simple harmonic force. Solve the equation and, in the steady 
state, if II 0 nnd/ 0 denote the kinetic energy and frequency at resonance, II' and / 
these quantities in any condition, show that 

2n (f 0 - -/*) 

ii' ~ kf • 

Give an example of the application of this theory. B.Sc. [Spec.). 

79 Derive the equations of motion for a perfect llui.l under body forces. 

" hcn a vo,oc ity potential exists and the motion is steady show that: 

'dp 


J 


J ’j} + I' + i<’* -= constant 


where p denotes the pressure, p tho density, V the potential energy per unit mass, 
and t> tho velocity of the fluid. 

A PP'y |his result to the easo of a perfect gas which flows adiabatically through 
an orifice in the wall of a containing vessel, the internal and external pressures 
being P and B respectively and deduco the velocity of efflux. B.Sc. (Spec.). 

80. Give an account of tho methods uses! and the principles involved in the 
determination of the bulk modulus of liquids. B.Sc. (Spec.). 

1 V: \ K^ass tubing of about 4 mm. diameter is joined at one end to a 

eng h of capillary tubing and placed vertically with tho capillary tubing below. 

Z";X™ tC " ry lU th ° ' Vi<,Cr tUb ° f “ l,S S, ° wly with VC,ocU - v «'• Jri' ing air through 

The length of tho mercury column is such that it would produce a pressure .» 
ho * * “ nd l ° ° Uow for th0 ***»» between tho pellet ami 

amo^° Sho “,h ll r "” SUr ° d,, ° ,C th ° IK,kt must b “ •'io.lni.l.od by „„ 

(p — .yjj ~ c )/ r ~ constant 
assuming c/B to be negligible. 

oxp^^r^ ° f r h ° °° nsUnt hl of tho appropriate quantities and 
this question ,8cos,t y of ft,r c «uld bo determined by tho method suggostod by 

.-- B.Sc. (Spec.). 

Dtrho tho expression v = J +* u l'} f or the velocity of elastic waves in a 

"'“Ann! iV Vhich , thoro aro no lat «ral changes of dimension. 

PP y io result to tho cuso of sound-waves in air. B.Sc. (Spec.). 



TABLES 

The following tables arc only intended to be a rough guide to the student in 
"orkmg out problems. For more- accurate values reference should be made to 
published tables. Some of the quantities listed, such as the elastic constants, 
vary considerably from specimen to specimen. 

TABLE I 

FUNDAMENTAL CONSTANTS 

Planck's constant, /» .6-6 x 10~ t7 erg sec. 

Charge on the electron, c .4-8 x lO"" electrostatic units 

Mass of the electron, m .9 0 x 10“** g. 

Mass of the hydrogen atom, .1/ . 2-0 x 10 _SI g. 

Velocity of light, c .3 0 x 10 10 cm. sec. 

Gravitational constant, G .6 7 x 10“® C.G.S. units 

Avogadro’s number, N 6 0 x 10* 3 mol./g. mol. 

Radius of first orbit of hydrogen atom, — 4 0 x 10 _ » cm. 

Boltzmann’s constant. A- . 1 4 x 10~ u erg/ 0 K. 

TABLE U 

PROPERTIES OF THE EARTH 

Mass ... ... ... ... ... 0*0 x 10 s7 g. 

Mean density .5-5 g./cm. 3 

Mean density of crust ... ... 2-6 g./cm.* 

Acceleration of gravity (England) ... 980 cm. sec." 2 

Volume of earth . 10* 7 cm. 3 

Volume of ocean ... ... ... T5 x JO 24 cm. 3 

Area of land ... ... ... ... T5 x 10 ,# cm. 2 

Area of ocean ... ... ... 3-7 x 10 18 cm. 2 

TABLE in 

DENSITIES AND ELASTIC CONSTANTS OF SOME COMMON 

SUBSTANCES 




Bulk 

Young’s 

Rigidity 

Poisson’s 


Density 

Modulus 

Modulus 

Modulus 

Ratio 


g./c.c. 

dynes/cm. s 

dynes/cm. s 

dynes/cm. s 

dynes/cm. ! 

Aluminium 

2-7 

7-5 x 10" 

7 1 X 10" 

2-6 x 10" 

0 33 

Copper 

8-9 

1-3 X 10" 

1-2 x 10" 

4 6 x 10" 

035 

Stool 

7-8 

16 X 10" 

2-1 X 10" 

8-3 X 10" 

0-28 

Cast Iron 

7-8 

9 6 x 10" 

2-1 X 10" 

~ 4-0 x 10" 

025 

Lead 

114 

5 0 X 10" 

16 X 10" 

0-6 X 10" 

0-45 

Crown Glass 

25 

5 0 X 10" 

7-0 x 10" 

3-0 X 10" 

0-23 

Brass 

8-5 

M X 10" 

1-0 X 10" 

3 5 X 10" 

037 

Water 

10 

2 0 X 10'° 

— 

— 

— 

Mercury 

13-6 

2 0 X 10" 

— 

— 

— 
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TABLE IV 

BREAKING .STRESSES 

Breaking Stress 



d vm-s/i 

•Ill. 2 

Aluminium 

0-6 

x 

10* 

Copper (cast) . 

15 

X 

10* 

,, (rolled) ... 

2 5 

X 

10* 

Steel (mild) . 

4-5 

X 

10* 

„ (high tensile) 

120 

X 

10* 

Lead . 

0-10 

X 

lo* 

Brass . 

2-0 

X 

10* 


TABLE V 

PROPERTIES OF SOME LIQUIDS 


Liquid 

Density 

Surface 

Tension 

Water . 

10 

72—so 

Methyl alcohol. 

OS 

23 

22 

Ethyl alcohol 

0-S 

Ether 

0-7 

17 

Benzene. 

0-0 

211 

Glycerine 

1-20 

03 

Turpentine . 

0-S 

27 

Carbon tetrachloride 

16 

20 

Mercury. 

13 0 

405 


Viscosity 
(15 (\) 
0-01 I 
0000 
0-012 
o-oo2 
0-007 
15000 
0-015 
0-001 
0015 


TABLE VI 


VARIOUS ESTIMATES OF MOLECULAR DIAMETERS {UNIT 10-« cm.) 

v. .. From 


Hydrogen 

Helium 

Neon 

Argon 

Krypton 

Xonon 

Oxygon 

Nitrogen 


From 

Quantum 

Mechanics 

3-0 

20 

2-8 

3-2 


From 
Viscosity 
of Gas 
2-7 
2-2 

2- 4 

3- 7 
41 

4- 9 
3-7 
3 8 


I* rom van From Density of 
HER \\ AAI.S’ X-RAY LIQUID 

Constant b Scattering (upper limit) 
2S — 39 

2 0 — 3(5 

2 7 I -3 3 8 

29 21 40 

32 24 45 

3-5 2-7 4.5 

2- 9 _ 3 . 7 

3- 6 — 4.0 


cstimate^of'tho'iiitorf! * F* 0 ™ Quantum Mechanics" is obtained from theoretical 
is taken J mtemctions between molecules. The "diameter" of * molecule 

molecules are num ° " >,ch attra «tivo and repulsive energies between two 

0qUttK ™° °° ,Umn headod " F -» X.»y Scattering" 

the diameters of the ratorttaM ^ 109,aml probabl y represents 
behoving that for lisht mnl tron, ° orl “ ts - There nro theoretical reasons for 

liquid should 'll somolwT T “l hydro 8 on and ^m. the density of the 
»» in contact ^ ,OWOr than th ° value to bo expected if the molecules 







ANSWERS TO EXAMPLES 


Chapter II (p. 44) 

3. M 2 + m t = 1-01.1/, — 1*01 m, + O-Olwij 4. y + gi~/2r 0 : 
5. .1/ = >wp( s tan 1 0. I = Yf,7Tpl s tan* 0. 6t (2g/3)i. 

a + („* _ ft*)*-,, i6a 2 

or if 


= «o7-V 
8 . 0 = tan-* 1*3. 


9. Rat 


io = r ? + - 6 - )g ~i 

L a -(a s -6 ! )iJ b '’ 

10. (a) Critical velocity t- = \/gR, where R is radius of earth. Most favourable 
direction is tangential to earth’s surface. 

(M Critical velocity v = \ / 2gR. Direction is immaterial. 

Chapter m (p. 71) 

2. Mass of sun about 2 x 10 M g. Mass of earth about 6 x 10 57 g. 

3. 33 km. approx. 


Chapter IV (p. Ill) 

5. Length/Kadius = l()?r. 

7. (o) 5 x 10* cin./sec. (6) 5*9 x 10 s cm./sec. 9. About 3 parts in 10 8 . 


6. ~ - f(l- 2o). 


Chapter V (p. 137) 

1 . 2 x 10* cm ./sec. 

2. Free path ~ l/.Vrra 2 . Distance between neighbours ~ 1/A’i where .V = 

number of molecules per unit volume. Ratio approaches unity if mole¬ 
cules are ncarlv in contact. 

Chapter VI (p. 181) 

2. Virtual mass is equal to mass of displaced fluid. 

6 . See p. 169. 7. See p. 160. 


3. 5*2 X 10“ 2 cm./sec. 


Chapter VIII (p. 230) 
Chapter IX (p. 275) 


1. For charged drop, total energy = constant + SAnr 2 — The 

equilibrium value of r is obtained by putting the derivative of this 
expression with respect to r equal to zero. 

2. 5-5. X 10-*°C. 

Chapter X (p. 284) 

(In the formulae given below,/and <f> stand for arbitrary functions.) 

1. V = VgX<f> (Xlh)f(TlpgX*). 2. Sec p. 255. 3. »'=(^) 4 /(j)* 

*=»"* (5?)/(;)- **-£/(£)• 


6. i/i oc 


IP 

GT'- 
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HINTS AND ANSWERS TO EXAMINATION 

QUESTIONS 

(p. 303) 

1. a or [J/]- 1 [/.) 3 ( TY 7, x [J/J [A]-> (7"j \ I* x Tf/pr. 

3. Radius = } r «6 a /l2G. Si*e p. 00. 

4. («) 1*3 x 10 s cm./sec. (/>) 5 x 1<>” 5 cm. 

6. Hint.— Use the principle of conservation of momentum to estimate tin* change 
in mean K.E. when the piston is moving at a definite small velocity r for 
a time f. Then let r —► 0 but keep i*f finite. 

8. Encastored means the same as damped or “built-in”, 

10. Hint.—Use conservation of energy. Since system is tintforrnlv accelerat'd 

from rest, linear velocity v of spheres down plane is proportional to /. 
distance run x to t z . Angular velocity of spheres = 2 v/d. Upper straight 
portion of belt moves with velocity 2r. Determine K.E. of each small 
curved portion of belt separately and integrate. Energy equation now 
gives a relation between t* and x. 

11. 0*02 sec. 


12. Time = 2Velocity — ?/. 


20. Ratio is 


(3*8 x I0 6 )* 
(1*23 x 10 s ) 3 


x 



17. See p. 232. 
I O’ 2 approx. 


23. Hint.—The examiner obviously did not expect an elaborate derivation «>f tbe 

formula for rate of How, complete with numerical coefficient. Something 
on tlio lines suggested on p. 131 would be appropriate, which would enable 
an “order of magnitude" calculation to be made. 

24. Hint.—A very rough calculation is sufficient. The examiner is trying to test 

your physical insight. Actual value of ratio is 0*26, tbe sun having a 
density of 1-4 and the earth 5-5 g./c.c. 

25. 5-1 x 10* cm./sec. 30. V6/4 radians at 4.r/V5 oscillations/soc. 

33. Hint.—Use von dor Wools’ equation in the form 

P (e — b) = UT. ' Diameter = 2-2 x I0 -S cm. 

34. 2 x 10-* mm. of mercury or 0-3 dynes/cm.*. 

36. See Hint on Example 2. p. Ill. Possible values of o. J. or - J. 

39. Hint.—This is not meant to be merely a descriptive question. Begin by 
computing, in order of magnitude, the expected torque due to the presence 
ot two fixed sphores of practicable size. Compare this with the torque 
o be expected in a torsion fibre of sufficient tensile strength and so estimate 
no troctional chango in period that you expect the presence of the fixed 
spheres to produce. Consider how you will measure this change. (The 
examiner would not mind if your apparatus differed substantially from what 
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HINTS AND ANSWERS TO EXAMINATION QUESTIONS 


was actually used, provided that your reasoning is sound.) Most moduli 
of elasticity of metals are of the order of 10 n — 10 12 dynes/cm. 2 . Elastic 
limits will be about 10 9 — 10 9 dynes/cm. 2 . O = 6-7 x 10“ 9 C.G.S. units. 

42. Hint.—Seo pp. 175-7. The Riemann equations can be solved numerically 

by step-by-step methods. 

43. Hint.—Note the words “ non-periodic This means that we are interested 

in the limiting form of Fourier analysis when the fundamental period 
becomes very long. This is not actually dealt with in this book, but is 
considered in the more advanced treatises listed on p. 302. 

44. Hint.—See p. 87. Saving = 22 per cent. 

46. Acceleration = ga 2 /(k 2 + a 2 ). Tension = Mgk 2 /(k 2 + a 2 ). 

48. About 40 per cent, reduction. (Nature of the theory does not justify giving 
a more accurate result.) 

51. Hint.—Formula for period of compound pendulum is given on p. 31. In 
this wo must write a for k, and the distance of the centre of gravity of the 
arc from the centre of the circle for /. 

53. See p. 147. 

54. Hint.—See p. 89. The surface stress can be obtained from the elongation 

of a tibre on the outer surface, which can be determined geometrically. 
See Fig. 36. 

55. See p. 147. 58. 0-35. 

( 2 o 2 \4 

1 + g J • Error £ per cent. 

61. Period = 2 n (40pr*<//c)*. (Note that 4 , is in degrees.) 62. See p. 87. 

63. See p. 21. 64. See p. 87. 65. Sec p. 253. 69. Seo p. 285. 

70. Sec pp. 10 and 285. 71. Sec p. 87. 72. Sec p. 98. 

73. Hint.—A slight modification of the work on p. 147 is called for. the velocity 
now having to vanish at both the inner rod ami outer wall. In the text 
we put a constant of integration equal to zero when integrating equation 
[5(a)], p. 148, in order to avoid a singularity at r = 0, but this constant 
now enables us to satisfy the extra boundary condition. 

77. See p. 243. 


76. See p. 123. 



INDEX 


ACCELERATION equation of hydro¬ 
dynamics, M2 

— of gravity by pendulum measure¬ 

ments, 50, 54 

Accommodation coefficient, 134, 207 
Acoustic approximation in hydro¬ 
dynamics, 150 
Adam, 257 

— measurements of angle of contact, 258 
Adams, 243 

Adsorbed films, mobile and immobile, 
269, 269 
Adsorption, 267 

— critical, 272 

— isotherm, 209 

Advance of j>erihelion, 27, OS, 69 
Airy's mine experiment, 51 
Altitude, effect of. on gravitational 
acceleration, 00 
Angle of contact, 233, 258, 207 
Angular momentum, 10 

-conservation of, 11 

-definition, 10 

Anticlastic surfaces, 230 
Antonow’s rule, 259 
Applications of gravity surveys, 65 
Arrhenius, 5 
Associated liquids, 205 
Association in solution, 210 
Astronomical evidence against any effect 
of temperature on gravitation, 40 

-for Newton's laws, S 

Atomic theory of matter, 1 
Attracting rigid spheres model of 
liquid, 202 
Axial vector, 8, 35 

BASH FORTH’S and Adams’ tables, 243 
Beam, bending of, 87 
Bending method for determining 
Young’s modulus, 90 

— moment, 88 

— of beam, 87 
Bennett, 200 
Bernoulli, 3 

Bernoulli's equation, 145 
Berthclot, 185 
Bifilar suspension, 41 
Biharmonic functions, 85 
Black soap films, 248 
Boiling point, relation with osmotio 
pressure, 5, 211 
Boltzmann’s expression, 118 


! Borda's pendulum. 54 

Boundaries, free aiul rigid. Effect on 
hydrodynamic problems. 159 
Boundary layer, 4, 153. 159 
Bowden, 273 

Boys* experiments with soap films, 240 

— measurement of G % 53 
Breaking stress, 77 

Bridgman's measurements at high 
pressures, 78, 199 
Briggs (L. .L). 185 
Brown and Harkins’ relation, 255 
Brownian movement, 120 
Bubble, oscillating, 100 

— soap, pressure inside, 230 
Buckling load, 7S, 103 
Bulk modulus, 81, loo, 19S 

— viscosity, 139. 200 
, Butterworth, 100 

CALLENDAU, 233 
Cantilever, 93 

Capillary rise method of measuring 
surface tension, 243, 251 
Castor oil as lubricant, 274 
Catalysts, 207 

— poisoning of. 208 
Catenoid soap films, 237 
Cavendish's measurement of 52 
Cavitation, 180 

Coll model of liquid, 190 
Central forces, 8, 12, 13 
Chapman, 1 
Circulation, 15S 
Clamped beams, 87 
Clausius, 1 
Cockcroft, 272 

Coincidence method of timing, 55 
Coker, 3 
Colloids, 210 
Combination tones, 291 
Comparison of indices in dimensional 
analysis, 279 
Compass, gyro*, 40 
Coiuprcssional waves, 107 
Compressive stress, 74 
Conductivity, thermal, of gas, 121, 125 
Conservation of energy, 10, 23 

-momentum, 9 

Conservative forces, 12, 13 
Contact, angle of, 233. 258, 207 
Continuity equation of hydrodynamics, 
141 
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INDEX 


Continuum theory of matter, I 
('omu's method for elastic constants, 97 
Cosmology, 70 

Coulomb's theory of friction, 272 
Critical adsorption, 272 

— damping, 288 

— region of liquid, 191 
Crooke's radiometer, 135 
Cylindrical soap films, stability of, 239 

DALTON, 1 
Damped oscillator. 285 
Debye, 5, 197, 208, 223 
Debyc-Hiickcl theory of strong electro¬ 
lytes, 223 

Decrement, logarithmic, 287 
Deep-water waves, 171 
Deffrages, (51 

Deflection of light-ray by heavy body, 
G9 

Deformation by torsion, SO 

— of beam due to bending moment and 

shear, 90 

-cantilever, 93 

-flat spiral spring, 94 

-solids, 72 

Diameter, molecular, 123, 315 
Diffusion, differential equation for, 22S, 
298 

— in gases, 121, 120, 128 
-liquids. 227 

— pumps, 129 

— thermal, 127 
Dilatation, 73 
Dimensional analysis, 270 

— constant, 283 
Dimensionless quantity, 279 
Dirac, 0 

Dislocation, 102 

Distribution function of liquid, 182 
Double suspension mirror, 41, 52 
Drift velocity in gases, 122, 140 
Drop, dimensions of, 253 

— oscillations of, 255 

— pressure inside, 230 

— stability of. 244 

— weight of, 254 

Dushnmn molecular gauge, 133 
Dynamic similarity, 280, 282 

EARTHQUAKES, 107, 111 
Eekart, 207 
Eddies, 4, 152 
Einstein, 08, 09 

Elastic constants, definitions of, 81 
-relations between, 82 

— limit, 70 

— stability, 103 


Elastic waves, 107 
Elasticity theorems, 78 
Electrolytes, 220 
— Debyc-Hiickel theory of, 223 

— strong and weak. 223 
Elevated masses, effect on gravity, 00 
Ellipsoid, strain, 74 

— stress, 75 

Energy, conservation of, 10, 23 
Eotvos torsion balance, 02 
Equation of state of liquid, 180. 189 
Equipartition of energy, 110 
Euler, 3, 103, 142 
Eulerian hydrodynamics, 142 
Euler’s criterion for buckling, 103 
Ewing's extensometor, 95 
j Excluded volume of liquid, 190 
Expansion viscosity, 139 
Kyring's theory of holes, 197 

FACTOR of safety, 78 
Failure of Newton's laws, 08, 202 
Faraday's theory of electrolysis, 220 
Fatty acids, 248 

— oils, 274 

Kicks' law, 128, 229, 298 
Films, adsorbed, solid, liquid, and 
gaseous, 257 

— soap, 247 

— unirnolecular, 257 

Finite arc of swing, effect on pendulum, 
28, 50 

Flat spiral spring, deformation of. 94 
Flexural waves, 109 
Floating bodies, forces between, 245 
Force, central, 8, 12 

— conservative, 12 

— definition of, 7 

— internal and external, 8 

— on sphere in liquid, 278 

— parallelogram law, 8 
Forced oscillations, 289 

Forces between floating bodies, 245 
Fountain effect in liquid helium. 203 
Fourier series, 291 

— coefficients, 293 

Fowler (R. H.), 226, 264, 209, 271 
Franck, 123 

Free oscillations, 285, 289 

— path, moan, in gases, 121 

— surface in hydrodynamics, 159 

-of rotating liquid, 140 

Freezing point of solution, relation with 

osmotic pressure, 5, 213 
Fresnel, 3 

Friction, theories of, 272 
Froude's number, 282 
Flirt h, 197 
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GALILEO, 2 

Gas-like models of a liquid, 1ST 
Gases, kinetic theorv of. Chapter V, 

113 

Gauss, 1, 114 

Gravitation, 2, Chapter TIT, 45 

— at sea, G5 

— Einstein's theory of. OS 
Gravitational constant, measurement 

of, 50 

— field, 46 

— mass, 7, 49 

— potential, 40 

Gravity, acceleration of. 50, 54 

— surveys, 02 

-applications of, 65 

Gruen, 244 
Guggenheim, 226 

Gyro-compass, 40 
Gyroscopic motion, 35 

HALF-RANGE Fourier series, 294 
Hamilton (W. H.), 2 
Hanimick, 263 
Hardy, 259, 273 
Harkins, 255 

Harmonic oscillator, 18, 26, 285 

Hawksbcc’s law, 145 

Heat conductivity of gas, 125 

Helium, liquid, properties of, 202 

Henry's law, 187 

Hertz, 123 

Hcyl, 54 

Hittorf, 222 

Hole model of liquid, 197 
Hooke, 3 
Hooke’s law, 75 
Huckcl, 5, 223 
Hugoniot, 177 
Hydraulic jump, 179 
Hydrodynamic virtual mass, 60, 161, 
104 

Hydrodynamics, 3, Chapter III, 138 
Hydrostatics, 144 


INCOMPRESSIBLE approximation in 
hydrodynamics, 143, 157 
Increase of mass with velocity, 69 
Inertial mass, 7, 49 
Instantaneous axis of rotation, 33, 57 
Interfaces, liquid, 257 
Internal forces, 10 
Invcrso-squaro law, 3, 45 
Ionic theory, 5, 220 
Irrotational How, 154, 158 
Isotopes, separation of, by thermal 
diffusion, 127 


.JAEGERS method of measuring 
surface tension. 251 
deans. 124. 15s 
dots, stability of, 155 
July, 07 

Joule-Thomson experiment, 178 

KATER'S pendulum, 55 
Kelvin, 3. 41.52. 152, 229, 244 

— double siisfk-nsion mirror, 41, 52 
Kinetic theorv of gases, 1, Chapter V, 

113 

-integrals occurring in. 300 

Kittel, 20S 

K tiudsen. I3«», 135, 150 
Knudsen’s absolute manometer. 135 

LAGRANGE. 2, 3, 142 
Lagrangian hydrodynamics, 142 
La Mer, 244 
Lamb, 158, 100 
Lame, 3 

Landcnburg, 201 
; Langmuir, 268 
I Laplace, 2, 5, 231, 200 

— theory of surface tension, 200 

I Latitude effect on acceleration of 
gravity, 66 

Leonard-. Jones, 1, 195, 197 
Letter balance, 16 
Ioucohippus, 1 
Liebcnnaiin, 207 
Liquid films, 257 

— helium, properties of, 202 
Liquids, I, Chapter VII, 182. See also 

Chapter VI, 13S, Chapter VIII, 
2It), and Chapter IX, 231 

— models of. 187, 196, 197 
logarithmic decrement, 2S7 
Love, 3, 84 

lowering of vapour pressure, 212 
low-pressure phenomena in gases, 130 

| MACLEOD, 204 
Manometer. Dushnmn, 133 

— Knud sen's absolute; 135 

— quartz fibre, 133 
Mass, gravitational, 49 

i — inertial, 7, 49 
Matthews, 265 

Maxwell, 1, 11 1, 130, 200, 207 
Maxwell's distribution law, 114 
Mayer (.J. E.), 233 
Mean free jwith in gas, 121 
Mechanics, 2, Chapter 11,7 
Mcinesz, 59 
Millikan, 132 



322 


INDEX 


Mitchell, 2GG 
Model experiments, 280 
Moduli of elasticity, relations between, 
82 

Modulus of elasticity, 81 

-Young's, 81 

-rigidity or torsion. 81 

-bulk, 81 

Molecular diameters, 123, 315 
Momentum, angular, conservation of, 
10 

— linear, conservation of, 9 
Motion, Newton's laws of. 7 
Mountains, effect of, on gravity, 50, 07 

NEUMANN’S triangle, 258 
Newton, 2, 7, 68, 154 
Newton's laws. Chapter II, 7 
Newtonian fluids, 140, 174 
Non-linear hydrodynamics, 174 

-oscillator, 290 

Non-Newtonian fluids, 140 


ONE-DIMENSIONAL flow of fluid, 144 
175 

Organ pipe, 29G 

Orthogonal sets of functions, 292 
Oscillations of drop, 255 
Oscillator, overdainped and under- 
damped, 28G 

— simple harmonic, IS, 26, 2S5 
Osmotic pressure, 5, 210 

-relations with vapour pressure, 

freezing and boiling points, 211 
Ostwald's dilution law, 221 
Overdainped oscillator, 28G 


PARACHt)R, 4, 2G4 
Parallelogram law of addition, 8 
Pendulum, Korda's, 54, 277 

— compound, 29 

— Kntcr’s, 55 

— simple, 27, 277 
Perrin, 120 
Pfcffer pot, 211 * 
Photo-elasticity, 3 
Plasticity, 3, 77, 101 
Plateau’s spherule, 241 
Pockels, 25G 
Poiscuillc, 147, 150 
Poiseuillc’s law, 147 
Poisoning of catalysts, 2G8 
Poisson, 3, 81, 98 
Poisson’s ratio, 81, 98 
Polar vectors, 8 
Potential, gravitational, 46 


’ Potential, velocity, 167 
Poynting's experiment, 51 
Prandtl, 4 

Probability theory, 114 

QUARTZ fibre manometer, 133 
Quincke, 4, 253, 254 


RADIOMETER, 134 
Rankine-Hugoniot equations, 177 
Raoult's law, 217 
Rational systems of units, 284 
Rayleigh, 4, 1G5, 243, 254, 256 

— disc, 165 
Regnault, 198 
Relativity theory, 2, 68 
Repsold's pendulum, GO 
Resistance of ships, 281 
Resonance, 290 

Reynolds, 4, 127, 153, 273, 282 
Richards, 265 
Rieinann, 175 
Riemann's function, 175 
Rigidity modulus, 81, 98, 99, 100 
Ripples, 170, 256 
Roberts (J. K.), 2G7, 270 
Rolling body, 34, 50 

— disc, 38 
Rotating liquid, 14G 
Kouth's nde, 31, 95 


SEARLE (G. F. C\). 95, 100 
Second sound in liquid helium, 204 
Sedimentation, 118 
Seizing of metals, 267 
Separation of isotopes, 128 
Shafts, whirling of, 106 
Shear, 73 

— waves, 108 
Shearing force, 88 
Ships, resistance of, 281 
Shock-front, 176 
Similarity, dynamic, 280, 282 
Simple harmonic oscillator, 18, 26, 2s.> 

— pendulum, 27, 277 
Size of atoms, 120, 315^ 

Solid adsorbed films, 257 
—sphere, potential of, 49 
Solids, adsorption on, 267 

— deformation of. 3, Chapter I\ , 72 

— surface tension of, 266 
Solubilities, 4, 186, 219 
Solutions, 4, 210, 216 
Southwell, 84, 106 
Sphere in liquid, 161, 278 
Spherical shell, potential of, 48 
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Spiral spring, deformation of, 99 
Spreading of liquids, 258 
Stability of cylindrical films, 239 

-struts, 103 

Stokes, 3. 200, 20f> 

Strain, 72 

— ellipsoid, 74 
Stream function, 107 

— velocity, 140 
Stress, 74 

— calculations, 85 

— ellipsoid, 75 

Struts, stability and buckling load of, 
103 

St Vcnant, 3, 87 
Sugdcn, 4, 2G4 
Superfluidity, 202 
Superheating of liquids, 245 
Supersaturation, 193 
Supported beams, 87 
Surface, curved, effect on \\ijM>ur 
pressure, 243 

— energy, 232, 2G6 

— tension, 4, 183, Chapter IX, 231 
Sutherland, 124 

Synclastio surfaces, 230 


TAIT, 122, 199 
Taylor (G. I.), 4, 152 
Tompemturo, kinetic theory definition 
of, 115 

Tensile strength of liquids, 185, 194,245 

-solids, 77 

Tension, 74 

Thermal conduetion of gases, 121 

— diffusion of gases, 121, 127 

— transpiration of gases, 121, 127 
Thermo-mcohanicul effects, 203 
Thin soap films, 249 
Thixotropy, 140 

Tidal waves, 171, 173 
Tides, 172 

Topographical correction to gravity 
data, GO 

Torpedo, steering of, 40 
Torsion, 8G 

— modulus (see Rigidity modulus) 

I racer techniques, 128 
Trouton’s rule, 2G5 


Turbulence, 4, 151 

Two-fluid picture of liquid helium 11, 
203 

ULTRASONIC absorption in liquids, 
200 

Undenlampcd oscillator, 2SG 
Uniform strain, 72 
UrsclI. 195 

I 

VAX DER WAALS, 4, 189, 191, 260 
Van t Hotf. 5, 214 

Vapour pressure, over c urved surface, 
243 

--relation with osmotic pressure, 

210 

Velocity potential, 1G7 

Virtual mass, hydrodynamic, 101, 104 

— work, 15 

Viscosity, 121. 124, 138, 147, 183, 199, 
207 

Von Jolly, 51 
Von Karnrnn, 152 
Vortex-street, 152 


WAVE equation. 107, 109, 15G, 29G 
Waves on water, 160 
West, 127 
Wettability, 234 
Whiddington, 97 
Whirling of shafts, 100 
Wilheliny's method of measuring 
surface tension, 252 
Wilson Chamber, 193 
Work-hardening, 77, 101 

XYLOPHONE, 110 


YIELD of support, effect on pendulum, 
58 

Young (Thomas), 231, 200, 203 
Young’s modulus. Si, DO, Uff, 1)7, DO 

i ZAHKADNICEK, 53 
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